g -1

L* =Yy = L« v'wi{ } 41{d}

= (142 (4)) (121 t41). dlss, L .
(4171017140 14T = §417 m

(VU (18171A1- Tz )4

Must be True for any igg}).so
[A1[AY = TL1. Frowm Eg.8.1-1, this
means Z[t.z = 2/77‘-7' :ZM‘-Z =/

and Sdim, =Zmng = Sndp =0



ﬁ, 1‘2




8.2~

, = I » o
[é ] = /"7)1- v I O
o O Iy

We can rqnore The cCommaon mullipliey

E/(/'V") in The fo//owinj. The Pr*oa/acf

[IG}TIE.,] [I—é] is found o l)e Syhlmcfrfc)

with the -FaI/owfnf] ferms in ifs upper ﬁmnj/e,

Let ¢ = cos 8, s=sinb,

(I, = ctrycsirucshe s¥rackt-226%"
= (c*+ s")i'—_-./

(,2) = s +2cterstrcts =25 2t
= v(c+s¥) = 2

(1,3) = AEsU-2)+ s> (w-1) - (1-v)(c3s _ng)
=0

(2,2) = sty 2ctsteve st 205 (1- 7)
= (e*+s%) =/

(2,3) = cs¥(1-2) + s (v -1) +(I-v) s -¢s3)
=0

(3,3) = Bs*(1-0) p (1) + FE(=ST)T

_ 1~y , v, 2\ - |I-»
= 7 (e +5%) 2

So, after fesfar/'nj f%e ma/f/’,o//’er
E/(/—wl)/ we obtain [E]=[E"].



g.2-2

E.0 O C‘—Co_ss
[g,] o & o \}A@ s =sin g
°co &l ([é"]LTe])=

¢ -2es||CE. STEL csE,

st ¢t Z2cs sZEL cCE, -es By =IE]

cs -¢s (=sT||sG 20sG 6 (c=57)

E,= C¢Ek *5454,"‘ 456

Ep=cs*(E+EL)- 4™ G = Ey,

Ex= CSSEQ—csgéé ~2Cs (ct—sz)G = Egz

Ega= s* B+ c?Ey+ 4576

Eys= s Ba-c3SEL+2cs(¢2s1) G = By,

By = s (BEi+EL)+6 (™57

Fr =0, [81=181 —

for (5'—‘77%4 En=E, 5,7 Ex, Ex76,
Yemm‘nd’er o [C] null.

N
s



8.2-3

C4+$4+ 4‘c7'sl - == }

[IE ]T[IE) = :‘

cfrstrdcte™= (CL+SZ)1+,ZCLSL: /+c7“sl
é(ni‘fj m}j if c¢c*= 0 ; net" so for a//@
Hence [Te]Tfl—e]#erj [Ie] hoforﬂtogyna.f.



8,3/

_ | ]
For dud % 1 (ks AE[I l]

._.M u _

{ } [ ]{ } [T][k]-é_&l[ —I:]

[T]

S Tea ol A - ) e P



/. y, ~3ep” 2 Frg2 )[4
e Lfidh= 22 i ;:’JH
Uz
", | o O Uy ,
éuz ={lr | 2 {Mr} or {%}=[Z{Hég
“3 6 0 I Jlwus
w=INTITILY  or w= LNV} where
TN IR B 2 VI b I i s R 4
WLy - [ )

-3 2 It
I_T o :Lj



gl 3"3

o = " =,
| .
© 06 o0 o o o 1 oll%
6 ¢ o o o o o | Uy
o o DI\ ¢
© O ! 0 0 o,
e 0O 0 | o o o 1




Sef U, =V, = U=V, :—0) butT Tcwpordr-
ily retain Uy - [JS]{Q_'}z{@’} /s

3 1 )
r_—lz" 2 "311_ ';'li Uz Rys Now set
1
K = = -5 -5 A€ _ R«?s ! Uu,=0:
-4 -4 '.!Z -:'—z Uy Rya discard
—5—_ -‘:'Z _12_ _i_ Ve -P row ¥
L 4 Co ’, 3
30 1 |{uz] (Rus (0.3 0.6 0
k[ =livs{={Rys}  [T1=t00 03 o
2= -1 3ive) (-P 0 0 |

. 0.5 —0.( 6 L /3 _?'.Ca -1
[I]((&'][I])= 06 0.8 o|z]o2 L4 -1
Yy ——~ L¢ o | -0.2 -1.4 3

1.32 124 -g5.2||U; o Sef”\{';oj

—[124 2.6% -1 4[{V; }={R3) s,lve for
0.2 _/'4 .?.0 V4 —P U3 X/ \4{_.
1.32Uy -0.2v; = 0 , Ui=~0.102 F/k

02U, +2.0y =-2F/k  v=-0.673P/k

F= k(v cos[z\l = k(0.102£)(03)= 0.0316P
(tensrom)



/ihe.j ,Z\I:’/?".’/Zj.\ 4_‘(32

Set «p orﬂvog'o;a/ vectors
OV, &V;. Arbitrarily
define V,=XN,* T
(make another choice if X, =2).

o Length of U,
A L AR A E R D S
Lo= (L4 LT)

e
)
=

I o O
N
\'Z:X’XV_ £ L A 2(‘12‘/3 )é‘
(0] 13 /(7_ +-/,/27’: 4—,/'/3:\){

Ly= I( "/;—,{_32)‘: (4, jl)ql (4 A, )’-]’7/1

Orf’hoy. unit vectors are z\, , Y,_//_ZJ Ys/L,?o

At affected node n, like [D) in 281+l
Lo Y] Pt

[Tzl &/l 44, /L ,;ifnfl;l/;r[g

: 13 "[z/Lz /, /3/[_3 Eq, 84-3.

(L) U b" v 17':// ,//://3:0
/ 6 0 -
o -] 0

= N agree—"



%, 4 3

[AE. © 0 |lu o o v
L u
2EL Er
(&3 8] 1L3 -é,Zi__‘ v —"P v
18] -.b_E_I. 4ET @ ) u
| L L
- 2 F’
u c -s O||lU c
=cos
vi-|s c 9 \4 _C(f /3
9 _O o) I 6 S —SI”P
[r1
[« s o4& -s48 0 1 “omit
. ¥
126X I2EL _cgr| middle
=S C & SLT < 13 = | in pro-
(CEL __GEl {EI duct (i.e.
O o [ L- L* ~.C X L Sc‘f V=0)

[T]" [x1IT]
AE 2I12EL < GE
Lo CEE|lu| [-sP
_s GEL 4Er -
= L 6 o)
I

2z 2 [26r ]|
: (L’>U:‘SP[C4_—E~+S -—LT]



g.5=1|

Suésfifu-r& € =*L1 b;/ihgar .

3 V] > ha
Shape ‘FblMC’l"FUWS J /:7'5 6.2~ 3 e, f

:1-L ( )“' 4— —X")‘(z 4_<2Xz)'43

+L/E
‘Iu,+3a +U +3a4> # 7)(1)“4

o et where LT} 7s

J__

6
Ua
02‘36 L ¥ 9 3 I 3
VA. t;“ )} — q
Ve T ’l l(p 3 3 1
A “ I 3 9 X

e




g55-2

“ R .
s C=c0$ﬁ
S= Sin ﬁ

a o
(=TT -H o 5 5 R
~}-~ !:}—Lk) O—Q 7"

O R

\ (V‘csu/f)

- M~
L =ath

Now want To
show at
B these two are

S ‘l(a'f'. e7ui v

) as( /’75)

= [(a”-‘)c + (a4 L>S—L} o —(me)/’?o -~



- & d a L

= u _ = — R=N
US Lz I + LL u4‘ u@ Ll u?_ + L, L{3

A o b

Y
T T
J [Tv-”_ul V, U, Y NJ V3 l"4- V4—J
where [I] is the 4197 8 mwrafrix

fl, o 6 0 O 0 d/l,0
o ¢, 0 o © O o d/l,
0 0 afl, 0 b/, O O ©
0 0 6 all, O YL 0 O]




8, S5~4

@ {4} = [T, 2{d:} | where [T, is

gxl~ EXG Cxi

(1 O Hpz o o6 o ] This Trausfor-
0 | @) O o o ‘IL‘ £
0 o o ’ O H/z. maltin Sels
O 06 0 0 [ o |Y™™V and
0 O o | O-HAa| V2"V -
O O o o [ 0
| O©-H/2 6 o o
Lo ( O o O o J
(L} {é,_} = [1—1.](4:} ) wh\ere [Iz] is
6x\ 6x%  $x|
i/2 0 0 0 0 0 Yo o]
o Y2 0 0 o0 o o0 '
/4 0 O o © o0 -Y/H o

6 0 Y2 o0 2 0 o0 o0
6 0 0 Va0 h o0 o0
0 o YH O -IH 0o O 0]
This tramsformation ayerages the dol. af
each end of el. 1o yer He Translalioral
d.of. of el 2, and Saqs 6 = V’—-Hﬁ/%=v-§-\—{3-

H
© {4)=[T.21d3= [ )T 214 )

(3=, 004} =TT, 184 .}

Mence we ex/:ecf that [T,1LT.) end
[IL][I,:) are Lo‘ﬂl uh/‘fmvﬂlri(gs) Aaf.’

’ A-,:,n.xl-;.z-A‘é]—I,J} [I11I—I|]zrl:,.]
$x6 6x% Sx g 6x%  BxG Gxe
The olberaf/‘m [1—,]{4,_7; eX/Ja/m/s é,ol‘eces
of mformation +» 8, and [T, 10T, KA}

’ ) loac/< ajaﬂfz; I/N)%/MJ s
lost. The operation [T,1(T.1(4,} con-
6{%5‘53/ thean expa/nq/s, bat in exlom/mj
does nof‘sqparufe, Yhe V; from their
Combinatimn i the g/ef,-,,,‘]‘;m,, of Hhe 9{




g.5-5




-+

7Y Gy ‘%;J i

,.u" Vi wy i 6 7' gét u

T o['uvwéx,?,
e T,

T
J2x 12 l/(zv W 9 2 61 J

y2 Y22
../ g 0 0 (-z, 3) (7, 7‘)
O 1 0 (3r2) o -(x-x)
400 I -yy) (x-x) o
E,Ix}} 0 00 | o, o)
o0 0O 0 o / o)
|0 0 0 o o I

Olafam [T.] fre.. L[T,] l’j Jm/ngmj
L ‘f‘o(? a/ywl I'fo



V, = V3
(4, = “_3
Uy
Uz
Vs
— U, — A -
(+ 6= .
(OK l:F %I ?‘l ?7_)
"/ I?c/afﬂ/c 4y node 7}
! u
three master d.s:- ’7— V,= O (X~ %)
-—?_’ us=-8(4s= 1)
A= —
[CT y/ ra Va -0 (X3"X,>
(M,T / 0 0
VI O l bo) (A‘
“Al > = 0 0 | Y,
V'z_ —(XZ—X')d ’ (XZ—X‘ A uz
g | |1+ gyt O - (ygy, I
\‘-/3 J - B (Xz_xl)‘)( I <X3’X,3°<




&,.6 -

A/m«:g AB  Apply fcy=[e]1{e)
with &= u,, | efe

-p= E (6{,, + VK?_)

O)—(:_—P 7 o /_2)7.
7];?.‘-—0) So ‘ O = U,?{-V,x
S, o ‘/' a/,a.{

These are 2 constrainl eg

A/cmg (D Sawe as AB, ex(ep‘f p=0.

Alog AD  Cau transtorm d.ot To %e
st axes Lﬁ use of Efs. 813 382 ,3j

Hrew Treaf /f/(e ea{je CD.

A/Mj BC U=v=U,=Vv,,=0, But a)_}
p.4 Vy are u/nlntown) as are corresp.
‘f’ehms in {‘3} . Cd/v\ perhaps S'CJL ‘/41656
load terms o zero with [iffle Consequtuce

/‘}niSo'ILroE; E,7, a/Mj /4'3)

§”g}=[§}§%}% From the 151 3 3

o'F ﬂ'?se ey«a?‘/‘ms/

o)
'l
~-P = Ellu/X+EIZYJ?+E-/3(U,7*' le) 2 con-
S‘l’(‘m’n’f
O - Eg’ L(’x +E}Z ¥? +EZ3(L(/7 f-l//)() 27’:



8.6-2
(@ Use %e beam N; f F,} 3.2~4.

u=|N, Ny Nz Na|lu &, u, 6l

I_B]‘ —[Nl ete. Hawever it is easrer s

use 1‘412 '‘a -basis" , [/ x X > x3[{a}

(kal= L%LJ léaJAEJx, where |Bal=

. 70 g )
o 1 2x Sx"j [H—[%&]T[L< ][,4)'
and [A] IS Campu?"eafln Prob, 3.2-4

00 0 O o 0 0 0]
AE OO é;_ %l:L3§_L—L4 ,HE_\L _%- 1’_ _gj
o P2 g—z.; <91 a1 AL 3L
[lca] k1041
o0 3 23] [3¢ 3L 86 3L

o ! -2/L I/L‘ AE |21 4)"-3L -F
0 0 3/* 2//_ '30L|36 3L 36 3L

0 0 -1/t 1P 3L -1* -3L 4[*]
: [’A?:i-T [Q
4% 3L —L”Hem {o %
AE .
(b)ﬁ?:!—‘ u=0 so Z=1-3L 36 -3Lfju, p={P
e— | —’_ZJ P 30L[_LZ 3L 4_L1. éxZ E(z
NOW 1pose ze:ﬁz'. AE 415 3L © €x, (AE/.SOL)L?'(P/A'E)
= ZoL| 3L SCG ORua P+(AE/30L)3L(F/HE)
O 1|{|€xs P/AE

ttum e \ll\fo Tp{}p eyl&d?lt\MSJ n VeV‘?LINW? Me ol é7 2 W?I/‘i)cJ
&l 2oL ) [se aLl|lpr/zol 1 |i2PL+33PL }
u, { © AE I3SF|3L 412\ 1.1P [ T4SAEL 0.1 PLE+44PL?

(W-{imet -






€. 8-

(a) Fom Eys, 3.2~ and 3.2-§,
Ve [XIAT 14 Hence

L i T .
Dsfl=@[e]‘*8 g;‘tﬂ’;z}bdxwl"
3

it X X3 _/ b:WI‘JH'? of

the beam

rd
(L 1% 1Bz 4]
R 44 s b’[%] Meice |

15/5 1“4, . y
| <4 /7 Uell=p AT [9)AT -
/56 221 54 -/3L v,
@bL 41 1L -3L7 | e
420 Symm /56  -22l V2
J ’ 4—[.7' 8,
Do 1 L-x L-x)x x _@L-xIx[\¥%
()v_l Lx 2L L thYJ A
| LNS S

t T A ter Tediou s
(1= @ LLINI L b expansios 2

17 fejra i M

L,LWLO' 5L 20 -5L v,
Z . — 2

B :.&—-—— L SL -L 6,

[kel= 20 o o si| v

| 2 -

@ vep= ) -l
L LLi =2 1 V,'

[&J:G(“‘UTLNJLJX = G-Z‘l:, 2] v
:(Can incla‘la 9, % 92 b_‘f aa/chrlj zeros To [.ISA)
) Rij id laozlg Mo{‘im)' gives C{fija)fla/ [4/9]

For {dY=]vVv. 6 Vv 9217)

[k =ﬁf'—‘(' o 1 o]
All Hhese Lormulations are valid; thatis,

all provide correct converyence with
mesh refinewment™



8.0 3—2'

=/
1 2 ) ; L= %,
gl f,fz lg3
[kd=8\|ce < 5,7, (A
£5 £F, §;

Inrcj/\afc /aj use of Ey. 7.3-7.

3 In area coords. , W

1

A gs Wz.
W,

l
[k,] % 2
|

(L) 253
W.
‘. < w= [N] \:;
| 2 Wf
4

/V[ ﬁ:‘&’th by Ef. 713—4.
Z‘n?‘egmfe éj use of E{ 7.3~7.

) 2 A
For ¢=1,2,3 LNL‘ dA= 345 y
For (or j=0,2,3 bul i#] k\/:/\{;a’/’*;;z

For £=4,56, SAN(:/ = %

. _ 4A
For ¢ or i=456 baf (%5 LN[NJM =4z

[N,N5a//7 =[NZN@J/I= [Ns/v,a//}: - —AE
A A A

45
smicqras o NNg , NiNg NNy N s
A/3N5 , and NN are =zero. Mence
6 -1 -1 0o -4 o
-l 6 - O 0 -4
g0 6 4 0 0O
~2 13010 0 -4 22 /[ 16
-4 O 0 /b 32 Ib
O -4 O b /6 32




g ¢-3

Stram ewergﬁ per unit of area A 7=
U =2 wdA (W) + S, dh () + &y dA Gy

where (_’;w WA= -Force aw, df = mamen?
= deflection wy = rotalion

Hence S W
U= :'2‘ LW W %7.‘ 23 Wy dA
A I\ Wy

Let Lw we w,]'=[Q1{4} . Then

3Ixn ~x

[k] =S[Q~]T]-@ « «][Q)] dA

hxn



gl?-4-

(@ Subs. €= |- £ mfo ¢=L(1-5) ¢ +L1(1+3)¢,

-5-5",-)49 (z F>4’3=%‘4+("%)¢3

p=cif &, Gé‘C p— @, as r—eo
(b) Fr‘0m 57 8. 8 3
7 Ix _ (- D(-2) - (—.zz)(/)

2 NG 30y - (1+5Y-1)

(_l g.)'l_ xZ

To ~Z 2 = 2(X,m%)  2a
() R (u-ssv 2 (U-D* ‘(1 T)*
e _ 1 l 1+% (1«1)
18] stlz_ .zJ d

| [16a®

[k]SLBJE[B”“f[ ] »&j(l-r)dz
e



B, 8"5

=1 (- - ¢
1= 4,(1 Z)U ’l) ¢f

NZ;ZL('~E)('+‘7) /}74/0'0,5«? 'Funcf?ms

l\(3= :‘1_—(’+§)("7) Ml' Same as in

Ny =L (g ryg)  Fig-88-%.
(Ja)(,(smj derivatives of /\/)[ i F’?’ 8‘8“‘4)

(@ b= LIV] i‘i}

=2 _lw -2 I 2 Iy 2 Iy o
[J]= ()2 (UH* (A2 32 2 ld
£ s _1+E 5 ||2a oJ

-3 -3 2003) 20-3) J 22 2k

= L

I~3)* _ab,

[J]-li O L ’ I—(l“ﬂ?‘

(O Nx] —l[N;‘ with only ¢
- =| - ~? Onj )
[2] [/,\!,? {Al /,Y,.“ % ¢, active.

RGN R ]', (1) -(ep)]

[&1- ab |2 oEt-0-n) (%)

(1-3)*|-60-7)  -b(i+q)

["]_ fab |- & &
/-3 -3

(l/1+.,.\1.:?_ : . 4547
- 4 I El(l%ﬁq( H)I) +a*
{! -)y= 3 )
£2 2 32,%,7
At %”6+— a. ? é Za.
Lk} = l6Ab]| 32 1% 24" %,414,1+247-






8.9-1

@y K*2g+AK | 8K =K™-K =0.3
Terative eq. s 0.5D%, = 2- 0.3

e D7w = 47006 b
Dz*: 4-0.6(4) = /.6 Converges
Brod-oC(l) =308\ h orl

D =4-0.6(304) =217¢ } 2.50, /&
D; =4-0.6 (2"70) = 2.6944\ To ex4cj
Df =4 0.6 (2.6144) = 2.3833C

(LD, = 7’:(12—Ak D¥) = p- Bkpt

k Tt
o == 950
2

x_ oSkl Bk [8KYT Aksl
Dy=D-5 z'DP P +(1<) (—;)
e'[‘c,J so the serics in brackets extends,

The series Converges if ‘\Al(“\ <1,

Hence/ mzzjnjﬁm/e o‘)c rncrease ol a/ec/‘eas:
in le must be less Hhan (007,




