4’3 as
Solve for %e Q; : ,
a, =4, Q, ) {1 o ofle
a =d,-a hence {%} = [Aa] l{‘fe} = S B A
2 2z oy S o I ¢3

0‘3:4’3"&,

cp:ll r sj{ﬁ]‘,{fﬁc}= ll-r-s r sJ%ﬁ;%



< (Xl"' Xz)/Z
(x,+ X1)/2
\(xz+ xD/:z

Xy
X—|.<N 4.N+ No) (N Nl- | <N3+E§+%J{X2}

X3
N, + g" + 5 (I r- 53(/ 2r- Zs)+2r(l r- s}+25(l —r-s)
= (1-r-)(1 ~2r-2s +2r +25) = |-r-s

Nz Ne N" = r(.2Y‘-I) +,’Zr~(l—r‘-$)+2hs

\

2 l
=2r-r +.2Y'—_2r~7-_2r5-}-2r$ =r v
N + —2—--&—% = 3(25—-1>+ 2rs 4—23(]—-)"—5)

- 25t s +2rs+2g -2rs 25 = s



7:"’3

Obtain ith shape Lunction 1957 fftl(m”a lor*oa/mfs o Functron s

whnh) TC e7u4z7"8/7"a zero) are 37;(47‘?&745 a]c lrnes ﬂzﬂf'
do not pass er‘ouih Yhe ith node. /1//1(/7‘,‘/:/7 eacth such

proa/hc é? a Cmsﬁmf < Such ‘Hmf :“7" 66’4‘6)445’5 uni?’y 47‘

node L.

eN, = ()G r-s)(imr-s) ;M= G for ress0,s0 0k
N, = (1-3r 35)(1-37=-25)(I-r-s)

e Ny = r<L3 ”V)(z’é"‘) ) o N, = -;— for r=1 520, 50 6= ij;:
N, = r(u—er;_ Sr

CoNg = r(/-r-s)<3§ ~r-s) 5 CeNg = 55 for r=

Ne= e Cor=)(- 5 -3

- _.L_. -_& =z = :-?:‘
<shNs ~ r({—r—s)(3 r)) CoNs= =33 Tor r=3,520,50¢; 27
- _ 3y _ 1
Ng= Ciy-(! r"SB(;l 1)
2 /1 2\._ 2 -2z o=t =-2
chb‘rS('g;'r), %Ne’?é(3’3>” 5 ferr=3.5% 3547

Mo = .27!‘5(!*)’"‘5)



7 1-4 E

3
eR
] 8 . T/?e 7:76/6 ;

4 2
Includle on/7 M node ¢ s Preseuf in the element”
=4 {25 L6
N, = I-r-s -:;"Z_N“' | ,__I_ZN"
N,= v -5 Na -5 Ns
N3 = S - ‘E N- “éNe
N, = 4r(1-x-s)
NS: Arg {_‘From 575, 7:/—2]
N, =4s (1-r=s)

TF nodes 4, 5) & are all pn?senfj +/Ien
N

!

= /-r-s -.Zr(I—Y“-S\ -2S(I‘Y'—S} = (I—r-s)(/—lr—zs)
NV, = r-2r(l-r-s) —2rs = ~p+2r™ = r(2r 1)
s ~2s(1-r-s) = ~s+as™ = s(2s5-))

Y

Checks N,, Ny, Ny 1n Egs. 7.0-2 .



712"‘\

3
7; 2 A= area of 'f'w‘an//&
| « = (2 "-,La[/" )"m/)ezoi/s> minis
(1 "_s/oorf"f'm/;e?did)

A= %"'Tiy_g'(xz'xi) + ?’7'—;123‘(7({*33" ?—'%L{Xz”x»)

RA = %24, +x373'xn;,—xn/g+Xz7z+xz73”<37z‘><373
L A

2A = xz(t/3~7,) "X.(%‘%z)" xg('jz‘;l15 |

2A= %2(y579)) =%, (95790 =%y, +x (4579, iy, =% (y2mg,)

24 = (6 x)(ys=4.) + (%D (y,-2))

QA= ¥a1 Y31 ~XaYzi which is det][)] from Eq 72.2-3 |




7'2"4 ’
Ey.

21
-X317
J = X217 -

X2

=73
= 73'3/ _ )(3
931 - x_?—);’ i
xsj =Y Xz?s |
Z fhong
5{] =24 ) x
2
ence - 7 | -
f ‘ : 7
?'Z = ;;?-3 Xs 4—é
43 . y
; Checles C7
0]
|
" L
X3

E
Xz‘/s



7.2—3{

G = NG + Nyl * Nobs # Ny b, = (N S Ny A €
(for o quadeilateral ). Nyrh= 2015 56

¢=20-9)¢+F(rD - 2)4, +/(/+1,>3(/+17)¢ 7

Derivatives of shape -Fanc‘f,ong a’e-ﬁne 3
[DN} I: g Pos @;} _ -2 -2 ()+7)/4] N

¢zﬂ([) 45.»7 o "<I+§)/4’ (“Li- 4 1)4_ 2 X
© (1-9)a (147)b
=|D L7 1
[:]'] [””l[% (g‘\ 4[(l+?)a (/+3’)b]

2 (+5)b  ~(I+y)b
(1+)ab|(45)a  (1-9)a
é,

éx i qS
{$}-romatal - mM here
[_(Hg)g b)u-n+ BU1+)(1+n) '°(I+§)(/+75 (/+f)(l+»z)}

[&]= (Hi)ab (+9)a  2048(m) -S(43Y0-p)  ZNep)+5(139)0-p)

1 (4L (1+Db O -t Va o
[2]- (1+2)ab [-(145)a 0 (#¥D)a] |-I/6 o Vb
Eq, 22-6

_ -5 b 0 _{-Va a  ©
[E] b[ 6 &}'[*Vb o */6]



7{3"‘

A
ZN = a(5 rsrey) - (5,75,05,) + 4(55,7 55, +5,5)
(a” \"Ae adeﬁ Eq, [a) /\/ow

(§l+;z+ggy- = (5% 3';24. ;37-§ +2(55,+5,5,755,) |
If we mu/ffp];f Hhis e7un?l/‘¢m b?r 2 and subtract (f, 4-32"?3))
we e?L the m\y}ﬂ" hand side of £, (2N, Bul Since

€ +5,+ 5. =/, Vhis weans Mot

G 6
2N, =20)-1 so YN =l
t !



K3
Point a has coordimates 3= ?:5? fzs 5=
z ( l
pA . and ¢:54§;;;§3¢¢

. Yo _ 163
V:ngfzgsﬂm 54 (2A) T = G A= 04



7.3-2

L | X = X/f, ‘f‘Xa_,S"Z‘t')(?’S;
jxlo//) = g(x;"f‘z-+x:'f'z+xz‘§l +2%,%,5,5,
t 2K, %35, 5, + 2x3%,5,5 )
Eq, 5a-3 yre [ds
7 A
gfé A= % gi‘ §-qdA = . Hence

gxz//I =_£_(x,z+)<z FXa X, Kot XZX3‘*X3X:) (a)

Adol XX2=X, X, To right side & factov
fx?ﬂ = A[X,(x,+xz+ X3z)+ X;(X: *X2*¥%3) = XX, t X:]

Z
But X, +xz+X3 =0 because of ceutvoidal coondiates, so
Jx ,/,4- X, X 2)-——[)(3( X,~X5) =% X ]-%<-x,x2—xzx3—xsx,> (L)

ﬁ‘om (4) gn;( (b),
JXI‘M = f‘(x,z'*x-f +X3) - Ix”o’/? hence fxzﬂ/'q = 747:(7(,2"' Xy txs)



72.3-4

Eva leaTe e qwven ¢ eysz/'o)« a7 //mé:,

5] [1 0 0 o0 o o0]fa
¢. o | 0O 0 o O a,
‘?3 _ 0 o ! O o 0 443?
1|/ Ve 0 Ve 0 ola
¢s| |0 & e O V¢ Ollag
¢ L7+ o + o 0 Yall a

Newce a,=¢ ,a,=@, , as=¢; -

Subs. f’hese mfo Vhe [lasT 3 eqs.
G=byd-4) =45 AT

__445 -4, -4 +(44,- 4, -4)5.5,
=444 )+ (40a-0d)s s,
+(4'45é 493 45/)§§

p= (st “5,5-5.8)4 4 (5,757, -5,5,)%

65, 5,755 )05t (55,44 500 5.5, 6,)

 MNow use velation 3,4 45,

$%55,-53,=5(5-5-5,)= s,[s,—(l—g,)J

Skmz/ar/ = 5(25,71)
£%5,5,-5,5,7 5, (25,-1)

S5, Tst)= Sy @5, ). Fonally,

$= 5,(25,-1)4, + 3.(25,-D &, + 5,(25,-)¢;

155,68, $5.5,¢: + 45,5, ¢,



—x i51=| 8}

723°5| #- L
zr—4-T1
” e/FrawE?7'3‘+

@y, g, (25,~1)
¢ ! ' Use E,,

r’ z 5 (2 5 ) - Ih fegr:z fe
- L
fsca=5 ., [nd=5 , [nga=¢

<7 so455F
2 4+

L 3 _ L Z 2

f‘s’,zfzJL =13 gf, 5dl=5,0 Iﬁ 5, d\

0

o §,(25,-1) L (1

e )=\ 955, >4 T ='/_sé 81
[

Vx2 fz(.Z ?z—;)

+0 /
O ——y . r=(5-8)7

L

™~

X]

2
{eSJ) = Jf,zfzzdl‘:é

L_L oLt ,L L
Y\') _"t 24_ 5 L-_)'2+(? _ G
rpe (77 f<’1[”'>L L =Ttl (l?
s 2T %33 .7

L[TtL >
Yields M = 23(79—) = 2
Check La_ flexure formula
— 1
M= EE - TEtl gt
L2 @




[73-¢ 2

6 _
For one face , we deal with Yhe fh‘mi/e, &'
|
i >2

For constaut P, en face of area A)
(1] (ITpaa = pfuTun

where He N; corwme from Es. 234,
Use E. 7.3-7 for 1nTe7ra7'ion :

(non=2 [stw-2 [ugm-7;

2(2) -4 o

2 () —4 p 0

_ . A -4 = 0
{ret=riz ‘l(ll R
4 |

4 /



- 3 2 . !
741 4= artarty ars va,r> vagrs , straight sides, A = —

(@) Tn area coordinales, ¢=a g, +4,£ +43§'§ +4+§' +q.5,6."
MS)n7 Es, 23-7,
| 3' 2z

Z
§4)dﬂ= a!"é‘ 24_) +d34! +44‘ Sl t9s o7 51

TR S Y
otz t24aY20 T 0

20.0667a,+0.0%¥3334, +0.0416 703 +0.05000a, + 0.0/667 4.
(5D Pormulz 1 Table 7.4-1) ] l‘—‘— 24 = |

= a a a3 Q¢  Gs add az as Qs As
j‘”” _( R i 33> A S
7 oX .
() Formula 2,7able 7.4-/, IJ\ 2A =| appr

(b= 3 o3 a3l (2o (]
;'z—é-[“'é,*‘k(e) ”3(‘“)*“’4 cp) Fds (c) ]
:ﬁz.é_[ +1a(7) +ag(};) +44( +05<_:;>(%)2.]

- L 21.-—-1» (.._. 1,2
g[" (3 é)*”<‘i 2t talistntis

+ q"'(-";% * }T:Z * .z:e )‘L 45(/023 .27‘2 +54>]
= 0.1667a,+0.083332,+ 0.04(6725 +0.050434, + 0.0/6204,
(d) Formala 3, Table 7.4-1, MEEYEY aﬁ;;°x'
(6 dA= ,—’é[a S+, (L) +a;(0) +a, (%) +05(o)]
+L3 [a, (0) + a,(0) + @, (0) +@s(0Y +as (0)]
th [k re (8 e e (a4 ras(2)']
- Flar el sl ralf) 1as(y)]

= 0.1667a, +0.083334, +0.0467a, +0.04(67a, + 0.020%3a,

N

(Con'}‘inues) ‘ applrox.



7.4-1 (Coh.ﬂluded}

(e Formala 4 Table 7.4-(, 141724 =1
(6 an L2 ) a(5) +au(3) aa(5)+ au (%) + s )]
5 (5 [ )+"Z(5> T4 ( )s)*”*(s) ras% )( ) ]
+5(3)[8) +a () aa(8) 4au(£) '+ s (5)']
o 4(Z)]0(®) (3 +a (DD alE) +2(HE) ]

= L[ (-A+15 +545) + a, (-3+9+(+1) +43(3*3*’+3>

7
27
+a4.()+5 +< —§>+45 /+ +— 5)]
= 0. 1667a, +0.0%333a, +0.04l67a,+ 0. 05005:4_ +0.0/66 72

v v e - —

D



" -4
f-pt: r~ml+é_é 5 = 0. 9000
o
P 3t k| — ! |-
P Ix g TZ L /+"Z'; +% =0.924324
36 [~}
nwd __,~_L | [ { _
2793 I' = 3[1+o b /*é}_o.‘issus

|

-»f L=~-0 5625 +
4P At 02 l1+.04

+0.5208333

[+

/.12

]= 0.924¢C 1]



7.4-3

o . X,f‘ %r- X = ZA/" X,
Fg. 7272 [\'J']: Xs Ys 7':2/‘/4'75

Cm'fen‘fs of [.\,:‘,1 are /h?éxr‘ mr dnq/ s, So l‘;).l is 7#674/)*47[/2
in  and S, 37 57 7.4 -/
n
Volume = [tdA =3 5 1314, w,
c=1

where T 7s 7tau/r‘a7(/‘c m I and s. Hence infeffwf/ corraVzins
4'% powers o r and s. Neeof z/ejrec ot precision =4



Pt feces, V= &

¢ =ar+a,r*+asrs +a,r¥+asrs +a, rst

7.4 -4

3
(a) In volume Cool‘als.) ¢ = da, f.z‘/‘ dzf:-* A3 5253"‘44.52 "‘4552532 *+a, §2§-3§4_

Us)ny E7 73 ?j
_ z \ 3! 2 |
fd) dV 4,4, +az 5 +435! Ry 4-{7(,2—!

= 0. 04/&74, + 0,016674’2 +0.0083%3 Say
+0.008333ay+ 0.00277875 + 0.0013%94,
(b) Pormuala 1, Table 7.4-2, |J]=CV =1
& G % A, 45 ?_’_‘2_}
§¢JV”’5[4+/&+%+ U e
= 0.04(67a, + 0.01042 (4,+a3) + 0,002604 (ay +as +a, )
—

(¢) Formula :2) Talo/t, 7:4’2/ );,),{=GV:I
5’ 3&/‘ o _ 5-V/5
=5 c058541, b= == =003820

%4
i"&;[ byayb? +a5b7 1 agbS+as b +debg]
;{l—_—l&;[ a b +ayb +azab +q, b+ aga’l + %aéz]

b "Gj[a,b b +apab +2,0% +asal” *”a“é’z]
- 5’;[ ((a¢3b) + a2 (a® +36%) + 2, (2ab +2L7)

+a,(a3+26%) +as(aPb+ab”+2b" ) +a, (3ab*+4°)

= 0.04167a, + 0.01667a, + 0.00%8333a,
" v

+0.008689ay +0.002657q5 +0.00150%a,

(Conf:‘nues)



7. 4-4 (Conc/z(/ﬂﬂ/)

‘o) Formu/é, S, Table 7.4-2, |4l =ev=1

Jédvx(~%)i[%+4z ;%*3?* ;‘%*;?

:?a-é:[“';% s e (B4 (2 sas(B) e LT
‘é"“az{(‘»)*“S ) +an(z) ras( ) +4(2) ]
i az(J—) +43(6) +44(’L) *45( *”"(o) (2>]

9 1,4 ,_,i_..

(-f?—o 4240 20(3@)) +az< *4?0 + 3.20(3(9)6
9

taz (‘EE t2 o@er 2.20(43))

[ 9 9 )
+‘74-("' 506 + 20(6)8 +3 20(6)63

I 9 9

+as (- TG T 26(L)=2(30) 4'220(64) * 2%36}4)
I 7 7

*2(~ 5057 * 3 oD * Fal0e®)

c 0.04107a, + 0.01667a, + 0.008333ay
v~ v e

- ~.008333a, + 0.002778as + 00013894
-~ e —





