6, 1-|

(& Solve first of Egs. &1-2 for Yhe a;

2" row aives a, =X o 1*T and 3™ rows boecone

2 )
- X, = —d, tag a, = —Xit¥%3
Xa=¥X, = 4, +4 frowm which =
3 %2 273 X — 2%z +X3
0'3-— 2
a, 0 ) X
a, )y = -]/2. O l/z Xy
a4 /2 -1 /2 |{ %,
\ ] -
LA]

IN]=1] ¥ gﬂ[ﬂ]"zl"*gz J-5* Eii"J

(b) Wlf'/’? k3 in /o/dce o‘F X/ 57' 3.2-7 s

ME l(zz—w(zg—;) (5,-3X5s-5)  (5-3)(5,-%)
- i (gz - 51)(;3- f,) (51 - gz\) (g3m$z3 ( 3'/_' 53)(§7:;3) )

Set §,7-1, 5,20, £,=/. Thus

~

N ]e [0 G0 Cae)
(DD 01 (-2)(-1)
-3+3° - §+g7'J

= -2 >

K




éa"’z

] —1+2z /+2% i L 1423
(a') J -’. 2 -2$ 2 l X, + L/Z. =-’-2§5‘+’——i——[_ ‘—‘..L_
x, +L <

(L) Ex becomes infinite ot node 1 if J =0 in Ey, 6.1-7 al-§5=-]
From Ez. Cl-6, with $=-1,

-]- 2 _1u)fo ) . L
O-l 2 2 2J{><z}. = 2%;‘3 So x?_=$-

L
L SL o
[ 7 |
— -9
2 3

g=-| s=1



Ié.l-‘s'

From Froblem 6.1-2a , T~ %‘ . Ea.

(A
\ ! b
1+ (6l el bes- 228 24 ]
-\ | c e §

= L(-1+23)" = L(1-45 +457)

where !
L= —g(—l+2§,’> = g_2¢5°
= ;}:(—-l +2%)(] +2%) = —i (-1 +435%)
d= 4%*
e = -x(1+2%) = -g-2%°
= (1+ 25)” = ;}(/ +4% +4£z)
14 l
oS = _ -4 -2
f“ B jbo/z = -3 e drs 4(3)

J‘//llf::—; j—’ea/ ~”'43; ffﬁ?-‘,((g)

7 -3
[a1=é§,:[~% /e —'%}
] -8 7






)=

2

6.J-5 r—— — _‘i r_
, ! -

!

— €

‘ o
Eg. 6-6 " ]_i—(—] +2%) -2% :'—L(H.zs)}{zz./‘;}
L

J= é‘(l-i)

i

If m/Lf Uy s nonsero, Egs. G,1-5 and 6./-7 7/?://

(1+2%)/2 _ 1 t25 us
> T L

—

L%/
NOJ@ /7 5:""/ 6&

/.—-

=~ Uz

- ;7../_
_ Uz

Node 2.4 S:O/ €x )

U

—= = 0D

L

1
of~

Nodt 3 i"’(/ Ex



G2~

(2) x=[1§ n,sqldal. Subs € %

n coords. of noa’es / -] =i r

1%, K %3 ¥el'= {A}m [A]= // ~1 -
/

& LN N, Na N = VA

- l_l Y '? 517.([’4] B; Cam/ﬂar-
ing this with =& _?; 6.2~ 3

| -
[‘A] ;}— l,_I, [
|,

(&) Tndeed [A]LA] “{

[6.2-2

We amswer b . _

hoTFMﬁ wlm‘c[q a]c 'ﬂ & .
the Ny become li -
Mnf+j when § % 7 z
defme a cormer

coordmate. C | D



612'3

817’ .Sim/) fe in S/Otcfion dna/ 7ria /J

S
4 3 N,:(/—Y')(/fs>
Ny =r(l-s)
/ N3: <

2 - /V4,: (I_V\‘)S

Each Ny s unﬁ{y'a‘f naa/e [ and
2eve al node };/ whee e 01‘35‘(.

Alipl:j 57, b.2-6 to the

element shown. -G '.ZQ
]:_[_'("7) (1-2) (Itn) ‘(Hrﬁ} a -a
4 1-(-7) -(1+%) (13 (3] a «

‘(—.Za,—ﬂ A “a 2a
‘N [J]:{a =21 }
| 7]_5; ;f& o (39

2] 4 J—-alef[i = &-(2-¢)

| Fa
JU/ [S1=f(5 1) but J=1(2)

[J




6.2~

From Eg, 6.2-C, let S

S LG Geg) (1) -(“fz]

[Q""] 4—[—(/_5 -(+z) (1¥3)  (1-5%)
Then

@) n -l .

m-[m[ : ;}-[? JE s

[ -1 (

4

J=11]=-1 ]
Tmlolrc?s leff-handect 57 axes.,

® ) b=t - 4 2
>m-m~1',[_f, -1, 1 M
-1y
7=|3=-5 e
Implies "bow-Tie " elomen]




6. 27

Use mW 6.2-~G. Define the 2 mw g

wmalrix in Eg. 6.2-C as Mm\wtp
bSm\ x\?,wn il in the @?S

S I o Y B By B O I A A 4
2.] L; vy ;CT S -L

-3 2
(L) [ -2
3 2110 2
Mm?~ ...u.W ID:N iﬁlw Dtﬁvu‘umb
() ﬂD -2 w\N \\N 3
3 0|z = 5 (-
[24] s 0 —o TLL = (-%)
-2 -
Qwi 02|72 % =3
~W w M 3)2 2|
(«y (LY (e )
Area .
ratios { el Ay 6 G ww\ z 3
¢ 1 J 6 6 =03) 3
Jrs R.T.o Rx&

e % Ts s::@ i =X N\
QUQ\ which is A\»m case of 2x2 square,



[¢.3-1]
|
exaet L= g‘l‘pd)‘ = 2a, + %’43
Let W= weiyht«) 'fF = Jocalion .
W(a,-aszragp"-aH:?) +W(4,+42P *‘73}’1*44]’%
=24,+2q
Reduces To AT3
Wa, *W43P7' =a, é—as
Mu st befY‘uc )Cm- any 4, 2 a; , so
a, (W-nN=0 (a)
ay (Wp™£)=0 (&)
() chld’s w=1, hence (b) y/‘e/c/s

’_‘+-—'—~:1‘ -~ ,
pP=- =z 30, 57735



6.3-2

0.5

L= a=0p.5- [3 ~0.5+
R P} c > L
3 ’ —] a——O:Q”zl"'
c= 0.7886£3-. .

*5 4" T Polh'f' g S¢
, [ ! a a

x 3* l 2 L c

il 3
L|b ¢ 2
-,-a‘:,",a-(- 4‘ C c
¢

We'ﬂln"s : l— each, since

(1] drds = ZZWW*7

Zl}



6.3-3

{7
2 L)t(a —-;7:4!/.7:
2% 5*5
| # x4l —n=-V"0
V3 -+ Y2
g=-3 — [e— 5=+ 3

r=( (24 + B4+ Q)50+ 395
L= '5‘(415/1" ¢3 +¢¢7"¢¢.) + ‘g’" (Sﬂ,z+¢.5'>



¢.3-4 : WM%

B /Oo,‘nfs nearest corners (£> 3
7 2.
G /Jo,-nf_g nearest wnddle of Caces (éX%)
1 & /oomfs Mearesf' virddle of ea{ﬁ‘es (%y.(%_)
I loomf af cen?ler ng‘,{ = ; ._.0> (%)3

27 points (= 2x3x3)

Sum of we?ghT [Jr‘oo/uﬂl‘s :

«(5) e (F)(5) @) -5 -




él3 ‘5

2

Tereet = S gdx = 6325 L (4) = 15 r24= 42
D
_ _dbe
x..é*"é’f/ J"“o/{—é
Error
I,=6]2(9)] =43 1493 2
L= 6[(4-275) +4] = 41072 -2.2.%

L, = e[ (4-2va8)5 + ) +4 (£)] = 42530 r20m

Cwuergmce is wol wravroteonrc



_ |
2N (=) Exac+:f (Cee)dE =

I=2(0+0)=0 1007 Jow
Let a=V3/3, then
I=(a™ 2)+ (a+a’) =24 =
3pts. Let b= VT then
If;,'“z(lo“-e‘)f (0)+ £ (54 L)
- 1—061‘: 2 E
q 3

1 ph,
2 p‘i‘s .

e
S/hlS§E !

{
(b j cos 153 dp = 025 = 1.3300=T
- -1 -

Ilo‘f. IIZZ(Z) =

- /. .5
.2,n+s. Iz‘ cos( :>+—(os< 3)
-2.5%7,

3/3"‘5. I': i(os (—/,Sm) +_§_ cos (0)
+ ——ws(/S‘V—_@) = [, 3307

5d¢ r00S%
(fo ds j 2+§’ j:?.-l-f

+5049

c o (245)] - [24E- .2144(2+§)]
=3 2+2A3=3/Ln3‘2é1.2953=f
[ot. T, = Z_—‘L: = | | -22.82
L L ,
-2/)TS. IZ: I_E + I U? = ,.2727
- 2t -1.59,
+ . :iLf—w 31 S 1~ V0.6
3P LT ool Y219 vves
=1.2941 -0,13 %
- | 1 T+o ¥
@) =5 L) - gsg
i /
L_J- _—_)C___: - 5 = BJS—
S AT = | 5
II:,Z’;—:/,S
L= S 2 = [.846/5

4
= + =\, 23 _ 904
a\a-30g g+3vg)tez = 1R453

=/295 7'

—5/\ %

~l 7



z

! 2
[{(z05us=(a5- ), - 22

I d 20 |
- 20 - —_ arc #.
Z'_ _Jj_gﬁ: = v_.ar ‘f‘m /ﬁ

, .

[pl. I, :(23(2%——):& +349

20f. I,= 4 3*3 _5943 -s3n
2+ 3 |

- 25 3+0.6 40 3+04

31’*‘ T, 4 31 2+ab)+2(8t 2 )

64 3

— —

t2 D .2+o(g) gl 2 =5,8120

+ 0.16 2



. A.E > =X /#5| |4
—L ] ul= EJiPR
i:—, Z—""‘] J:L/;Z

[Ls]=jll§f{ §JA5J0/5=55L—[_” "’Mv',?a/g

(a) A cm.sf.)' g Ad¥= Aj‘tﬁ’: A(IH)=2A
- -l
_Ae |

) (! (Y =x . +s
>L/}a/§— (ZA,+—£AZ>1§

! -
(ErF s =5 ,'_/@Az) 2-pt.
Gauss

- V3 |
+(0(l 12/3,,5{'+/1:2/\r§/}2 rule

= A +A ~1
Fhe [EJ:MEI—I( J

() El/a/uafc infej/‘a/o{ (L) al §=0
k)l-‘Hl Wc:‘jhf 2. Thus

(445 = 2 (2 L) = A 0n,

Same resulT as /n pa/‘f' (b).




¢.3-7

From E(/ ¢.I-7, with J= L/Z)
€, = _H(—/+2 g) -4% (f+-2f)_l{€“z} = l&l{%“z
“g L=~

18,

1
{M:jAEL?)TLEJJJ;’ = ﬂf%—‘;j LB ) LB |df

_ AE AE e I B
k]=25 |z, J08,) + 2818018
__ L S

~2,1547 0:1547
[ 1= ﬁé{ 2.3094}L——-1+ '%—%{-2.30?4 } [~--]
- —o.:s*U :

AE 4.0427 -4.976/ - 0.3333
5.3333 -0.3573
59 mm, 0.0239

0.0239 -0,3573 0.3333

+§—i— 53333 -49761
sy mn 46427
2 ! z -
A 43 53 2| AF 7 -z |
“‘J = = ) 2 1| —[-8 16 -
- °s 55| 3| - 7



,3-10
b LEJ’:I_B! B, -B, 34_\ wher‘c, with x 5
o _ .6  12x & 12 ) _¢X
B2 Et s T ot Es( = TE
4+ 6&x 4 . ¢ L L
SE LR 2,2 Lrg) =L (-
Ba=-—+ 2 T = (1+8) = (-1+37)
__2 ,6 2 G L 4
Be=-7T 'Z;"—‘— f*z&‘z(”g) - (1+3¢)
| I 2
_ 2L ,. _ ErcLf( 3¢%X%,, IBEL() _ 1\ _ IREL
)

35.[‘

k,z—erjgs Lje=

~l
[{'%: ~1<,, E«?, inspecfl‘on .

a GEL
k.= EIJ 8,34%,/; 3Efj (1+38s= 227 [( 2 (+ ]

k., -E.rf By = df = EIJ (-1+35)d5 = L[—I- } (—1+-—)]
= %—E[?.dwwsw]: 4;‘)‘::5

1(23 :"l‘\'z bg_ Tnspecffdn

i
koo S Bty =S Crmmetyir= ool 3] =5
-l

b =Lk by nspection
ka: ")‘14 lo.?__ ;nspec‘t"raw

et g (3] 4



7%

4 43
g1 Iz—‘_i ¢
| - 2
Left edge .
Ne = % ()4 (1) = L5
Ne = 17"
N, =5 (-9) - 50— = 2L
Right edge
Ne= L (14)-(-4) = L5
N, =1-9*%
Ny =z (1-0) -5 (1-9*)= —'g—‘ﬁ

L4

L Hencc oM a CoOommown ed e suc//z as ‘}’hrs)
the Treld 7uan7‘ff rs Mezined 67 Vhe same

Vhiree nodal o/‘o.z: and uses Vthe same

N; whether viewed from the left elevment

o Yhe mght, so fhe rdestical curve
$=d(y) s produced.



&

3
W\

_.2
e ~4

Can use 57.6.1'4-) but a/olnl7 to sides [-2-3 and 4-5-6 :
On E=-, = AL+ (-4, * -'%31-7'4)3
On g:—i—]) ¢= ’g—tz"zz‘¢4,+(l—7’b>¢s?‘ l‘;_-&"&('

Sweep using shape function =< for left CQ/,e) H'-';L—g- for rthf,
Thus for Yhe six-node element,

_)-Z/-n+y*\ A+ -+ n*
N,--—z——'(%) N4_2<7£)
NZ:L:QEO*VZZ) Ng= H—'iz(’-‘?z)

NgGIEEE) ()



< 2
N, = 2 (1= (177)- £(1-)(1-7)
S (=) )

X i /V,/é4-
-l/a “l/2  3G-1%-[8+7 =9
/2 -i/2 12 ~lg-c+9=-3

t
¢
/2 /2 4 ~-¢-¢+9 =171
-1/a V2.  Ja-6 -5 +9=-3 1



c.4-4

(2

" g CA) B E

L 3



é ¢4‘5

On 5=~ ¢=néb,+ e A
on -1, ¢=5¢,+(1-%)dc ()

At node /) 5‘7:'1) A £ (B) 7:‘ve
d’:j—‘_¢’4‘2¢g:‘¢z“‘-2¢5 (C)
But éz;é‘b b & P are /‘ha’ep@m/m?:
whrch contradicts ().
/'Vsoj if N, of Table C.6-1 M;#ec/} ¢
a/mnj 2=-1 is 76&&!’!‘47‘17 in 7 (ﬁ“ﬂvz
Ng), which confradicts (/4‘) Sitmilar
for ¢ a/a-nj VZ="/ )4 (C)



¢4-6

For a laeam %a?‘ exfem/s 'rr‘o»'n ‘f ’fo 1% in mﬁlur‘a/

Coord;nd?%:’s) covrsider
V:a,(/ + cos 775)

wl)er‘a a, Is «a 7@}43/’%/:‘2&/ a/.a.‘C f‘/eMce

dv _2dv_ a2, .
;;: —-L Zg—- a,L (TTSIV)”.E)

At ends tL/.Z) v and o/l//x both vanish 5, OK.



6.6~

Consrder £1s. 3.6‘/0/ which are for a Q4 clewent in poure.
L—&hd:’nf ' ’

- 961% . QelX
& 24 €4°=° By” T 2a

Tkese eyua?lfons er‘?Ldih o a ‘F0ur‘-no/¢ c/emz:nf v a/h/‘c/p
bend. domim/:s and. infernal diof; are omilled. I'f
noolal ‘oof, (and hence 99,) are rather accumfes) Yhes,
€ TS m%cr accamfe buF 67( anel “0’2'(?, anre nol. Thus

Lor stresses '

E
o, = T (é,d- 7)6;,) Some error
- E / error
Gy Ceg 2 v6)  lamer
VFzr = G)\Yx?, Vehi. lar—ye erroy:



This is whaf\\\\ L -
the c/einenfdf“ves. ‘}7/|a3]
Bu'f) '('or a cor'Yecf Mod’e/ o'lC /oui’e éewd’—

inqg, both arcs should Lave fhe same
center (the ceuter of carv. of the bedm),



6.7-1

24) |6 ¢ ollal |0
241,°" 1-6 12 -6 Ruy(®
o 0 -6 l_2_ u,] R

N2 ¢ o
-6 12 ~GpUz (=
O -C’ @ L(4‘

12 -6 -l 2 1]
l((‘ = l( :~_(——

-, _1 _L~2 PG, 4
[kl =¢ |-¢ ol7s)) _ZHO}-(, 4=2
- A P 2 1 [f24 _6
{r}canc{,_ O )_—é OJE _/ 2]{24} - ,8‘ 7»2-—24

ive, 2%=24 so u4$/_2

Kecovey {i{c} .

-l 2 ebe- ()

Check : (order of d.of here as arr?,‘n‘a//f wr‘iffen)

12 -¢ ©O g 24
-6 12 -G|\12 = 24>
O -t G|l|/2 O



6. 7-2

| AE 7 -8 |
(CL_) FI///n column / of [-l‘] b7 $7mm¢‘h~? [k]"
I

Do{ U, a“ﬂ( Az Crewf'e ﬁ')e Same

nodal fForces : usmz HMS‘ {7 -8 l]

and sqmmelry to £l 1a D(]' -8 -8
the lztsf r‘c)w/7 3t -8 7
Fna//%t there is no force Ae 7 -5 |
at noa/e 2y =u, Uy, So [k] 3 -8 b -3
/I -3 7

(L) To suit exp/aM47(/'an in Section 6.7, reorder d.o.f.

[k] [ [ -8} U To Condense Us a/J/o/ E-gf . 7-3°

EO T 1--—/@ b
~¥ -%¥ Ilb]u, ce [*“1 - /wq&
[[Sm]=-§z {_g%
_AE |7 ’-/it_£~8}3z_ Ae
[ond) = 42| ] L]- 4[5} ot s
:_Af._[?' (] _oel+ 4] 41 -1] «
3L LU 74 BL|4 4T L |1 1] u

() With d,of, 10 Vhe order U, us u, , the load vector is {,‘Ce}=%§:}
4
~alf AE 2L 4q/ Lyl+2 LS\
Y— - —
(rnd = B} SE{) 2y ot - (12} - (1)

/éf?E o\ +2

2

_ 1 W(u, \ 2L

—errae e 'eo/Scfoemi ﬁ[&'[*"l ‘]{u }:%—IZ{I} Grves Us 2AE
3

/ A\ it u =0
Then from Eq, ¢.7-2

- 3L o o 4q]
u={d.}= /éHF-‘( 31{ L"/zAE} ‘z‘) %%—é‘
Checlc de’d/ /Odd's asmi COMPA‘I"ea(o/o £
7 | -% o 3 -3 -5/67)  Satisti
AE| - g{ L /28E ?-L{ }: gL{ 1/4,} equfl.es
39 L"/%AE 4+b 2/3

N R




6.7-3

12 6L -12 6L Vv,
[k)=BL| 6L 45 -cL 2% &,
~ Bl-12 -6L 12 -6L| v,
6L 21* -tL 4/*] @

Condense 6ay' ap/a/? Ez, ¢:7-3

12 ¢L -2 GL
_EC EL L er '
ko |=o5|eL 45 6L |-53{2) o= S3|eL 2L -CL
[cnd] L g -LL 12 L vy 4ET L3\. J

12 6L -2 9 3L -9
=Bl o 4 -eL|-E5|zL 1t 3L

P2 - 12| LPl-g 3L 9

3 3L -3
=ELls) 3 aL
Flz =L 3]

oL -]
= =3 |L L* -L

3
L -1 =L ]




»
by
~

[le [e] in which [k appears in E7. 2.3-C
it ]| B
[o1 [2]
(00 0 0606 0 0 o
o 0O 0 © 0 0 o0 O
0 0 k O 0 0 -k O
0o o 0 0 p o0 0
Lef[lfﬂ':(oooooooo .
0 6 0 0 0 k O -k (u,
0O 0 -k, 0 0 0 k o vi
06 0 o0 O 0 -k, 0k 85,
a?—
Ba‘f'h [lfI] and [-EII] oper‘a'fe on Yhe haa/a/a/.d.{. {4}1‘ Vo [
22
Ba
Form [l,ﬁr] ¥ [kﬂ]) Cma/ens'e ouf d.o.f. L (522‘
8, and sy , discard the rows and columns (u' ’
Vhat covrespond Yo G, and &5l whal remars Vi
is a 6 by G wmatrix ¥hal operafes ov wodal do.of. {40}:4 "\(/2 (
( Z:armni& as may be convenient or necessary ) &,
' \ @221



(k1= S 1818 4ET A2
For mne-po:nf quadvature, with weight factor W=2,

I/2.
k1= W8, 1Az, = 202 (D) { ; }[ h o
2
| O =
[4]- [ g ]
o 1]

-1



6.2

e
V= sﬂf‘[ Jt c/i'c/iz

(4y From Eg. 6.2-6, powers
of %y m [J] go b [*z’ 71
Also, t is bilinear, g <!
Newce JT cemtams ferms o ?;17) S"?t
M 51’7% Second powers ! need X2,
(io/ifn sm‘;/ar fashizn powers i [J]

¢ geTo [;77_ 73_7_] w;wl’t 9% %7
Jt contains 54 & 7+, Need 3Ix3
rule: (2:3-1)=5 >4



16.%-3

vel LIk

g 9% n3
w;N Frno( Powers af‘ gé i; §“4
3,0,% up ter— L3 =7 Sl
Determmant (J) comfarns T, k]'?; 2
Need 252x2 rule: (2:2-1=3>2.

Eq, ¢.5-2 shows
that m (3] we [



6.4

JaCoIm‘an J is cawsﬁmf Laak ‘Far‘ h/‘j/?fsf /aou/frs of 5 cma/;7
in Yhe ,brvo/uof [@]T[E]t, wheve 1 =Z2NE;

(@) @4 element :
Frowm 575, 6:2-3, t a/fslp/dys §" and Y !
From Eg.6.211, [8] displays §' and g’ (J 7s cowstant)
Hence [§]T[§]f o//‘s,o/dys §3 0”0/‘7 3)' need a 2 éy 2 rule
(4) @F element )
From Egs.6.4-2, a’fs,o/dfs g and 1,
From Table £.4 -/, IBY will covitain % dna/ifz (J is Consfdx«ﬂ‘)

HenCe [@f[%]f a’)sp/af/s gb ana/f7é)° need a 4—674 rule



éog-s

For rec?‘angn/dr elements Yhe 2 672 rale s emc‘ILj so c//:m//‘nﬁ
/4)8 rale Fo 3 by 3 wll make uo a//“#fnence,

For nonr‘ec‘?{a«n ulef e/emenﬁ no rule i< exm:f) 1947" 3 é7 s

more nearly exaclt Yan 2 b

y 2 F tfens Vhe elemvents and
‘/’hef‘e-l:o re Pea/uws' cm,ya?zea/ o/eF/afo?‘/‘m.



6.%-¢

Consider Square el. 2a Hnl‘?LS /S‘h(e,

w13 2] 2o 7]

EqS‘. 6//2‘3:

z 2 —
u=33y "15, ‘65:37 -1, c{,,z—éftzz
v =33 7, v,s=~63n, v,=/-3%

= = l
Ex = Y Ug -Z\C,( \o’x?:ZQ,(J?d- lﬁg)
K‘Y‘I:O For a// S)){
S
NJS:\C,( =0 ‘Fbr S:l? =t r3— ) /i€,
éx:é? =0 q'f Gauss pomfs of 2X2 rule.



6.8-7

(a) At £20, Eq.6.1-7 gives |B] :j‘-l-'lz o L\ Therefore

O

{J}: g%% s a spurions wode.
i )

Brzc An inf/z’c‘/'iah /w;nf [ 2ero car%ﬂlure)

(b) ( &)= C 3
M?— -b appears at midspan (% =0).

L ., b (e
Ht midspen , x= 5, Eg. 3313 yields |B]=|0 <L o o

b
l.g_“d} =0  when fé}={ To} , so Vs {dlisa spurious prode.

c



¢.€-%

(a) ¥ dio. 1.
* * 3 f‘:\f i Ldﬂlf m,/es
no spunious riodes . t ) M ”dffzslsféa/ 197 Ex
Rank & m M (butresisted b; 'b;})

Drsaa/x/aufd/les " nol frame invarianl

(k) Lihe Par‘/’ (a)) ex:epf thal ‘X,}?=0 on v =0, so M is nd nesisted!
Rank 4

Drsa/ Vdm*dyfs . one spur‘:‘dus Vo p/é. y )707" 'mee n Varianf

(C) ¥oox % | See roblem 6.8l €, is now nonzero for
. % ' ‘Hle moo/e o‘F /E/'ﬁ- G«g—ga(, Sag Vo Sfmm‘ous mo/e
* .

Rank 13

Drsaolvanf‘ayes ¢ rzo‘f“ 'Fr‘ame im/ah‘dn?"



6 8-

< = g’ X=5
SV

| // N:;(ltx)(/:r})
2

For the element shown }

(d)=]6,0,-¢,0,¢,-¢,0¢]

2 ) 2

W= 2N =c (Ny=N,)

u= —%(Hx{l*—;}—(!—y\]: f,‘_—(lwtx)(z?)
V'-'-'Z/V"VL' =C(N4- "N_z) )

ve (-0 (0] =5 (1729
€x = C?—/.Z, , €?=—CX/.Z, %/‘H/ 2ero

c c @ center
‘(x3= z[(’-#—)‘)“(l'F?'\}:I(X‘?) (X'—'?:O), 7
([O) Cavxsio/er w first., a= (mode 7) +

rr3,~a(‘bodj roﬁzfian)' ie. al nodes
O

+b +1 Uy — - U
—el={-b | % 3
o -6 -1 U —> U,

Work,s T{' b:%mé( 9:’%'A/DW

check Yhat Yhese b & 6 values also

vork for v (8] [z i
Lo - —c%, =Ry
c ¥c/2 -1

-
ch k;node ¥ rotation 7
PLKS.

e




7 3 7 3 7
(@) - 7 g
f\ 4 g] 7 “ . F 5
/ Z )
, \ / < 6enn{mf { 5 ben//n?
T
{dd=lt 10 a1 11) =l =1 -1 1 = 1—1JT
2 Y ‘ 7
[+ 21 \
\ ! \
\ I “%
{ \\ LD o~
dd == 00— )
) It | ]
4 P Translation + {dy}, =lre ’_l
8 X T
-2// v Cons?. &y ¢ {éx}é- LO ooo0 1t |1 l_l ,
1 s Const. Yxa" {ﬁlx}7:l"( U Bl B B l_‘
ConsT, Vax' {O( } :].l S et Bt UT

(Y Want To show Hhal {d} {0{} =0 for (=123 4.2,;_ 6728
S‘fl*a)?hffdrwm‘o( (‘a/m/a‘fzan s/zou/s +/ta7L M/S I's So,



6:3’”

Wewght factfors !

a

a// musf’ be efm// and 7o ab?lZI/‘h

yo/l(ln?""g Far
by 2 by Z cube |, CW; =&, so W; =4—/3

([-‘—/j ZJ,.._,Q),

SPurious m&a/és ; an7 /e'far‘mwf/m 5’7‘471‘6 "Fov- w//);.:}z /‘n'/o/dne
.S"fr‘ains are zero 47" 7’%5 m:‘ﬂ/a//e I{Mﬂ%&'t . %0/6 4 07/:
Pmb/em 6.5 (0 s such a 5'7'2:7[& (far eKAmﬁ/c:’) Ex ’é7 :)@7 =0

at Ve midollte o face 1-5-4-8). There are two more such
s’ra‘{cs) ynvelvi

n ?_‘ and a—a/i/‘ecflm liadd/ a//‘s/o/dcemen/s
/‘eslaecfive/ . 7%(5 we expec! Ihree spurious yrodles , an
o 24 617 .g

A
mafl‘ix ng] o‘F /‘d}’l/c /5. 7%5""@ are G//‘[//‘é{
body modes, G constant strain medes, and Yhree bending
modes that store strain energy.

Yes, the spurious modes are communiceble.



15,7—1’

With F %e fotel force appli:/,
umform Préssure on an R-node
rcc+anju14r surface Ves %e

fo//owivy)n.oﬂ/a/ (oads (from Fy.

3,11-3
' £ & \E
3’E_ 12~L 13 wL',‘E
£ E
gt —E S
z 0=

For a wne ~Maa’e recl‘amgu/drsm"ﬁtce )
fndt={_ [ (-E0-p) sy

! 7 a 3.1 _

g_|(’-7)a¢7-,2(7-%)o=—§1/ quo/A—;é’

If pressure p, uniform on 2x2 e/ement
F,=tep, . Let F =total force = D)Dp.-
95 P

Thus F = L F. In Table Co4d-1, com-

TriLuﬁ‘fm of /V‘] 7Lo A// fél‘u A/,;_ /s

"9%("2"”7“';”‘0'#’\/‘) =4":/V,— So , 1o
orner loads m above Fig. add Z'[-;=
' SR A B R
?F) for nef'resu/f F( Iz +¢7 )‘3—ZF
In Taue 6-4‘)) co—n“frilauf/w of /V,, T NS’
N o ’_!*Nq , So, +s wirdside loads in
above Fig,) add —El_—f;', = - %F, for nel
resulT F'(é -2\=Lp F F E
T e 19 1w

F
= 2F
£y '
Fze

Frq

"







/bAE 3PL
(a oy = - 2= , _ (P/Z)(L/.Z) - PL
) LTl T (exact < = === = =)
x Adx 2= JEVZSZZZ—-Zf)MZ:—?%=_%§
-ge. -_ 3P . &
0% Eéx'-‘ZA—f (Exacfo;l":?g';; for -1<% <o

- P
0x = 5}‘}'{0\(‘ O<§<\>

3P \/7618»15nf

—_— <

4A N /é‘xacf
h T =+

~

- AN
g=-| < | s

-~

0% P)of ~_ 4A

(b)Y From Froblem 6.9-2a. , load af node 2 is 22L
Part () repeats with P replaced by ﬁgﬁ 77;”53

Oy = — %%’i' (‘I’flrs is cxd,af')




6.10—2.

d'Z. | Zd?.
(a') B&LA JX [(L/Z):I 0_{_{‘2 V-'-‘d,(l-f‘CoSITf)
k, = E L’i{ (=7 cos mE\*
0 J_(u/zv’* )—50’5’
_ BEfg*(% . | ' gerpgt
ka-—LT(z-f—Z—s)n.Zn{)I = L37T

(b) As in Problem 6.9-2,
L \ !
r = _ L L innl¥ -
& LN‘?dx‘?J_,(Ivkcosrrf)_-z—o/‘g:7—2—(‘2*-53-;;")_'-;zl_

4
kdqlzc. a,= Y. = g Z
/ ka. /7451-

/_4-
Exacl center deflection: 5%;??[ Iy

Approx. ceviter deflection: v, =2a, = ;%;3:};1 (145 2, low )
JI% —IT%cosME 2
() M=ELLS = ff( T2 )™= "(472 £L ¢os rri)a.
4n* Efa - dnEr gl _ o l”
” L= LT Srter T e
2

L L
Exact Mem(s gz_ Meowter =~ %4: (for upward (oaA )

/)ﬂ)f‘ox, /wend is 3922% low
H.H”\ax, }Mten'fer) Is 2/.[070 /’1;‘5/4

(M?na(s] = [Mce;ﬂ‘er -



6110 "3

8Lt
L3
(b)Y v =ANja, where Ny, = |l +¢cosm&, AT cenﬁor) N,=2

(a) As in Problem 6.10-2a, k.=

To = (N“' cenfch =RF

13
- nn _ PL
kaat’y;_, a,= ] - 4'/7451.‘

3
/qu(‘Ox. cew?LCV‘ def/ecflayz; V, = ,24' = ZTTEL = £.005/133 fE_é;
EX(LG?L center ale'Hec‘fian.' PL’ :0-005208*‘?4‘:3 /
192 EL EL
[, 45 P. low
() As in Problew 6./0-Z¢,
e 3
]Mends‘ = Imcem‘er\ = ﬁtEL_z'Ejae = P—7—T—Z.§

Fxacl rﬂajni‘fh/fs are % /‘
18.9 % low



6.10-4

Vg =ty ¥ Vox Ty (here v =0)
For an el. 2a units on a _gm/e) £=X/z
and 1 = 7'/0L) and /V:;i-r—?_ (atx)(at@
YUy = ‘;';1 [’(a-x)(-a)— (atx)(&)
+ (ar) () + (a-x)())
where «= mdjni'/“aa/e of corner dwo.f.

- L (cgax)=-AX - D
a



G, 10-S

(a,B) W= L(1-A(F)  wy= L(140)(1-9)
Ny=g(1#)17s) V=2 (-r)(1s)

A A
r:-V§/s=“V§ ].8¢L -0.5 0134 -0.5
r=+V§}s=-V§ -0.5 I8¢ -0.5 0,134
r=tV3 5=tz 0434 -0.5 L8t 0.5
r=-V3 s=tx -0.5 0434 -05 /8¢

0 (o

ASILE

e 5= i

a, 3

‘b e \oy _
Thes is result of evaluaf Tp =D N0

at corners P=A, P=B, P=C and P=D,
() Evaluate Gp = N o aT midsides
=)
/

P=E, P=F, P P=H:

N Ny Ny N
r=0 ,5=’V-§ a0 A b /)
r=+V§,s——O b a a L
,»:.0,5:*—[/; b L a a
r=-Vz, s=0 a L L a

g, o,
a=0.6%3 {0_:}‘[ T ]q
L=-0.1%3 O ( %

oH 4x 4 o



[¢.10 -6
For ermpola‘{‘rma Es, 6.5-5

.beCawes N = I(I+r)('+5></+f:>

At a Corner, W,H,l rs, f*+r

3 (1+73) 22547, 5(413)(- R)=-0.653
. (! \/’) =-0.049, ——(HV‘(/ y-) =0.183

/41’- noo{e in Fﬁ 65 /a w:'H1 64;(55
poinls given the number a{' Yhe nearest
covhneyr ﬂode

25470- 0083(0‘ + U +0;)
+0.183 (0, + 73 +o;) -0.0490;

Check Trode 3 = if a;=q for all ¢ .
(v) A, :é—(:—ﬁ)(,y-z 0092 (=1234
N; = ?(14‘\[3—)(’}7’: 0341 (=5(7F%

Grode

g,

point = '0:04.2_(07 TUi-}-(Zg‘.,La;)

+0.341 (v +7 +0; +o~)
Check ' 0,p =& if 03 =& foralld.



6, 10-7

Because J l‘5n'7L cons{’anf‘ ™ ac
.jenem/ elevedt. Let's take an emmp/ej
Hie 3-node bar of F47, G-l with a,=
U= 0, U, 0. Cnmpufe Ex at node /. B;
Ey, 6,l~7)

£ =1 N J % :_l_l-_g 2 I o —U
IR [ S A -2—.]0 z

Al
At Gauss ﬂ‘s. of .,2-]>‘}. rule

3

s L2V,
_ ‘| I+—,2V§/3a for U, =u,=0
€2 3, Tz ®
z

Exh’apo/a'fe te node [

_ 1+V=z -3
€x; = Q_Séx"l-'- _Zséx".z

—_[~-0.lo5 0.395
€x; = - u
X/ ( J. Jz ) b3

Only for J, :‘)Z:J do Yhe two Exi
expve_ssiavus rjie/J f‘ﬁe Same r‘esa/?ﬁ viz,
Uz _ Us

-—

P
€x) = 05 == = 0575 =" 7+

T




6.10-%

For a bilinear e/eme/ﬂ: + /o/ags
no role Tn Eq. é.IO'/,' for the e/eMM'IL‘
1= Shown, €x IS mdepen -
*EE_X dent of x. An ad hoc
adjusfmawf Hhat may
gl‘au beﬂ'er affo{fddg
s {5} :i—cv%“i” Y, wltere LLC /s
Hickness at the ceater (or a};/p/:j
L./t to adfust (T} from Eg. 6. 10-1),

For a ota.d’rzlffc e/ehaen'f )%:3 ac{/’usf"

men’f‘ sZou/,/ md#E’V‘ /€SS))45 .S/‘de naa/e

[ - Can dislo/ace r‘e/a?liuc fo .
corneyrs , f/lus aufoma?l/‘(o//'
provi di Vli a 57er‘n varia /‘ian.




0
!
(a) J= [z(‘l+2§) -25 %(l-ﬂ-zE)J {a.(,L}-_-../,ng 4._:’=Z_ +).%
L
J=£(1-0.45
l ) O
€Ex=—| — — —(H-.Zg)} = |+ 2%
J l 2 , o 0.00| J_o4%
/000
Node // g=-[ Node 2,5=0.: Node 3, 5= 1!
€ = —=0.0007 4 Ex=0,00100 €x = 0.00500
(b) /Sfédass Ipf,) §:—//;/§‘ 274 Gauss/o)l.) € = I///::,
€x=—0.000/257 Ex = 0.002¥02

(c) Ex'frapo/af/‘on frov Gauss poin‘fs Vet r =Yz Y
€x = —'-llﬂr l+r} {‘0'000/257}

z 6.002802
Node I, r=-y3: Nodle 2, r=0; Nodle -‘3’)1‘=V§"
€x = -0.00120 é‘x=0.'00/'34— Ex =0.00387
(d) _ 0.00500+0.00387
€x = 2 _ 006500 = 0.00519

0.00 387



l@ 1D - 10'
(ay [£14}=2E

Eq. 6.(0-7: 0=

Eg. 6.00-9: Q1=

Ey. 6.10-10: (:ZA?‘)(S = A= %{T }ut

2= A 24,

Eus = _-_-Ef{};_
G= =" se === 7

(b)Y Tn our development, we reguire equi[ilorians, which for

Vthe bar vequires i([(); —p. Notsatisfred by G =B BX-

v



6 -(|




6!”'2—

-

ca -b

(b) £5. 6.2-C h
“(ep) Gp) (1+) —(nﬁ} o b
[J]=i{-(':-z:\ —(I?E) (1+7;) (-3)jl o b

0 b

(91=i[2("7)0' .fe]’ )= det[J] = 2ab (1-7)

23 o

Srallest J n element 15 J=0 a‘f nodes 3 4
(as ’s obvious on IngoeCT/‘aw),

J at Gauss points
, Y=3.0547ab  (call it Jpnyx )

| -

/47‘ ‘7 = - y‘g
At 7: 7(_.-3_ ) d = 0.8453 ab (Ca/[ I7t Jm,‘n)
Imax _ 3.1547
<a .= 58453 ° 3732

L e ha vl
Or) more a//recf'/;) Jm,: = —;)—'— - b—-b/\ff =



G.1-3

(2)

'
-1

(b) P R R R OB GO G |

[-.]_4.:('_5) -—(H{) (l"g) (”E)

_L3-n -l- - =2-5-
[le-né 2~]' )= detldl=2-57

Node 1: E=-| 7771 J=4
Node 2 5=1"n=-11 J=2
Node 3: &= n=1: J=0
Node 4 %= L=l J=2




6.'2")

(a) 4“”04& element i
IN; = ;;;(HZ)K(I—V) s+ 2 0-8) [ (-9 + +) |
= s (D) +5(-7) =
&-node element !
From the above we know Yhat bilinear portions of &,
‘H?POuyh Ny in Ve N; of Bys. 641 sum 1o am“fﬂ, Also,

199 rnspecf/‘m, Vhe h)j/}er- order Terms cancel In 1he
sum of all ergh? 1

(LY SWNys = 2[-0g) + (1) + () = (12)| =0
SNy, = 5 - (=) () +(1+8) + (1-)] = 0

iy



6112’2

|
J= "(‘I+23) -23 Llisaz 2 L
I'?. 2( * )] 7;.2 = 5(|+2?)-2§X2

For lineayr y=u(x) ,
_V1-¥ |+
i e
2 J ust 7 g5 ° [“:2 ilg‘:}s- ‘13,2‘_‘_".
_du df _ /aéa/f | du Uz~
T?)? ol x/d¥ Tf L(1+23)-4%x,

We obtain Yhe ex,oedfw/ €x = %—L‘(ﬁ- only if Xz=§ (%Pm;‘a’/a/‘n/‘>




6.13-1

Zero. In "sfan;/d!/‘a(”/)a[‘c/q ‘)Les't,
O'“'ﬂ bown'daifg] nodes /oaa/eol} £ {D}:=
[ R} gives {DF corsistent with a
c¢~n5f, stram .S']L?({?—: T/Ieref:ore} ustng
this {DY, [K1{D} gives an IRV writh
laaaff on boand’arg naa/es m/gj.



6.[3-2

Res'h“aﬂf'lls :
LYV O ‘FOY
a]| nodes om

2=0. Also* f

u=w:=0

u._._v-_-_ w:o ‘..,v.:: --..-.. ys
I ' C
O\ |

2,w
/

U

E)g/ﬁ‘ arbitrar: {5 :hapec(

hexahedra §ill a rectangular box, with one
complef‘e /‘:j internal node. /?ec‘!‘amﬂuldr faces
on rrghf end su”esf 2 -direction lsads of
1@A, 2@8, 4@,





