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Chapter 1
Introduction to Differential Equations

Section 1.1
1. This D.E. is of order two because the highest derivative in the equation is y” .
2. Orderis 1.
3. This D.E. is of order one because the highest derivative in the equation is y”. (Note:
) # ")
4. Order is 3.
5@. y= Ce" . Differentiating gives us y’ = Ce' -2t= 2ty . Therefore, y’— 2ty =0 for
any value of C.
5 (b). Substituting into the differential equation yields y(I) = Ce" =Ce. Using the initial condition,

y(1)=2= Ce. Solving for C, we find C =2¢".
3 t2
6. y”=2. y’'=2t+c, y' =t +ct+c,, yESra s herte.

Order =3 3 arbitrary constants
7 (a). y=C,sin2t+ C,cos2t. Differentiating gives us y’=2C, cos2t—2C, sin2¢ and
y” =-4C,sin2t—4C,cos2t=—4(C,sin2t + C,cos2t) = —4y . Therefore,
v’ +4y=—-4y+4y=0 and thus y(r) = C,sin2t+ C,cos2t is a solution of the D.E.
y'+4y=0.
70). y(£)=C(1)+C,(0)=C =3 and y’(%£)=2C,(0)-2C,(1)=-2C,=-2=C,=1.
8. y=2e". y+ky=-8e +2ke™ =2(k—4)e*" =0
k=4, y0)=2=y,. .. k=4,y,=2.
9. y=ct"". Differentiating gives us y’=—ct>.Thus y' +y* =—ct > +c’t > =(c’—c)t”° =0.
Solving this for ¢, we find that c’—c=c(c—1)=0. Therefore, ¢ =0,1.
10.  y=-e' +sint v +y=g®), y0)=y,. y'=e +cost

y+y=e'+cost—e +sint=g .. g(t)=cost+sint, y(0)=—-1=y,
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11.

12.

13.

14.
15.

16.

17.

18.

19.

20.

y =t". Differentiating gives us y’=r¢"" and y” = r(r—1)¢"*. Thus

£y’ =2ty +2y =r(r—Dt = 2rt" +2t" =[r(r—1)—2r +2]¢ = 0. Solving this for r, we find
that r(r—1)—=2r+2=r"=3r+2=(r—2)(r—1)=0. Therefore, r=12.

y=ce +c,e. ¥ =2ce” =2, y' =4dce’ +dc,e =4y

~ y'—4y=0.
From (12), y = Ce” + C,e™, which we differentiate to get y’ =2C,e” —2C,e™*'. Using the
initial conditions, y(0)=2 and y’(0) =0, we have two equations containing C, and C,:

C, +C,=2and 2C,-2C, =0. Solving these simultaneous equations gives us C,=C, =1.
Thus, the solution to the initial value problem is y =e* + ¢~ = 2cosh(2f).
yO)=c,+c,=1,2¢,-2c,=2 = ¢,=1,¢,=0 y(t)=e".
From (12), y(f)= Cie*' + C,e”*'. Using the initial condition y(0)= 3, we find that C, + C, = 3.

From the initial condition lim y(#) =0 and the equation for y(#) given to us in (12), we can
[—>oc0

conclude that C, =0 (if C, #0, then lim = %oo). Therefore, C, =3 and y(¢) = 3e7.

t—>o0
c,+c, =10 limy(r)=0 = ¢,=0 .. ¢,=10 & y(t)=10e.
t—>—oo
From the graph, we can see that y’=—1 and that y(I)=1.Thus m=y’—1=-1-1=-2 and
o=y =1.
yV=mt = y= %ﬁ +c. From graph,y=—1 onlyat t=0 .. t,=0.

1
Also ¢=-1. From graph y(1)=-0.5 .. —5:%—1 = m=1.

We know that this is a freefall problem, so we can begin with the generic equation for freefall

situations: y(#)= —§ t* +v,t+y,. The object is released from rest, so v, = 0. The impact time

corresponds to the time at which y =0, so we are left with the following equation for the

12
impact time #: 0= —§t2 + ¥, Solving this for ¢ yields 7= o For the velocity at the time
8

of impact: v=y" =—gt+v,=—gt=—2gy, .

2
”

a
x"=a x'=at+v,, v0=x0:0:>x:7+0.

4
88=aB)=a=11 ft/sec’. At t=8, lel(%):352ft.
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4
21. a=y"=32- 8sin(%). Integrating gives us y’ =—-32¢— —scos(gj + C . The object is
T
, 4 . . 4 . .
dropped from rest, so y’(0)=0=—-—¢&+ C. Solving for C yields C = —¢, and putting this
T T

4 mt
value back into the equation for y” and simplifying gives us y’ =—327+ —8(1 - COS(I)).
T

4 4Y it
Integrating again gives us y =—16¢" + —gt— (—j esin(zj + C’. Since the object is dropped
T T

from a height of 252 ft. (at 1=0), y(0)=C’ =252 and thus

4 4Y it
y=—16"+—¢t— (—j esin(zj +252 . Finally, since y(4)=0,
/4 T

4 4Y
y(4)=0=-16-47 +—8-4— (—) esin(rr) +252. Solving for € yields €= %
/4 T

Section 1.2

1 (a). The equation is autonomous because y” depends only on y.

1 (b). Setting y’ =0, we have 0=—y +1. Solving this for y yields the equilibrium solution: y=1.

2 (a). not autonomous

2 (b). no equilibrium solutions, isoclines are t= constant.

3 (a). The equation is autonomous because y’ depends only on y.

3 (b). Setting y’ =0, we have 0=siny. Solving this for y yields the equilibrium solutions: y = tnr.

4 (a). autonomous

4(Mb). y(y-)=0, y=0,1.

5(a). The equation is autonomous because y” does not depend explicitly on ¢.

5 (b). There are no equilibrium solutions because there are no points at which y"=0.

6 (a). not autonomous

6 (b). y =0 is equilibrium solution, isoclines are hyperbolas.

7 (a). c¢=-1:Setting ¢ =-1 gives us —y +1=—1 which, solved for y,reads y=2. This is the
isocline for ¢ =-1.
¢ =0: Setting ¢ =0 gives us —y +1=0 which, solved for y,reads y =1. This is the isocline
for ¢=0.

¢ =1: Setting ¢ =1 gives us —y +1=1 which, solved for y,reads y =0, the isocline for ¢ =1.
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8 (a).

9 (a).

10.

11.

12.
13.

14.
15.
16.
17.
18.
19.

-y+t=—1 = y=t+1

-y+t=0 = y=t¢

-y+t=1 = y=t-1

¢ =—1: Setting ¢ =—1 gives us y*— > =—1 which can be simplified to #* —y*> =1 (a
hyperbola). This is the isocline for ¢ =—1.

¢ =0: Setting ¢ =0 gives us y* —¢* = 0 which can be simplified to y = *¢. This is the isocline
for ¢=0.

¢ =1: Setting ¢ =1 gives us y* — > =1 (a hyperbola). This is the isocline for ¢ =1.
FO=f2=0 y=y2-y)

y'>0 for 0<y<2, y<0 for —eo<y<0 and 2< y<oo.

One example that would fit these criteria is y’ =—(y —1)*. For this autonomous D.E., y’ =0 at
y=1land y'<0 for —cec<y<land 1<y <eo.

y =1.

One example that would fit these criteria is y” = sin(27zy) . For this autonomous D.E., y" =0 at
y=2
2

C.

i

o



Chapter 2
First Order Linear Differential Equations

Section 2.1

1.

e A o

11 (a).

11 (b).

11 ().

12 (a).
12 (b).
12 (©).
12 (d).

This equation is linear because it can be written in the form y” + p(7)y = g(¢). It is
nonhomogeneous because when it is put in this form, g(#) #0.

nonlinear

This equation is nonlinear because it cannot be written in the form y’ + p(t)y = g(¢).
nonlinear

This equation is nonlinear because it cannot be written in the form y” + p(t)y = g(¢).
linear, homogeneous

This equation is nonlinear because it can be written in the form y” + p(#)y = g(7).
nonlinear

This equation is linear because it cannot be written in the form y” + p(1)y = g(¢). It is
nonhomogeneous because when it is put in this form, g(#) #0.

linear, homogeneous

Theorem 2.1 guarantees a unique solution for the interval (—eo,00), since and sin(¢) are

both continuous for all # and —2 is on this interval.

Theorem 2.1 guarantees a unique solution for the interval (—eo,c0), since and sin(¢) are

both continuous for all # and O is on this interval.

Theorem 2.1 guarantees a unique solution for the interval (—eo,00), since and sin(z) are

both continuous for all # and 7 is on this interval.
2<t<o0
-2<t<?2
-2<t<?2

—co L <=2
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13 (a). For this equation, p(¢) is continuous for all ¢+ 2,-2 and g(7) is continuous for all 7# 3.
Therefore, Theorem 2.1 guarantees a unique solution for (3,e0), the largest interval that
includes r=35.

13 (b). For this equation, p(¢) is continuous for all ¢+ 2,-2 and g(7) is continuous for all 7# 3.

Therefore, Theorem 2.1 guarantees a unique solution for (-2,2), the largest interval that
includes r=—-—.
2

13 (c). For this equation, p(¢) is continuous for all ¢+ 2,-2 and g(7) is continuous for all 7# 3.
Therefore, Theorem 2.1 guarantees a unique solution for (-2,2), the largest interval that
includes r=0.

13 (d). For this equation, p(¢) is continuous for all ¢+ 2,-2 and g(7) is continuous for all 7# 3.
Therefore, Theorem 2.1 guarantees a unique solution for (—ee,—2), the largest interval that
includes t=-5.

13 (e). For this equation, p(¢) is continuous for all ¢+ 2,-2 and g(7) is continuous for all 7# 3.

Therefore, Theorem 2.1 guarantees a unique solution for (-2,2), the largest interval that

includes 7= E
2

Infe+ ¢ Tnj
=2 =2

14 (a). 2<t< o,

14 (b). 0<1<2.

14 (c). —o<t<0.

14 (d). —=<t<0.

14.

undefined at r1=0,2.

15. y(t)= 3e' . Differentiating gives us y’ = 3" (2t) = 2ty . Substituting these values into the given
equation yields 2¢y + p(¢#)y = 0. Solving this for p(¢), we find that p(7) =—2¢. Putting =0
into the equation for y gives us y, = 3.
16(a). y=Ct' y' =Crt’”" 2ty’—=6y=0
“ 2Crt" —=6Ct =2r-6)Ct"' =0 = (2r-6)y=0 = 2r-6=0 = r=3
y(-2)=C(-2)'=8 = C#0 .. C(-2)’=8=C=-1

16 (b). —eo< 1< 0 since p(t)=7

16 (c). y(f)=—1, —c0o< t< oo,
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17. y(t) =0 satisfies all of these conditions.

Section 2.2
1 (a). First, we will integrate p(7) =3 to find P(¢) = 3¢. The general solution, then, is
y()=Ce " =Ce™.

1 (b). y(0)=C =-3. Therefore, the solution to the initial value problem is y =-3e™>'.

’ 1 - ’ 1
2@. Y-7y=0 (e 2yY =0, y=Ce”.

2(b). y(=)=Ce =2, C=2¢" y(1)=2¢"

3 (a). We can rewrite this equation into the conventional form: y”—2zy =0. Then we will integrate
p()=—2¢ to find P(f)=—¢>. The general solution, then, is y(f)=Ce " = Ce"" .

3 (b). y(1)=Ce=3.Solving for C yields C = 3e™". Therefore, the solution to the initial value

problem is y(f)=3e'e’ =3¢ V.

4 4 1
4@. 1'=4y=0 = y'-—y=0. j—7dz=—41n|z|=—1n(x4) =

1 ’ 4 ’
t_4 —t—syz(ﬂy) =0 y:Ct4.

4(). y)=C=1 .. y(t)=t".

5(a). We can rewrite this equation into the conventional form: y”+—y =0. Then we will integrate
t

4
p(t) = " to find P(7)= 4ln|t| =1Int". The general solution, then, is

y(t) = Ce_P(’) = C'e_lnt4 — (/’elnf4 — Ct_4 )
5(b). y()=C=1.Therefore, the solution to the initial value problem is y(7) = .
6 (a) u= eXp(t— COS l) K3 y(l) — Ce—(t—cost) )

72: ¥ T, T, T,
6 (b). y(;) =Ce =1 C=e" y=gle 7o =l

7 (a). First, we will integrate p(#) =—-2cos(2¢) to find P(¢) =—sin(2¢) . The general solution, then, is

y(t) — Ce—P(t) — Cesin(Zt) .

7 (b). y(m)=C =-2.Therefore, the solution to the initial value problem is y(f) = —2¢""*",

2 ’ C
8(a). ((r+Dy)y=0 Y=o
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8 (b).

9 (a).

9 (b).

10 (a).

10 (b).
11 (a).
11 (b).
11 ().

12.

13.

14.
15.

3
2+l

yO)=C=3 .. y(n=

We can rewrite this equation into the conventional form: y’ —3(#* +1)y = 0. Then we will
integrate p(7)=-3(¢* +1) to find P(¢f)=—t" — 3t. The general solution, then, is

y(f)=Ce "V =Ce"*¥.

y(1)= Ce* = 4. Solving for C yields C = 4e™*. Therefore, the solution to the initial value
problem is y(f) = 4e' 't

y+e'y=0 .. J.e”dt =—¢" (= y)Y=0 y=Ce .

y0)=Ce'=2 C=2¢" y()=2¢ .

1
Yy =ye ™ 4=y, 1=y, Divide: 4=¢" = a= 51114 =1In2
and y,=e* = M= ® —g - y()=8e ™",

. . . o .
First, we should put the equation into our conventional form: y’——y =0. Integrating
t

o
p(t)= - gives us P(1)= —a1n|t| = ln‘t_"‘ ‘ The general solution, then, is

—ln‘t‘a‘

y(£)=Ce ™" =Ce Celn‘ta‘ = Ct”. Using the general solution and the point (2,1), we can
solve for C interms of a: y(2)=1=C-2%; C=2"". We can then substitute this value for C

into the general solution at the point (4,4): y(4)=4=2"" -4 =47"2.4% = 4" Setting the
exponents equal to each other yields 1= %;a = 2. Finally, solving for y,,

1
=y)=2"1"=—.
Yo =y 1

=2z, z=y+2 .. z(0)=—-14+2=1 = z=e"'=y+2 .. y=-2+¢"

Putting this equation into a form more like #14, we have y’ = -2ty + 6t =—-21(y — 3). We will
then let z=y—3 (and z' = y’, accordingly). Substituting into our modified original equation
yields an equation for z(¢): z’ =—2tz, or put in a more conventional form, z" +2¢z=0. Using

the same substitution for the initial condition yields z(0) =4 — 3=1. Integrating p(r) =2t gives

t

us P(f)=t*. The general solution is then z(¢) = Ce~ " Our initial condition requires that C =1,
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t

so the solution for z(7) is z(f)=e~ " In terms of y(?), this solution reads y— 3= e . Solved

for y(7), this solution is y(z) = e +3.
16@0.é§:—kB,Bm):—A*

dc
16 (b). B(c)=—A"¢e ™ =A()-A" - Alc)=A"(1—-¢™) No.Alc) TA as ¢ Tw
16 (c). 095A"=A"(1-¢™) = —005=—¢" = —kc=1n(},) =—In(20)

1
" Cogs = 1n(20).

—ct

17. Solving the equation y” + ¢y =0 with our method yields the general solution y(#) = y.e
c(-04) _ 5 ,04¢

Looking at the graph, we can see that y(0)=2=y, and y(-04)=3=y.e

3
Solving for ¢ givesus ¢ = gln(a) ~1.01.

—c(t-1)

18.  y'=Ce” y)=Ce =y, = C=y,e’ .. y=y.e

1 1 (0. 1
=y, =1 03 == o~ = (07)=0.7cz1n(5)

1
¢c=~——1In(2)=-0990 .. c=-1.
0.7

t

19 (a). The general solution to this D.E.is y(f) = y,e ", which can be rewritten as In(y)=—t+c.

Thus, this D.E. corresponds to graph #2 with y, = y(0) = """ = ¢°.

tsin4t

19 (b). The general solution to this D.E. is y(#) = y.e , which can be rewritten as

In(y) = tsin4t + c . Thus, this D.E. corresponds to graph #1 with y, = y(0) =" =1.

2 l’2
19 (¢). The general solution to this D.E.is y(f)=ye™’ /2 , which can be rewritten as In(y) = Y +c.

Thus, this D.E. corresponds to graph #4 with y, = y(0)=¢"" " =¢.

t—sin4t

19 (d). The general solution to this D.E.is y(f)=y.e , which can be rewritten as

In(y) = t—sin4¢+ c . Thus, this D.E. corresponds to graph #3 with y, = y(0) =" =1.

3—-1 t d 1
20. 1 H=——=*t+1=—+1 .. Hn=—1 H)=— =e.
ny®=,-4 2 p()=—-In(ye)=7 " y,=¢

n+l

21 (a). Integrating p(r)=1t" gives us P(t)= t+1
n

. Thus the solution to this initial value problem is

n+l
"™ fn41

y()=y.e which can be rewritten as Iny =Iny, —

n+1’
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Substituting values from the table gives us the necessary equations to solve for y, and n. First,

n+l

1 1
——=Iny,— and -4=Iny,— can be combined to solve for n:
4 1 n+1
1 15 21 1 1
4——=—=——,50 n=3. ——=1Iny,—— by substitution, and therefore y, =1.
4 4 n+1 4 4

21 (B). y(B) =y =1.e” = y(=ly= e+

Section 2.3
1. For this D.E., p(f) = 2. Integrating gives us P(f)=2¢. An integrating factor is, then, p(f)=e>.

Multiplying the D.E. by u(f), we obtain e*'y’ +2¢*y = (e*'y)’ = ¢ . Integrating both sides

1 1
yields e*y = Eez’ + C. Therefore, the general solution is y(f) = 5 +Ce™.

t

2. y+2y=e"' = (e”y)=e = e’'y=e'+C = y=e'+Ce™”.
3. For this D.E., p(f) = 2. Integrating gives us P(f)=2¢. An integrating factor is, then, p(f)=e>.
Multiplying the D.E. by u(f), we obtain e*'y’ +2¢*y = (¢*'y)’ = 1. Integrating both sides yields

e”'y =t+C. Therefore, the general solution is y(f)=te™" + Ce ™.

2 2 2 1 2 1 2
4. Y 4+2ty=t = ("' y)=te' = e’yZEe’ +C = y:5+Ce_’.
. . L . . , 2 . 2
5. Putting this equation into the conventional form gives us y” + < y=t.ForthisD.E., p(t)= e

Integrating gives us P(f)=2Int. An integrating factor is, then, u(?) = " =1 Multiplying
the D.E. by u(f), we obtain £y’ +2ty = (£’y)’ = £ . Integrating both sides yields

1 1
ry= 1 t* + C . Therefore, the general solution is y(f) = th +Cr.

2t 2
6. (B +4)y +2y =12 +4) = ¥+ t2+4y:t2’ =" =2y g
£ 4r P4, 4+ C
L+ = E+D) = +47 = P +4)y=—+—+C I B T
(( ) =1( ) ( )y st y 14
7. For this D.E., p(¢) =1. Integrating gives us P(f) = t. An integrating factor is, then, u(r)=e'.

Multiplying the D.E. by u(z), we obtain e'y” + e’y =(e'y) = te'. Integrating both sides yields

e'y=te' —e' + C. Therefore, the general solution is y(f)=t—1+Ce™".
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10.

11.

y +2y=cos3t = (e”y) =e’ cos3t

u=e dv = cos 3tdt

2t L. 2t e’ . 2 2 -
du=2e"dt y = —sin 3¢ je cos3tdt=—51n3t——Je sin 3¢dt

3 3 3

u=e* dv = sin 3tdt

2 1 2% . e’ 20 5
du=2e"dt vy =——cos3t je sm3tdt=——cos3t+—Je cos 3tdt

3 3 3

2t

2t 2 2t 2 4
1= sin3r- S-S cos3t+ 21t = I(1+—)=(sin3t+2cos3r)
3 33 3 9" 3

3
1= Eez’(sin 3t+2cos3f)

3 3
Loetly= Bezt(sin 3t+2cos3)+C = y= B(sin 3t+2cos3t) + Ce™

For this D.E., p(#) =-3. Integrating gives us P(#) =—3¢. An integrating factor is, then,
U(t)=e". Multiplying the D.E. by (), we obtain ey’ — 3¢y =(e'y) = 6e".
Integrating both sides yields e™'y = —2¢~ + C. Solving for y gives us y=-2+ Ce”, and with
our initial condition, y(0)=1=-2+ C. Solving for C yields C = 3, and thus our final solution
is y=-2+3e".

y=2y=e", y0)=3. (e7y)Y=e = e 'y=e'+C = y=e"' +Ce”

y0)=1+C=3 = C=2, y=¢" +2e".

3 1 3
Putting this D.E. in the conventional form, we have y’ + 5 y= Ee’. For this D.E., p(1) = 5

3 2
Integrating gives us P(¢)= Et. An integrating factor is, then, u(f) =e? . Multiplying the D.E.

3 3 3 5
—t —t —t 1 —t
by u(r), we obtain e? y’ + gez y=(e?y) = 562 . Integrating both sides yields

3 5 3
3 5 | 3
ez’y=5e2’+C.Solving for y gives us yzge, o

+ Ce ? , and with our initial condition,

1 1 1, 1 -2
y(0)=0= 5 + C. Solving for C yields C = N and thus our final solution is y = ge’ - ge 2.
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12.

13.

14.

15.

Y +y=1+2¢"cos(20), y(72)=0 . (e'y) =e' +2cos2t
e'y=e +sin2t+C = y=1+e"'sin2t+Ce”
Y =1+Ce =0 = C=—e"; y=1+e " sin2t—e ",

t 3
Putting this D.E. in the conventional form, we have y’ + %() y= —Ecos(t). For this D.E.,

. sin(t)
t t —
= —COS( ) . Integrating gives us P(f) = _sm( ) . An integrating factor is, then, u(f)=e¢ 2 .
g g8 > g g u

p()

sin(t)

Multiplying the D.E. by u(z), we obtain e ? y

cos(r) 0 om0 3cos(r) Y

—F e > y=(*y=- e’ .
2 2

sin(t) sin(t) _ sin(t)

Integrating both sides yields e 2 y=-3e * +C.Solving for y givesus y=-3+Ce 2 ,

’

+

and with our initial condition, y(0)=—4=-3+C. Solving for C yields C =-1, and thus our

_sin()
final solutionis y=-3—-¢ 2 .
Y 42y=e'+1+1, y(-D=e, (e’y) =€ +1* +e”
=2t

1 1 1 ro1
ye'=e' +—te¥ ——e¥ +—e"+C = y=e'+-+—+Ce
2 2 2 4

11 1
y(—l)ze—5+Z+CeZ=e = sze_z

. y:e_’+£+l+le_2(’+l).
2 4 4

3 1 3
Putting this D.E. in the conventional form, we have y’ + - y=1+ - For this D.E., p(1) = e

Integrating gives us P(f) = 3In(f). An integrating factor is, then, u(f) = e’ = "V = £

Multiplying the D.E. by u(f), we obtain £y’ + 3¢’y = (£’y)’ = £ + t*. Integrating both sides

3

1 1 1
yields 'y = Zt4 + gt + C. Solving for y givesus y = i + 3 +Ct™, and with our initial

1 I 1 1
condition, y(-1)= 372 + 37 C . Solving for C yields C = R and thus our final solution

. t 1 1 _ . . . . o
1S y= 1 + 3 Zt *. The t-interval on which this solution exists is —o < <0,
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16.

17.

18.
19.

20.
21.

22.

23.

4 4
y +7y:at,u:t

4, 3 5 4 s 4 1° ot’ 4
'y +4ry=ot =(t"y) =>ty:aE+C:>y=?+Ct

Multiplying both sides of the equation by the integrating factor, t(f)= e, we have
e?'y=e"(Ce™ +t+1)=e”(t+1)+ C. Differentiating gives us

(e*y) =e* (1) +2e* (t+1) = e*' (2t + 3). Therefore,

(€”y) = (u(Dy) = u(r) g(t) = e (21 + 3) = g(1) =21+ 3 and

uH=e =" = P(t)=2t= p(t)=2.

21Ce" + pCe' =0=> p(f)=—2¢. Substituting, (Ce' +2)’ —21(Ce" +2)=—4t = g(t) = —41.
Multiplying both sides of the equation by the integrating factor, u(f) = t, we have

ty = t(Ct"' +1) =t + C. Differentiating gives us (ty)’ = 1. Therefore,

(ty) = (u()y) = u(0)-g(t)=1= (") = g(t)y=1" and

1
uH=t=e"" = P()=Int= p(t)= P ="

(e +t—1+(e" +t-)=t=g(t)=t, y,=0.
y(t)=—-2e" +e' +sint=y,=y(0)=-2+1+0=—1.
If y(f)=-2e" +e¢' +sint,then y’=2¢™" +e' +cost.
Substituting in y’ + y = g(#), 2™ +e' +cost) +(—2e” +e' +sinr)=2e' +cost+sint = g(1).

t+sint

y +(+cost)y=1+cost, y(0)=3, u=e

t+sint

(et+sinty)/:(1+cost)e :(et+sint)/:>et+sinty:et+sint +Czy:1+ce—(t+sint)'

y0)=1+C=3=C=2 ..y=1+2¢""""" and limy(r)=1.

Putting this D.E. in the conventional form, we have y’+2y=e¢"' —2.For this D.E., p(r)=2.

An integrating factor is, then, t(f) = ¢* . Multiplying the D.E. by (), we obtain

e’y +2e”'y=(e”y) =e' —2¢” . Integrating both sides yields e*'y = e’ —e*" + C. Solving for

y givesus y=e ' —1+ Ce™, and with our initial condition, y(0)=-2=1-1+C. Solving for

t

C yields C=-2, and thus our final solution is y=e™" —1—2¢*". Therefore, limy(#) =-1.
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24.

25.

26.

On [1,2]:
1
v+ ;y =3¢, y(1)=1. An integrating factor is u(t) = ¢t. Multiplying the D.E. by u(z), we

obtain (ty) =3 = ty=+C=y=1"+Ct"', y(1)=1+C=1= C=0. Therefore, the
solution for 1<¢<2is y=¢"and y(2)=4.

On [2,3]:

1
v+ ;y =0, y(2)=4. An integrating factor is u(¢)=¢. Multiplying the D.E. by u(z), we

C
obtain (ty) =0=ty=C=y=Ct", y(2)= 5= 4 = C = 8. Therefore, the solution for

2<t<3is y=

8
t

On [0,7]:
y’ +(sinf)y = sinz, y(0)= 3. An integrating factor is u(¢) = e “*'. Multiplying the D.E. by

—Cost _. .7 —cost

y te

—cost

u(t), we obtain e (sinf)y = (e”**'y)" = (sint)e” “*'. Integrating both sides yields

—cost —cost
e

e y=

y(0)=3=1+Ce = C =2¢". Therefore, the solution for 0< t< 7 is y =1+2¢“"" and

+ C. Solving for y givesus y =1+ Ce™’, and with our initial condition,

y(m)=1+2e.
On [r,27]:
y’ +(sinf)y = —sint, y()=1+2¢~. Multiplying the D.E. by u(#)=e ', we obtain

—Cost _ .7 —Ccost

e 'y +e ' (sint)y = (e”'y) = (—sint)e” . Integrating both sides yields

—cost —Ccost cost

e y=—e + C . Solving for y givesus y =—1+Ce™", and with our initial condition,
y(m)=1+ 2¢?=—1+Ce' = C=2¢"+2¢". Therefore, the solution for 7 < 1< 27 is
y==1+2e<"*" 42"

On [0,1]: y' =2, y(0)=1.

y=2t+C, y(0)=C=1=C=1.

Therefore, the solution for 0<#<1is y=2¢+1 and y(l)=3.

1
On [1,2]: ¥y + P y=2, y(1)=3. An integrating factor is p(#)=t. Multiplying the D.E. by
U(1), we obtain (ty) =2t=ty=t'+C=y=1t+Ct", y1)=1+C=3= C=2. Therefore,

2
the solution for 1< <2 is y:t+7.
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27. On [0,1]:
¥ +(2t—1)y =0, y(0)= 3. An integrating factor is u(f)=e' . Multiplying the D.E. by u(?),
we obtain ¢’ 'y’ +e' '(2t=1)y =(e" 'y) =0. Integrating both sides yields ¢' 'y =C.
Solving for y givesus y = Ce'™" , and with our initial condition, y(0) = 3= C. Therefore, the
solution for 0< 7<1is y=3e'" and y(1)= 3.
On [1,3]:
y' +(0)y=y" =0, y(1)= 3. Integrating gives us y = C = 3. Therefore, the solution for 1<¢<3
is y=3and y(3)=3.
On [3,4]:
¥ +(=4)y=0, y(3)= 3. An integrating factor is u(r)=e"'=*. Multiplying the D.E. by u(?),
we obtain {y’—-y=(;y) =0. Integrating both sides yields ;y=C. Solving for y gives us
y = Ct, and with our initial condition, y(3) = 3= C(3) = C =1. Therefore, the solution for
3<t<4is y=t.

28.  y(r)=t{Si(t)- Si(1) + 3}

Section 2.4

1. P(1)= A" =5000e™" . Thus, P(30)=5000e " = 22408 45.

2. P(H=(01+ %)Z’A0 P,(30) = (1.025)% - 5000
. InP,(30)=60In(1.025) +In5000=9.999  P,(30) =21999

3(). P(=0+r)A,=(1.006)A,.Setting P,(t)=2A4, yields 2=1.06', and solving for 7 gives us
t=11.9 years.

3(). PRn=0+ %)mA0 =(1.03)* A, . Setting P,(f)=2A4, yields 2=1.03", and solving for ¢ gives us
t=11.72 years.

3(c). P()=Ae" =A™ . Setting P(f)=2A, yields 2=¢"", and solving for ¢ gives us ¢ =11.55
years.

4. With r=.05 P()=e"A, P10)=e""A,

With unknown r, P(8)=e¢"*A, = ¢"’A,
“ 8r=05 = r=4=00625 (6.25%)
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5 (a).
5 (b).
5 (c).

10.

11.

12 (a).

12 (b).

12 ().

P, =(0.04+0.0040)P,; P,(0)= A,.
P, = A ™" This can be verified easily through differentiation.

For Plan A, P,(f)= A, . To find the time  at which Plan B “catches up” with Plan A, let us

set P ()= P,(1): Ae™ = A()e'o‘”+'()°2’2 . Dividing by A, and taking the natural logarithm of both
sides yields .06¢= .04¢+ .002¢”, and solving for ¢ gives us t=0 (the time of the initial
investment) and =10 years (the time at which Plan B “catches up”).

After 4 yrs, P(4)=1000e”",  P(10) =1000e*”*® =1000¢**** = 1858.93

We can simplify this problem by considering the two deposits separately and then adding the
principals of each deposit together at a time of twelve years. We have, then,

1000e"*" +1000e°" = 4000 . Introducing a new variable x =e®, we have x> +x—4=0.

Solving this with the quadratic formula yields one positive value of x: x =1.5616=¢"".

Solving for r yields r =0.0743.

11,000,000 = 10,000,000¢°* . Solving for k yields k = %m(%j.

P(30) = 10,000,000¢°"1)3 = 10,000,000¢" " =17.715.610.
In2 B In2

2=¢" and thus t=——=35 =~ 36.36 days.
k 11
In—
10
1 In3 2In(3
13=¢* = k==In(13). 3=¢" = 1=—"= ()z8.375 wks.
2 k  In(1.3)

1
80,000 = 100,000 . Solving for k yields k= gln(.8). Using this value for k, we have

(80,000 + 50,000)e™® =130,000-0.8 = 104,000 .
P’=kP+M, PO)=P, P —kP=M, (e"Py =Me™

M M M
e_kth—Ie_k’+C = P:—?+Ce"’, P0=—7+C

M M_
. P(t)= Y +(P, + 7)e"

M M
P, = T P, and P must be nonnegative = — = =>0. If net immigration rate M >0,

net growth rate k <0 and vice versa.

M M
Set kP+M=0 = P:—I. P(t):Po:_T in this case.
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13 (a). For Strategy I, we have M, = kP,. For Strategy II, we have M, = P,(e* —1).
13 (b). The net profit for each strategy would equal (M )(p I”Of%s h) , and so the profit for Strategy I

is, then: Pr, = 500,000(.3172)(.75)=118,950, and the profit for Strategy II
is: Pr,, = 500,000(e”'"*> = 1)(0.6) =111,983. Strategy I would be more profitable for the farm.

M M M M
14 (). BN)=—""+(F+-0e", RO =R ==~ + (A +- e

M M
P,(1)=Pe*, P,(2)= - +(Pe* + 7)e"

M M M M, M
14 (b). P(2)-P,(2)= —Iek + P’ + 7(32" T Pe* - 7ek = I(e”‘ —2e" +1)

M
27(ek—1)2. Since M >0, P(2)> P,(2) if k>0 and P(2)< P,(2) if k<O.

14 (c). If k>0, introduce the immigrants as early as possible. If k£ <0, introduce as late as possible.
15 (a). From the general solution of the radioactive decay equation, Q(f)= Ce ", we can use the data
given to find C and k. Q(1)= Ce™ =100 and Q(4)= Ce™" = 30, so combining these

3 1. (10
equations, we find that e = E and therefore, k = gln(?) =0.4013. Using this value of &

with the #=1 data, we find that C = Q, =149.4mg. C = Q,, since the exponential falls off the

expression for Q at r=0.

In2
15 (b). TZHT =~1.727 months.

In(0.01

15 (c). 0.01=¢7". Solving for ¢, we have t=— n(00h =~11.475 months.

In2 In2 ~1n(0.3
16@). 1=22_5730 = k=102 32,4 o ;=003

k 5730 k

T In(%)
t=In(2). — =| =22 |7 ~9953 yr.

") (mz o

16 (b). From (a) r= ") . NG 050 <, I0G) 1 5
In2 In2 In2

or 9901 < ¢<10005 yrs.

60,000 .
M — 60000k _ 60.,000(

16 (c). ) ~2.83(107).
©- =00 (107)
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17.

18.

19.

20.

21.

22.

23.

Q' =-kQ+ M . Writing this D.E. in the conventional form, we have Q" + kQ = M . For this
D.E., p(t)=k and P(f)= kt, which yields an integrating factor of u(f)=¢". Thus,

M
'O + ke" Q= (e"Q) = " M . Integrating both sides gives us Q= e" m + C. Solving for Q,
M u M i )
we have Q= & +Ce . Q,= n + C, so our equation for Q in terms of Q, now reads

M M M
o) = © + (QO - I)e_k' =50e™" + 7(1 - e"k’) . Setting Q(2) =100 and substituting

2  In2 M M
k= “T ==, =0231, we have 100=50¢ ™ + = ~(1-¢™) = 31.5 + - (0.37). Solving for
M ,we find M =42.78 (mg/yr.).

In2 et
= “7 =8 days. Q(=Qe ™ =Qe "

30=Q,e " = Q,=30e"? ~389ug
0.99Q, = Q,e”"". Solving for ¢ in terms of k, we have

1. (100 100
t=—In ( j —In ( ) 4-10°-0.0145 =0.058 -10°=58 million years.
99 In2 \ 99

Contact angle is 180 —30 +45=195° or 6, — 6, = 3.403 rad.
T, =e"%*9(100) = 277.6 1b.
The contact angle, 8, — 6, =2x +2x + 7 =571. T, = *'®°(100-9.8) = °"°"(980) = 4714 N.

Contact Z: 90°+ & + & +90° = 240° where sino = 2i - % — o=30°
a

4 2
0,—0 =—m for T, and ] for 7.
2 1 3 3 3 2

T, =100e*) =152 1b.
T, =100 =231 Ib.

The angle, o, is marked at various places on the diagram below. A right angle occurs at each

of the dots.
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To determine the angle «, part of the diagram is shown here with the radii of the circles

marked.

. a ) 2a
sing=— and sind=—= y=2x.
X

In the text, we are given that x +y =5a.

5a . a
Therefore, x +2x=3x=5a= x=—..sina=—=
X

= .6 = o =.6435 radians.

N
w‘ala

The corresponding contact angles and belt tensions are:
For T,: 2+ o =2214 radians = T, = T,e" "' =100e"***'" =155.7 Ib.
For T;: (7 +a)+2a =75+ 30 =3.501 radians
= T, = T,e""¢") =100V =201 4 Ib.
For T,: (5 +30)+o=7%+40 =4.145 radians
= T, = T,e" ' =100e"P**"> =229.1 Ib.
n_19

24. Contact £: 27 427 +271 +§ =3

1 197,
F= ge0-4< ") =~953.5 1b.

Section 2.5

1 (a). To begin, Q(0)=0 and Q" =(0.2)(3)— %(3). Putting the second equation in the conventional

form, we have Q" +0.03Q0 = 0.6. Multiplying both sides of this equation by the integrating

factor p(t)=e"""

100
e""0=06- 760'03’ +C =20e""" + C. Solving for Q, we have Q=20+ Ce™"*.

gives us (””'Q) =0.6¢"" . Integrating both sides yields
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00)=0=20+C,so C=-20. With this value for C, our final equation for Q is
0=20(1—e"""). Thus, Q(10) =20(1-e"?) = 5.181b.
1 (b). 1limQ(t)=201b and the limiting concentration is 0.21b/gal.

2. V=100(70)20) = 140.000m*. ' =0-2r = 0=Qe ™
1%

_r r 1 %
0010,=Qe " = —;:%111(0.01) = r:%In(IOO).

140 ,000 1

T In(100) = 21,491 m/ Lzﬁln(loo):OJSSS (=15.4%).
1%

3 (a). Tobegin, Q(0)=5 and Q' =0.25r— %r. Putting the second equation in the conventional

form, we have Q" +0.005rQ = 0.25r. Multiplying both sides of this equation by the integrating
factor u(r) = """ gives us ("**"Q)’ = 0.25re”*" . Integrating both sides yields

"0 =0.25(200)e""" + C = 50" + C . Solving for Q, we have Q=50+ Ce**" .
00)=5=50+C,so C=-45. With this value for C, our equation for Q now reads

20

0=50—45¢"" We know that Q(20) = 30 = 50— 45¢ 2", and solving for r yields

[(50 -30)
r=In —=

45
3 (b). This would be impossible, since Q(7) < 501b for all 0 <7< oo.

4 (a). Q =(10te’*)(100)— %(100) 00)=0

)(—10) = IOIn(%j ~ 8.11gal/min.

1 t 1
Q' =25 0+1000re " = (Qe’Y =10001

Qe =500 +C = Q=500 +Ce”™. Q0)=C=0. .. Q(r)=500re" oz.
4(b). Q=50002t-%)e7*=0 = =100 = r=100 min.,

0(100) _ 500100 .
= =1000e2 ~135.3 O
5000 5000 ¢ /gal

4 (c). Plot c(r) vs t. Yes.
5 (a). Tobegin, Q(0)=10, V(0)=100, and V(r) =100 + ¢. Since the tank has a capacity of 700

gallons, 100 + = 700. Solving for ¢ yields #= 600 minutes.
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5 (b).

5 (c).

6 (a).

6 (b).

7 (a).

7 (b).

Q——

0 (2) . Putting this in the conventional form, we have Q" +
100 + ¢ 100 + ¢

Multiplying both sides of the equation by the integrating factor u(f) = ¢*"™"**"” = (100 + 1)*

Q' =(050)-

(100 +1)°

3
gives us ((100 +1)’Q) = 5(100 +£)*. Integrating both sides yields (100 +7)>Q = 5

+C,

100 + ¢ C C
d solving f , h = + 0)=10=50+ ——, and solving for C
and solving for Q, we have Q 5 100+ 1) . 000) 1002 g

yields C =—-40(100)* = —400,000 .
Substituting this value of C back into our equation for Q gives us our final equation for Q,
100+¢ 400,000 400 400,000

f)= = 2O v = 400 at 1= 300, s0 O(300)= - — ~1975 Ib. Th
o= "G00+ '@ a 50 0600)=="="700): ©

concentration, then, is 9705 Ib/gal.

349.2
0(600) = 0 _ 400’0020 =~ 349.2 1b. The concentration, then, is 0 ~ 4988 Ib/gal.
2 (700) 0
Q Q
’ 15)———(15
Q=05 ) 500" )
1-
0(180)=001Q9, Q' = ( O‘) ——Z150 0=0y¢ o~ 30—
0] = ¢~ B0-0080)  _y ,-540-2) _ (]

5401-a)=In(100) = 1-a=0.8528 = «a=0.1472.

3 _ /_ _ QA
0,(0)=1000, Q,(0)=0, Q," =0 1000[500000) and

0, = 1000[Lj - 1000(L).
500,000 200,000

’ ’ 1
Putting the equation for Q, into the conventional form, we have Q, = —%QA . Thus,

t
=1000e ™ . Putting the equation for O, into the conventional form, we have
A g q B

, 1 L =
0, +——0, =2e 3 Multiplying both sides by the integrating factor u(r)=e>® yields

1 1 3t t 3t
Lt | ——— 2 . 2
(Q e™) =2e (200 500) =2e!% Integrating both sides gives us Q,e** = Te“)"‘) +C,and
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7 (c).

7(d).

8 (a).
8 (b).

8 (¢).

8(d).

2 — 2000 2000

solving for Q,, O, = 0??0 e % + Ce 20 . 0z(0)=0= T +C,so C= 5 Substituting

. . . 2000 L
this value back into our equation, we have O, = S e S0 ¢ 20

, 2000 1 ! 1 . b
Setting Q, =0, we have 0= (—) ——¢ 0 4 ——¢ 20 | Sipce ¢ 0 200 = 50—0,
3 500 200 200

3 1000
—t= ln(éj ,and thus 7= ln(éj = 305.4 hours.
1000 2 2

1

Here, we want to determine ¢, such that Q, (¢,) = 5 Ib and 7, such that Q, () <0.2 Ib where

< t,. This can be solved via plotting: 7, = 3800 hours and ¢, = 4056 hours. Therefore,
t = 4056 hours.
r,=r,=3+sint = V =constant.
Expect limQ(7) = .5(200) =100 Ib.
The tank is being “flushed out”, albeit in a pulsating manner.

, : 0 .

=.5@3+sint)———(3+sint), O0)=10
Q' =5 ) 200 ( ), 00)
3 + Slnt 1 . (3t—cos 1% 1 . (31—cos ry

"+ =—(3+sint) = ) = —(3+sint 20
0 200 0 2( ) (Qe ) 2( )e
Qe M =100e" " +C = Q=100+Ce
0(0)=10=100+Ce’™ = C=-90¢ ™= Q(1)=100—90e .
lime """ =0 = 1imQ(f)=100 Ib.
f(t)=3+sint. Therefore, 7= j(3 + sins)ds =[3s—coss], = 3t—cost + 1. Now,

0

g
d_ =05- EQ and Q(0)=10. Putting the first equation into the conventional form, we

T

do 1 0

have e + %Q 0.5, and multiplying both sides by the integrating factor u(z)=e>* gives

’

us [ezOOQJ =0.5¢2 Integrating both sides yields ¢2°Q =100e2® + C, and solving for Q,

Q=100+ Ce 2  Now, Q(t=0)=10=100+ C, and therefore, C =-90.
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T

Substituting this back into our equation for Q yields Q=100—90e 2, which in terms of ¢

3t—cost+l

reads Q=100—90¢ 2%

10 (a). No limit since we do not expect concentration to stabilize.

10 (b). Q"= 2(1+5sin7)(3)— %(3), 00)=10

3 DRV 3
10(€). Q' +550=0.6(1+sin1) (e”'Q) =0.6¢"'(1+siny).

. —cost+ asint ; 200 e’ (—cost + 2 sint
J.e“’ sintdt = e“ ( ) e™'Q= 0.6{ 3 e ( 200 S1111) +C

a+ az) I+ (%00)2
01 =06 200 N (—cost+ z%ojin 1) Ce At = 40 4 —0.6cost+0.009sin¢ et
3 1+ (3%90) 1.000225
0.6 0.6
00)=10=40-———+C = C=-30+——
1.000225 1.000225

Fhoot .
O(r)=40- 30e 7! + [0.6(6 —cost?) +0.009sin t)j

1.000225
10 (d).

25

100 200 300 200 °

11 (a). First, Q= Qoe_'“ for the radioactive material. To find k from the half-life of the material,

2
EQO = Q,e ™. Solving for k,we have k= Il—g Thus for the decay of the radioactive material

In2
-—1
alone, we have Q(r)=5e¢ '"® with ¢ measured in hours. Now, for the lake, we know that O

varies both with decay and with the water flow. Accordingly, we will begin with the

relationship Q(t+ Ar)— Q(t) = —kQ(t) At — % rAt.
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11 (b).
12.

13.

14.

Using a form of the definition of the derivative and solving for QG we have

r In2 60,000
0G4 —(k + VJQ = _(E + m)Q =~—0.08850. We know that O, = Q(0)=5 Ib, so our

final equation for Q reads Q(f) = 5¢*%*".

Here, (0.0001)(5) = 5¢™"***". Thus, ¢=104.07 hours.

0 =k(S—-6), S=72, 6(0)=350, 6(10)=290

O +k0=kS = ("0 =ke"S = €"0=¢"S+C = 0=S+Ce™
000)=6,=S+C = C=6,-S = 0=5+(0,—-S)e™"

290 =72+ (350—-72)e MY = 218=278¢7"", 10k = 1{%}

1. (278
k= —ln(—j 3 120=724+(350-72)e™ = e =—
10 (218 278

=~ 72.2 min.

1 n( 48 )_ 101n(%%)  10(1.756)
ok \278) In(Z) 0243

To begin,0= 5+ (6, - S)e™™ . With our substitutions for the time the food was in the oven, this

equation reads 120 = 350 + (40 — 350)e™'**. Solving for k, we have

11 (350—120

k=——1In
10 350-40

) = 02985 . The temperature of the food after 20 minutes in the oven is,

then, 8(20) = 350 + (40 — 350)e " = 350 — (310)(0.550) =179.5 degrees. Finally, the food is
cooled at room temperature, so 6(f) =110 =72 +(179.5 - 72)e *"**" . Solving for ¢ yields

1 ln(110_72
0.02985 (179.5-72

0=S+(0,—S)e™; 170=212+(72-212)e "’

k= lln(@) = lln(m) min."
5 42 5 3

, 0 L
P’ = r(l - E)P , P=F, exp{r[i— m_([ G(S)dsj}

0(t) =212+ (72-212)e™ =212 —140¢™"

t= ) =~ 34 .8 minutes.

[oas=2120- 122 (1- %)
! k

1 14
001=expyr 10——[212()__0(1_6101()}
140 k
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15.

16.

~In(100) = {10 151434 — )(1— .09)] = r(=5.143+3.78)

In(?
—4.6052 = r(-1.363) = r=3.379 min"
For the first cup, 6, = 72 + (34 — 72)e”". Thus, with the proper substitutions, 53= 72— 38¢ ™" .

1
e then, is equal to 3—2 For the second cup, 6, = 34 + (72— 34)e™ . With the proper

o _ _ ) 19 .
substitutions, we have 53 =34 +38¢ ™. ¢ then, is equal to g Thus, the two times are

equal.

0=S+(6,—S)e™™ For casserole, 45 =72+ (40— 72)e "

32
—27=-32¢", k= ln( )
2 \27

S(=72+228(1-¢™)  S(2)=150="72+228(1-¢?)

e 78 e 150 228
l-e"=— = 6""=— = =—1n
228 228 2 1150
=k(S()—-0) = O +kB=kS(t) = ("0) =ke"S(?)
= ke (72 +228 —228¢™) = ke" (300 — 228¢ ™)

228k 228k

e =300e" — N C = =300 e +Ce”
22 22
6(0)=45=300- 2% +.C = C=22%_ss5
k—o k—o
22 22
6(8) = 300~ 220K +( Sk _ 255)
k— k—a

5 4
e :(5“)4:(%j ~ 1873, ™ = (™) (%j =.5068

k:lln(?’z) 0.08495 a:—ln(zzgj 0.2094
2 \27 2 \150

k—o=-0.1244 kL =-0.682843

0(8) = 300 —228(—0.682843)(.1873379) + (228(—.682843) — 255)(.5068216)
=300 +29.166—208.14565 =121.02°



Chapter 3
First Order Nonlinear Differential Equations

Section 3.1

1 (a).

1 (b).

1 (c).

2 (a).

2 (b).

2 (c).

3 (a).

3 (b).

3 (c).

4 (a).

4 (b).

4 (c).

5 (a).

1 1
Solving for y’, we have y’ = 5(1 —2tcosy). Thus, f(t,y)= 5(1 —2tcosy).

1 2
ai =—(0+2tsiny)=—tsiny. f and ai are continuous in the entire 7y plane.
dy 3 3 ady

: : . J . : .
The largest open rectangle is the entire fy plane, since f and ai are continuous in the entire

ty plane.
fty)= %(I—ZCosy)-

2
ai =—siny. f and ai are continuous when <0, r>0.
dy 3t )

R={(t,y):t>0,~o0 < y < oo}.

2t 2t
Solving for y’, we h f=- . Thus, f(t,y)=- .
olving for y”, we have y Ity us, f(t,y) Ity
4
S = (220D +y*)*2y) = lyz >. f and S are continuous in the entire ty plane.
dy (1+y7) dy

: : . J . : .
The largest open rectangle is the entire fy plane, since f and ai are continuous in the entire

ty plane.
-2t
1+y*"

of _ 61y’
dy (1+y°)

fy)=

a9 . . .
. f and il are continuous everywhere in the #y-plane except on the line

y=-1.
R={(t,y):i—oo< t< o0,y >—1}.

1 1

Solving for y’, we have y’ =tan¢—ry3. Thus, f(z,y)=tanz—ty>.
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k) 1 -2 k) 1
o__1 ty *. f and il are continuous except on the lines 7= (n + E)TL’ (where 7 is an

dy 3 dy
integer) and y =0.

5 (b).

5 (c). The largest open rectangle is R = {(t,y):—% <t< %,O <y< oo}.

' —e”
6 (a). t,y)= .
@. f)="575
0 4+2y-9) e —2¢
6 (b). il = Sl Y > Je 3 Y f and ai are continuous everywhere in the #y-plane except
dy (y" -9 dy
y=%3.
6(c). R={(t,y)—o<t<oo,-3<y<3}.
2 +tant 2 +tant
7 (a). Solving for y’, we have y’ = ant Thus, f(t,y)= ant
cosy cosy
of 2, . of .
7 (b). W =(2+tan t)(—l)(cos y) (— sin y) =(2+tant)secytany. f and 3 are continuous except on
y y

1 1
the lines 7= (n + E)TL’ (where n is an integer) and y = (m + E)n (where m is an integer).

7 (c). The largest open rectangle is R = {(t,y):—z <t< E,—E <y< E}.

2 22 2
2 +tan
8 (a). flty)=—
cos2t
a 2
8 (b). i = sec_y' and ai are continuous except where tany is not defined and cos2t=0, or
dy cos2t dy
where y=(n+3)r, n=...,-2,-10,1.2,..,and t=(m+4)%, m=..,-2,-10,1,2,...
3r Sm & T
8(c). R=3(t,y)—<t<—,——<y<—y.
(©) {( Y 175 <Y 2}
1
9. One possible example is y’ = with (z,,y,)=(2,0).
p p y t(t—4)(y+1)(y—2) (o yo) (2,0)
Pof 2
10 (a). f(t,y)= };—2, ai = Z—Z f and ai are continuous except where 7=0.
y y

R={(t,y):0< t< o0,—00 < y < oo}

10 (b). No contradiction. If the hypotheses are not satisfied, “bad things need not happen”.

11. y(t)Zﬁ, 805(0)2%:\/5.
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12.  y(O)=@+(t—1)), s05(0)=@—1) =1=1,=3.
13 (a). z,(1)=y(t+2), so z,(-5) = y(-3) = 2.
13 (b). z,(1)=y(t—=2), s0 z,(3) = y(1)=0.
Section 3.2
2
1 (a). Antidifferentiation gives us y? + cost = C. From the initial condition, we have
(_2)2 T 2
5 +cosE=C=2.Thenwehave vy =4-2cost, y=—4—2cost.
1 (b). —eo<it<oo
y’ 8 5
2(a). y’y' =1, s0 N t= C . From the initial condition, we have 5—1: 3 C.Then we have
Y =3t+5= y=(3t+5)".
2(b). —co<t<oo
2
3 (a). (y +l)y’+1=0, SO y?+y+t= C. From the initial condition, we have 0 +0+1= C. Then we
y? 5 2+ 4-8(r-1)
have 7+y+t:1:>y +2y+2(t-1)=0, y= 5 .Since y(1)=0, we only
—2+.,/4-8(r—-1
want the plus sign. Finally, y = > (e=1) =—1++3-2t.
3(b). —o<t<3
4 (a). y’y —-2t=0, so —y"' —¢ =C.From the initial condition, we have 1—0= C. Then we have
-1
—y'=+l=y= :
Y YR
4 (b). —oco<t<oo
y>or 1
5(@). y’y —-t=0, so 55" C. From the initial condition, we have C:—g. Then we have
5 1 1
y =—, =
4 |
\/A t \/1 4t
5(). ——<t<—=
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t2

6(a). e’y +(t—sint)=0, so —e” + (7 + cos t) = C. From the initial condition, we have
t2

—1+1=0=C. Then we have e” :%+cost:>y:—ln(7+cost).

6 (b). —co<t<oo

7 (a). T y’—1=0, sotany — t= C. From the initial condition, we have C = —g. Then we have
y
tan”' —z‘—E —tan(t—zj
y_ 2 ’ y 2 .
7(). 0<t<m

8(a). (cosy)y’ +1t°=0, so siny-t'=C.From the initial condition, we have 0— (—1)=1= C. Then

we have siny=1+¢"'=y= sin"1(1+ t_l).

1
8 (b). —oco<it<——
(b) 2

1
9 (a). "—t=0.
(a) =y
1 1
1 -1 -1 T2 9 1 ly+1] 7
By partial fractions, == -2, 2 ,and so —m Lo,
I-y° y -1 (y—l)(y+1) y—1 y+1 y—1 2
1
From the initial condition, we have Eln 3=C.Then we have
1 1(y+1 3¢ —1
lner ~t=In3=1n— yr- = ¢*, and solving for y yields y = ez .
y—1 3ly—-1 3e" +1

9(b). —eo<t<oo

10 (a). 3y’y’ +2t-1=0, soy’ +¢*—t=C. From the initial condition, we have —~1+1—(-1)=1=C.
Then we have y’ =1+1—t = y= (1+t— tz)é.

10 (b). —co< t< 00

11 (a). 'y’ —e' =0, so e’ —e' =C . From the initial condition, we have C = e —1. Then we have
e —e' =e—1, y=1n(e’+e—1).

11 (b). —co< t< 00

2 2

12 (a). yy’—1t=0, so y? 5= C. From the initial condition, we have 2—0= C. Then we have

2 2

t
L L ooy=—va+r.

2 2
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12 (b).
13 (a).

13 (b).

14 (a).

15 (a).

16.

17.

18.

19.

20.

21 (a).

—co L < oo

sec’ y(y’) +e¢' =0, sotany—e ' = C. From the initial condition, we have C =1—1=0. Then

t

we have tany=¢™', y = tan"l(e_t) .

—co L < o0

: : t i ..
(2y —sin y)(y’) +(t—sin?)=0, soy> +cosy + 5 + cost = C. From the initial condition, we

t2
have 0+14+0+1=2=C.Then we have y*+cosy= 2—5—cost. There is no explicit

solution.

(y+1)e’y" +(t—2)=0, soye’ +

(1=2)°
2

1
= C. From the initial condition, we have C = 2¢” + 5

1 (r-2)
2

Then we have ye’ =2¢” + 5 . There is no explicit solution.

_1 1 _3 1 1 _1 1
y=@+10 2,SO)":—E(4+I) 2=—5y}:>y’+5y3=0, y(0)=4 2ZE.Therefore,

1 1
O=—. n=3 y =—.
2 T2 YTy

6 B 247 )
y= " ,soy'=6(—1)(5+t4) (4t3):—2=—24t3(l) =—=7y*. Then we have
(5+¢) (5+) 6 3
2, , 2 6
"+-1r'y =0, =—,n=3, y,=——=1.
R

v+ +siny =4 = 3y’y +2t+(cosy)y’ =0 = (3y” +cosy)y +2¢t=0.
When =2, y, +4+siny,=4 = y; +siny,=0= y,=0= y(2)=0.
First, y’e' + ye’y’ +2t=cost. Then (1+y)e'y’ +(2t—cost)=0. At #,=0, we have

v, +0=0, soy,=0,and thus y(0)=0.

y_zy'=2:>—y_1=2t+C,—y(;l:C:>—y_1=2t—ygl:>y_1=y51—2t:y= STy
Yo —

1
Require y,'-2(4)=0=y, = 3

(% + 1)5 "+0=0,s0KInS + S + ot =C. From the initial condition, we have

KInS,+S,=C,s0KInS+S=-ar+KInS§, + S, .
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21 (b). When =0, S(0)=S,=1,50 C=K-0+1=1.Then we have KInS + S =—at+1. From the

21 (c).

22.

23.

24.

25.

other conditions, we have K ln(%j + % =—0+1= (ln %)K +o= i and

1y 1 1 7
K ln(g) + 3 =—60+1= (ln g)K +6a = Py Solving these simultaneous equations yields

K =1.769 and o =0.759.

1 1
Kln(%) +% =—ot+1,50 1.769(=3.912) +0.02 = —0.759¢ + 1. Solving for ¢ yields 7 =10.41.
1
y=1+(y+1D)> . Letu=y+1, ' =1+u’, ——uw'=1=tan"' (u)=1+C.
(I+u)
/4 i T T

Then, y(0)=0= u(0)=1, Z=O+C:>tan (u)=t+Z:>u=y+1=tan t+Z .

T 3n V/q
Therefore, y=tan| t+— |—-1, - —<t<—.

4 4 4
y' = t((y+2)2 +1).Letting u=y+2,wehave u’ = t(u2 +1), o) +1u'= t. Then

u
t2
tan"1u=E+C . From the initial condition, we have y(0)=-3 and u(0)=-1, so
T T £ on £ on
——=0+C, C=——, and tan"'u=———".In terms of y, this reads y =-2+tan| ——— |.
4 4 2 4 2 4
Settin —£<ﬁ——<E and simplifying, we have
g R plifying,

3n 31: 31:

——<t <—:>|t| ,/ ,/ ,/

=(y+1)°sint. —s1nt:>—=—cost+C
Y=+’ (y+1 1

y+
-1
Then, y(0)=0=-1=-1+C= C=0= ——=—cost.
y+1
Therefore, y +1=sect= y=sect—1.

—2
070 +k=0,s0 Q—2 +kt=C’ and Q = 2kt— C . From the implicit initial condition, we have

1
Q(f2 =—C, so Q7 =2kt + Qofz. Solved for Q, we have Q(r) = —= % —.
\/2k1+Q0 \/1+2kQOt
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1
Thus —Q, = # , where 7 is the half-life of the reactant. Therefore,

2 J1+2kQ, T
3
2 = /1+2kQ,’t, which, solved for 7, gives 7= TQOZ Thus the half-life depends upon Q.

26. Q' =-kQ, Q0)=Q,; Q°Q =—-k=-Q'=—kt+C, C=-Q,". Therefore,

o B I T _

Q' =ki+Q, :Q_kt+le_l+kQ0t’ 0(10)=0.4Q, . Then,
9 _ _ _ 0

040, =1 (10):>0.4+4kQ0—1:>kQ0—0.15 and Q==

= t=20 min.

Set 0=0250, . Then, 0.25 =
et O Q- Then 1+ .15¢

1
27 (a). The equation is nonlinear and separable. H y' —1=0.
Yy

,vy=20 d Iny, y>0 0)e', y>0
27 (b). |y|={y Y= Thus j—y:{ P =" )e_, e
-y, y<0 |y| —Iny, y<0 y(0)e™, y<0

Since y(0)=1> 0, the solution y(7)=e¢' of y’=|y|, y(0)=1 will be identical to that of

y' =y, y(0)=1 aslong as y(f)=e' 2 0. This is true for all z, however, and so the two solution
curves agree.

27 (¢). If y(0)=-1<0, then the solution of y’ =

y, ¥y(0)=—1, is y(f)=—e™", but the solution of

y =y, y0)=-1,is y(r)=—e".
28.  y'=-y’isgraphc. y'=y’is grapha. y’= y(4~y) is graph b.

29.  This is a translation three units to the right of graph (a) in problem 28.

1
30.  Yes. y' —1=0.
VACY)
7 ’ ’ 3 b
31. y smy+y(cosy)y -3=0=y"'=—————= f(y). The solution of
siny + ycosy

1
y'=f(y)is H(y)=t+C,where H(y)= J‘%dy. The solution of y’ = ¢ f(y) is therefore

3

H(y)= L + C,. From the initial condition, we know that H(0)=1+C = C=H(0)—1, and
y 3 2

1 2
H(O):§+C2.Thus C2:C+§.Now we have H(y)=t+C and ysiny—3t+3=0,so

ysiny=3(t—1)= §ysiny=t+(-1) = H(y)=3ysiny, and C =—1.
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2 2 1

Therefore, C, = C + 3 -1+—=-= ~3 and the implicit solution of the initial value problem is

ysiny £ 1 . 3

——=———=ysiny—t +1=0.

3 3 3 00
Section 3.3
) . oH y?
1. M=3r-2, N=y, M,=N,=0,so the equation is exact. 8_: y=H= ?+g(t) and
y
oH y?

§=g’:3t2—2:>g(t)=t3—2t+C:>7+z3—2t:C.

-2)?
From the initial condition, we have % —1-2(-1)=2-1+2=3=C, and thus

2

y? +1 =2t=3= y=—+6+4¢—2¢ (the minus sign can be checked by the initial condition).
2. M=y+ £, N=t+ y3, M, =N,=1,s0 the equation is exact.

oH r oH dh dh )

e M=y+P=H=yi+—+h(y)and Z-=t+ "~ =N=t+y' =~ =y = h=""

ot 4 ady dy dy 4

# y4 y4 #

Therefore, yt+Z+Z=C, y(0)=-2= C=4 and T+yt+z=4 =y +4yt+1' =16.

3. The equation is separable, and therefore it is exact. ( v+ 1)71 y’ =3t +1 gives us

C e .. T I
tan”' y = £ +t+ C, and from the initial condition we have e C.Thus y= ta\n(t3 +1+ Zj

4, M= 3t2y, N=06t+ y3, My = 3¢*, Nt=6. Therefore, the differential equation is not exact.
5. M=e" +3, N=¢"" +2y, M,=N,= e'™, so the equation is exact.
oH , oH dh , dh
—=M=e"+3* =2H="++h(y)and — =" +—=N=¢" +2y = —=2y,
ot ady dy dy

and so h= y2 + C. From the initial condition, we have 1+0+ 0= C, and thus
e+ +y =1,

6. M = ycos(ty)+1, N =tcos(ty)+ 2yey2 , M, =N, =cos(ty)—tysin(y), so the equation is

exact. a(,)—l;l =M =ycos(ty)+1= H =sin(ty) + t+ h(y)
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H dh 2 dh 2 : L
and %— = tcos(ty) + T =N =tcos(ty) +2ye’ = e =2ye’ ,andso h= ¢”*. From the initial
Y Yy

condition, we have 0+ 7 + 1= C, and thus sin(ty) + ¢+ e =m+1.

7. M =cos(t+y)—ysin(t+y)+1, N,=cos(t+y)— ysin(t+ y)+1, so the equation is exact.
y t
oH . £
E=M=ycos(t+y)+y+t:H=ysm(t+y)+yt+5+h(y) and
oH . dh .
gzsm(t+y)+ycos(t+y)+t+d—y=s1n(t+y)+ycos(t+y)+t+y.Thus
dh y? o .
d—z y= h:7+C , and from the initial condition, we have
Y
11 £y’
“1)sin(1=1)+ (=1)(1)+ = +==0=C, and thus ysin(t+ y)+ yt +—+>-=0.
) Y 272
8. M=oty", N=t"y’, M, = not’y", N, =mt""'y*. Therefore,
4
m—-1=3=m=4, n-1=2=n=3, 3a:4:>0¢:§.
3
9. N =1+ y’sint, N,=My:2t+y2cost.Thus M=2ty+y?cost+m(t).

10. M=+t +y’sint, M, =2ysint=N, = N =-2ycost+n(y).
1. 0+1+y, =5=y,=%2. 3y +£'y +e' +2yy’=0,s0 (£ +2y)y’ +(3’y +¢')=0 and thus
M=3Fy+e and N =1 +2y.

12. =—t—V4-1 = y(0)=—2=y,.Also, N, =a= M, = exact.
y y yO t y

2 2

bt
Then, Hy=y+at:>H=y7+aty+g(t), H=at+g¢g =ay+bt= g =bt= g:7.

Therefore,

2 2

H:y_+aty+bi=C:>y2+2aty+(bt2—2C)=O

2 2
_ Dat+ 4’ — 4P -20)

=y= . =—at+\ @’ — b +2C =—at £/2C — (b— a*)1°

Choose the negative and a=1, 2C=4, b— ad=1=b=2.

2 1
> f_ ] v+ 11 =0= ln(y2 + 1) +In(¢+1) = C. From the initial condition, we have In2=C.
Yy

13.

1—-¢
Thus (y2 + 1)(t+ 1) =2, and solving for y yields y = o
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14.  Oneexample: (y+20)+Qy+1)y =0, M=y+2t, N=2y+t

H H dh
a—:M:y+2t:>H:yt+t2+h(y), a—:t+—:2y+t.Therefore,
ot dy dy

dh
d—=2y:h=y2:yt+t2+y2=C.
Y

Section 3.4

1 (a). The equation is both separable and exact.

1

1(b). () y=y2-y)=y -2y=—y"= l-n=-1=m, v=y"' = y=v"" thus y’=—v*’ and

—v A =2y v or v +2v=1, v(0)=1.

U

.. ’ 1 1 _ . ..
(ii) (ez’v) =¥ = e’y = Eez’ +Corv= 5 + Ce™" . From the initial condition,

1 1
—+C=1=C= ,andsov:—(l+e_2’).
2 2

[\ N | —

(i) y= vi= 5 -

1(c). —oo<t<oo

2 (a). The equation is both separable and exact.

'thus —v2v =21 =212 or

2(b) (1) y,ZZZy_ZZy2:> 1—2:—121’}’1, v:y_lzy:\)_
v +2tv =2t v(0)=-1.

’

.. £2 _ £2 N . _
@) e v] =2te’ =>e v=e' +Corv=1+Ce

** . From the initial condition,

1+C=-1=C=-2,andso v=1-2¢".
1
(i) y=v"'=
Y 1=2¢7"

2(c). —vIn2<t<+In2

3 (a). The equation is neither separable nor exact.
3(). ()m=l-n=-1,v=y' = y=v ' thus y=—v V' =—v"+ev> =2V =v-¢or

Vi—v=—e, v(-1)=-1.

’
(ii) (e"v) =—1=e'v=—t+Corv=—te' +Ce'.From the initial condition,

e'+Ce'=-1=C=—(1+¢),andso v=e'(-t—1-¢e)=—(t+1)e' —e'"".

-1
—1
111 = = —_— .
(i) y=v (t+1)e' +e"™!
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3(c). —(l+e)<t<oo

4 (a). The equation is both separable and exact.
4Mb). ()l-n=2=m,v=y>=y= v, thus y' = %v_év’ and %v_;v’ =y 47 or
v =2v+2, v(0)=1.
(ii) (e_z’v)l =2¢ " = e'v=—e"+Corv=—1+Ce”.From the initial condition,
—-1+4C=1=C=2,and so v=—1+2¢".
(i) y=——1+2¢ .
4 (c). —%ln2 <t<oo

5 (a). The equation is neither separable nor exact.

1 2 2 1 2

5(). () m=1-n=23, v=y3 :>y=v§,thus y'=§v_5v’.Then t-gv_gv’+vE =y ?,and so
v +3v=3¢, v()=1.
6

’ t 1 C 1 1
(i1) (tsv) =3 =tv=—+Corv=—=r + — . From the initial condition, -+C=1=C=—,
2 2 t 2 2
1
and so v:—(t3 + t_3).
2
1
3 1/ 3 3
i) y=vi=|—(t+17)] .
(iii) y=v (2( )]

5(). 0<t<oo

6 (a). The equation is neither separable nor exact.

2 2 3 3 1 3 1 3 1
6 (b). (1) m:1—n=§, v=y'= y=v?, thus y’=5vzv’.Then Evzv’—v2 =tv?, and so
2 2
vVi——v=—=tv(0)=4.
3" =3 )
20\ 2 2 3 2 _2; 3 2
(ii) (e 3v) =—te’ >e 3'vz—(——te 3 —26 3 j+C0rv=—t——+Ce3 . From the initial
3 2 4 2

2
}l

condition, —§+C:4:>C:1—21,and SO V:_(H_gj_,_ﬂe

2
3
11 o, 31)2
=——e'—|1t+=|]| .
(i) y (26 ( 2))

6(c). —co<t<oo
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’ ’

1 2
7. First,let u=¢”’. Then y=Inu and y’ = Ly Therefore, Loy —=u- P u =1 which gives
u u u
1 2 1 ’
us t—zu’ - t_3u =7 Then we have (t_2u) =17 =t u=~1"+C. Solving for u gives us

u=—t+ Ct’. From the initial condition, we have y(1)=0= u(l)=1, and so

1
=—t+2 = y=1In(2¢" —1), t>—.
u y ( ) 2

8. First,let u=y+1, w’'=—u+tu"', 1—n= 3. Therefore,
; TR 1 -, 1 2
v=u, u=v>, u :§v iy :>§v v +v3 =tv 3. Then,

v +3v=3t, y(0)=1= u(0)=2=v(0)=8 and

1
v=Ce™ +at+b, a+3at+b)=3t=a=1, bz—g. Therefore,

1 1 25
v=Ce™ +t——, v(0)=C—-—~=8= C =" Then,
3 3 3
1
2 1 1 2 1)3
v:—se_s’ +t——, y=u—-1=v* _1:(_56-3; +t——)3 —1, —o< < o0,
3 3 3 3
9. ¥, = 3 by substitution. Differentiating yields
—3e”" _ -1 3 9 )
' = + 3¢’ —3)=— +e' =—vy+e'y’.
Thus g(r)=¢".
Section 3.5
1. l-n=—1, v=P ', P=v'. Thus v &' —rv ' = —%v‘z, or v +rv= %, v(0) = PO_I. Then

e e

| 1 1
v=Ce" +—, v(0)=—=C+—. Solving for C yields C=P,” — P,”', so we have
Pe PO Pe
1 _ FP,
Po—le—rt -p —l(e—rt _ 1) Po _ (Po _ Pe)e—rt .

e

v=P"'=(R" =P )" + P, . Thus P=

2. Since P is measured in millions, P, =0.1, r=0.1, P, = 3. Therefore,
0.13 0.3
= ) —, 09P, =27=27=—""——=¢" = 003831417
0.1-(0.1=3)e™ 0.14+29¢™

= t=55.65 years.
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P P’ M
3 (a). Setting F(I_FJP+ M =0, we have —?+P+—=O. Then
r

e

2 M
Iy Pt P’ +4P, M/

P’-PP-P—=0=P=
r 2

equilibrium state.

e

. This makes sense; migration would alter the

1Y’ 1 M 11
3(). (2P- 1)2 =1+4x= (P - E) =x+ 1 where x = —. This is a parabola with vertex (_Z’Ej
r
For x >0, there is one nonnegative equilibrium solution. Two such solutions exist for

1
-—<x<0.
4
3(c). When x= o the two nonnegative equilibrium solutions coalesce into a single equilibrium

value. There are no equilibrium solutions for x < s This makes sense, since if the migration

out of the colony is too large relative to reproduction, equilibrium could not be achieved.

4. Equilibrium values at 4 and —2. P = %[1 + 1+ L;—M] =4+(-2)=P, =P =2.
\ r

\/ 2M M M
—_— e — =

I+—=8= 4.

r r r

4M
4—(—2):6:13\/1+P—or3

r

e

3 1 3 3 1
5. P =(1-P)P-—, P(O):E.Then P’ =-p’ +P——:—(P——)(P—Z).Then we have

16 16 4
1 ’ . . -2 2 ’
1 3 P’ +1=0, and by partial fractions, we have Tt 3 P’ +1=0.Then
e .
3
-2 2 P=y
j N + 3 dP +t=C,and so 21n—1+t=C.
I
4 4 4
From the initial condition, we have C =0, so
3 3 3 1 -
P_i _L 1 3 7_P _i —+—e 2
— 4=, Z.But—<P<—:>|P—%|=—(P—%):>4—=e > and then P(r)=4—4 —
1 4 4 1 _t
P-- P-- l4e2

4 4
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P(t)

: ; ‘ —t
2 4 6 8 10

: ! e (pr_py ] DY which
P :(I—P)P—Z, Pp=1=P =—P —P+Z =- P_E which is separable.

1 , 1" 1"
ﬁp +1:0:>—P—5 +t=C,—|1—-— +0=-2=C
-
2
I 2+

1Y 1
Therefore, | P——| =2+t=>P=—+—= .
2 2 24t 2+t

5 4 6 8 0 ©

P’ = 5(1+2sin(2nt))(1- P)P, P(0)= P,.Following the derivation in the chapter with () ,

t

we have R(1) = 0.5'[0, (1 +2 sin(ZTr,s))ds = %(s - lc:os(ZTl',s)j
T

0

1 1 1 1 1
= —(t — —cos(2mt) + —) = —(t +—[1- cos(2nt)]). Therefore P =
2 T T) 2 T F,

R(H)= %(t + %[l - cos(2nt)]j :
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10 (a).

P(t) v»iith Pp=.5

P(t) with Pg=1.5
1.4

1.2

1

0.8

t
5 10
t dpP
T= J.O r(s)ds = Tc = (I- P)P . The solution procedure in the text leads to
T

)

PO= o = —De

1 1
. Substitute 7= E(t +—[1- cos(27z:t)]) .
T

P =r(1-P)P=rP—rP’=v=P"', P=v, vV =n"'—=n? =v+rwv=r, v(0)=PF .

’

Letting R(7) = Jot r(s)ds, we have (eRv) =ref* =efv=e"+C=v=1+Ce™*. v(0)=P, ", 50

1 P,

_p-l_ _ -1\ ,-R S —
C=Fh l'and thus v=1+ (PO 1)6 -Finally, P=v 1+ (Po_1 - 1)€_R Fy - (R) - 1)67R

with R(f)=1= %(t - %[l - cos(2nt)]j :

P’ = k(N — P)P with N and P in units of 100,000 and ¢ in months. N =5, k=2¢™" —1.

7= ['@e” ~Dds=(-2¢7 ) =(2¢7 ~1+2) =—1+201- ).

P
d— = (5— P)P which is separable.
dt

1 A B 1 1 1 1 P
—————="4+——, A=—, B=—=—(InP-In5-P)=7+C=—In ‘
6-PP P 5-P 5 5 5 5 |5-P
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10 (b).
10 (c).

11 (a).
11 (b).

11 (c).

1 1 P 1 P 1
From the initial condition, —ln(—) =0+C=1In =57+ ln(—j = ——=—¢
5 \4 -P 4 5-P 4
5t
Therefore, P=e—51, T=—t+2(1-¢").
4+e

P(t)
2.5

2
1.5

1
0.5

0.5 1 1.5 2 2.5 3 °
From the plot, P, =2.7 (270,000).
From the plot, t =1.8 months.
(A- B)' =—kAB+kAB=0, A(t)— B(f)= A(0)— B(0)=5-2= 3 moles.
B=A-3, A =—kA(A-3)=k(3— A)A, A0)=5.
A 5-3 15

A()=4, A’ =3k|1-— |A. Using equation (5), A(tf)= ——— . Thus A(t) = ———.

@ [ 3j geq ), A() 5_(5_ 3" =57 5w

1
We know that A(1)=4, so 52—5% =4 . Solving for e yields e = % Thus
—2e

15
A(4)=———7=3.195 moles. B=A-3=0.195 moles.

=d

Section 3.6

1.

k k k

-1 1 —r 1 — 1

With v, =0, v=—% I—e ™ |.Setting v:——% givesus 1—e ™ =—.Thus e " =—,
k 2 k 2 2

K2, =" ma.
m

K K ! K
mv’ =-mg+Kv’, v(0)=0:>v’:—g+;v2:;(v2—ﬁ) 4 =—
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A

1 1
= + ———— . Therefore,
V2—7g V- ms v+ | — me 2 me
K \! K V

=Xt C v0)=0=C=0and —‘/%<VSO.Then,
m

7+v 1+e m

@—V Mg 1 —2\/§r
2./=1t — m K
-1 K —e 'm :>v=—1% SIS P mgtanh 1/ g .
\/mg K 2% K m

2
3. 10 mi / hr = 10@;8)8) —14.67 fi/sec. Then 14.67= | 220 — = 929 056"
K

ft*
dv £ 3000
4 (a). mE+kv—0:>v(t)—v0e mom= %) slug
4) 50 = 22\ 128 3000, (22
M=—=.ekm“:nn(—):—k Then, k = ln( ) 34.725 Ib-sec/ ft.
v, 220 5 ) 3000 128 \ 5

4(b). d= jv(t)dz_voj e dt=v,

:3000(220'5280j( 1 j
32 3600 )\ 34.725

k
t)
0

_m,

k

170
~673 ft.
(220) %

= m]:(’ (1— eT’k)

5. mv’ +Kkv? =O:>v—2=—£ =y =—£t+ C, C=—v071.Then we have
v m m
v'i= L t+v, =v= Yo From the condition provided, we have
m K
I+—v,t
m
| 5
4 50 1 Ty 17
&) = = = 4£v0 =—22-" Solving for k yields
vg 220 L,k m 5 5
0
m 22
_17 m 173000 1 . 5280 lb sec’
"5 4v0 5 32 4 3600

dt 4 dt 20 17
For the distance traveled, d = J v(t)dt=v, fo — =V, J( — = vo( jln(l +— tj
1

L) 1+ 17 t 17 20
m
= 220(@)(§jln(1 17) 562 4 ft.
3600 A\ 17 5

20
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6. mv’ + kv = —mg, v(0)=v0:v(t)z—%+(vo+%)e_";’.56t
p=0; 2818 1+m eif't’”:>£tm=1n 1+ﬁ :>tm=ﬂln 1+m .
k k mg m mg k mg

tm

k k
[ _ [ _mg mg\ - i | mg m mg\ - i
7. h_jo v(t)dt_JO [ _k +(v0+—k ]e }dt _[ ey t . (v0+—k )e }

0

t2
8. mv’=-mg =v'=-g, v(0)=v,. Therefore, v(f)=v,—gtand y = 85 +vot, 1, = ‘i?o The
2

t, 2
impact time is given by —g’?+v0t,. =0=> —gt[ +v,=0=1= “o _ 2t .

g m
1
9@. vV =—gv,=02v=—ygt=y =y= —Egt2 +y,- We want to find the time ¢ at which y=7.
32, . . .
Thus 7= —?t + 555, and solving for ¢ yields ¢ =5.852 sec. At that time,

v =-32(5.852) = —187 .3ft/sec.

, , kv LY LY LE mg LY
9(M). mv'+kv=-mg=v'+—=-g, v,=0.Thus |ve” | =—ge™ = ve™ =—7em + C . From
m

the initial condition, we have C = Tg ,and so

t

k
mg m( -
=y, ——=|t+—|e ™ =1]]|.
0 Yo k( k(e )J

k k
v:—%(l—e mtj: Y=Y, +_[Otv(s)ds= yo—%[s+ﬂe m‘)

k k k
1
5% 41 m_ 41 _1
m= = slug,so —= =~5.56098 sec™.
32 8:16-32 k  8(16)(32)(0.0018)
41 . .
mg= M ~(0.3203125 1b, and so solving for ¢ yields

-t

7=555- 177.95139[t— 5 .56098{1 — ¢3-360%8 D = t=7.08513 sec. Substitution gives us

—0.320312 L
b %{1_6 5569 | ~_128.18 ft/sec.
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10. mg =180 Ib.For 0<¢<10, v/ =—g, v(0)=0.
For 10 < t<14, mv’ + kv =—mg, y(14)=0.
200 5280 3600(200
Formg =200, —=10——= k= 3600(200) =13.63636364.
k 3600 5280(10)

10 (a). v=—gt Atr=10, v=-320 ft/sec.

10 (b). Solve v’ + £v =—g, v(0)=-320, for v(4).
m

mg mg | —x, 180 ( 180 ) _13.5(32)(4)
D=——7+vo+—le " =2vd)=———=+| 320+ — 150
0= (VO k )e "="16 1363)°

=-13.2-306.8(.000061469) =—-13.219 ft/sec(basically the terminal velocity).

4 mg mg | _m) | _mg mn M8 (o= —
10 (C) h:—J.O V(l‘)dl‘:(Tt—[Vo +7:|(—;)€ )0 = X (4)+ A (VO + A J(e 1)

_4mg ﬂ("o N %)(1_ e_%) _4(180) 180 (_320 . 182)(1_ 6_4(13].8?32)
k k k 1363  32(1363) 1363

=52.8-0.4125(-306.8)(0.99994) =179.347 ft.

4

1
10 (). Jy, = b+ 8(10)° =179.347 +1600=1779.347 fi.

' o 3000
11.  For the first situation, mv, +kv, =0, v,=ve ™, m= o k =25.Then
—25-32[l 22
0 = e 000 = 3000 In— =5.556 sec.
220 25(32) 5

oo ’ r ok e
For the second situation, mv, + k(tanht)v, =0, v, +—tanh t(vz) =0. This is a first order
m

k

i In(cosh 1) -~
= (cosht)= , we have

linear equation. Letting y=e™
7
k

k
(vz(cosh t)m) =0= v, =C(cosht) n.

From the initial condition, we have cosh(0)=1= C=v,. Then

3000

_k k(220322
Y2 (cosh?) m = cosht, = (V_oj = (E) .

Vo Vs

22
In(cosht,) = 3.751n(?) =5.55602 = cosht, =258.79,s0 t, = cosh™(258.79) = 6.249 sec.

This would be expected, since the size of the drag coefficient would be less for the second

situation. Comparing the two values gives us # = 0.89¢,. These values do not seem appreciably
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different. However, it can be shown that this difference in stopping time leads to a difference in
stopping distance of approximately 110 ft. If this distance is important for a certain situation,

then the idealization is not reasonable.

Section 3.7

d k d k d k k x°
1. O vy e Sy Y e B 5y =L 1 €. When x=0,v=y,.

dt m dx m dx m m 3

x? m m_\3
Therefore, v,=C,and so v=———+v, and xf3 =3—v,=>x, = (3—1/0) .
m 3 k k
dv , dv k dv k

2. my—=—kxy- = —=——2xv = — +—xv =0 (first order linear).
dx dx m dx m

d( i2 il e
d—(emzv)=O:>v=Ce m o C=vy=>v=v,e *.Since v>0, 0< x <oo, Xp=oco.
» A
d dv k ok ok
3. mv—v=—ke_x:>v—v+—e_x:0:>V———e_"‘:C.Then C=VL——,andso
dx dx m 2 m 2 m

0| =

2
k k k 2
v = Z[VL— —+ —ex} =v= [v02 - 2—(1 - ex)} df v, > —k, then v>0 for all nonnegative
m m

dv kv dv k( 1
— = —=
dx 1+x dx m

—j =v= —ﬁln(l+ x)+C, v, =C. Therefore,
1+x m

my,

v:vo_kln(1+x) and :ln(l-’_xf):}?ff:em}%_l,
m

d
5. m?‘; +kv? =0, v(0)=v,, x(0)=0.We want to find v when x=d.
k k
mvﬂ +k=0= ﬂ + ﬁv =0=v= Ce_mx. From the initial condition, v = voe_mx ,and so at
dx dx m
k

x=d,v=vse
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d d d k
6. m—vz—mg—kvz, v(0)=v,, x(O)zO:>mv—V=—mg kv? :>—V=——v—gv_1

dt dy dy m

dv k

—v+—v——gv (Bernoulli).

dy m

1 d 1 ld 1 ld k 1 _1
1—n=2,u=v2:>v=u2,—vz—u —u:> uz—u+—u2——gu2.Therefore,
dy 2 dy 2 dy m

du 2k d( » 2%y Ay 2%
—M+—u=—2g, u=v; wheny=0. —(e’"u) —2ge" =>e"u=-— M8 o +C, C—v0+—g
dy m dy k k

w |2
Therefore, u=—%+( Vo +7g)e =y ﬁv—{—%+( Vo +7g)e "‘} . This equation is

valid for 0 < y < h, where 4 = maximum height.

2% = k
—@+(V§+%je =0 -%p= ln[ £ :|ih—ﬁln|:1+ VO}

k

o+ mg
) dx dv .
7. With x measured as shown and v = P we have —m—t = F cos0. Defining
d F. ? L
cosf= ;1, we have —mvd—v = —xl = —m% = F(x2 + h2)2 + C. We know that
(x2 + hz)E x (x2 + hz)E

v=0whenx=D,so C=—F(D2 + hz)é. Then we have v> = g(F(D2 + hz)% —F(x2 +h2)]2).
m

m
d P dv P dv P P
8. P=Fv,m—V:F=—:>mv—v=—:>v2—v=—:>v—=—x+C
dt Y dx v dx m 3 m
3 3 3
P P P
L =—x+C=C="+-—x, L —x2+v—1——x1 Therefore,
m m 3 m 3 m

MR 3000
xz—xlzﬂ(v—z—v—‘j:ﬂ(vj—vf), =" P=200(550) fi- b/ sec

Pl3 3/ 3P
5280 2 3000 1 1 50(5280) )’ 2\’
v,=50——ft/sec, v,=—v, = Ax= ( ( )) 1—(—)
3600 5 32 3 200(550)\ 3600 3

= Ax=112.04(.936) =104 .87 ft.

d
9 (a). mvd—v+K0xv2:0, v=v, when x=0.
X
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’

d X Kox’ KX’ ‘
9 (b). d—v+—0xv=O:>[e m v} =0=v=ve " .Setting x=d and v=0.01v,, we have
x m
Kod’ 2
- Kd . . 2
00lvy=ve " = °—m=1n100. Solving for k, yields x, = d—TlnlOO.
d GmM dv k¥ GM
10 (a). mv—v:— m2 ¢ 4Ky’ :>—V:—v— 2ev"1, v=0whenr=R, +h.
dr r dr m r
1 d 1 . d K 1 GM, _:
10 (b). Bernoulli equation: 1-n=-1=n=2, u=v> =>v=u’ :>—v=—u z_u:_uz_ Tou
dr 2 dr m r
du 2x  2GM
==y — <. Therefore,
dr m r
2 ’ — 2 2% R,+h —a
(e_wu) :2GME€ — = e Ty —e ey 2GM, " —dr
r r=R,+h r=R, R, r
2K R h 7T’fr
=0—¢ """y 2GM, e S—dr
r=R, r
L
d . Rhe n 2
Since u=v?, v——r<0, Vimpact = —€ (R”)[2GM6 . € 5 dr} .Let
r
h e_%( 2
r=R,+s. Thenv, .. =-2GM,| ——zds| .
0 (Re +s)
v GM v GM G
11. me=— Zem:v—v:——ze,v:vowhen rzRe.Thusv—=—Me+C,andfromour
dt r dr r 2 r
2 2 2
G 1 1
initial condition, VL:—ME +C:>V—=VL+GMG ———.Since v=0 when r=R, +h,
R, 2 2 r R,
2 1 1
vy =2GM,| ————. Thus
R, R, +h

R, R +h

vy = {2GM6( - ﬂ; - [2(6'673)(10”)(5 -976)(1024)( ! ! j]z ~ 2044 m/sec.

10° 6371 6591

12 (a). ml*6” = —mglsinf =m0’ ‘ii—ct" = m€2a)z—(‘;} — _mglsin®

d
mﬁza)d—cgz—mgfsinO and ®=-w, when 0=r.
0)2 ) 2 a)2 2
12 (b). ml>*— = mglcosf+C, mﬁ—oz—mgmc‘:mﬁ?—mgﬁcos9=m€27°+mg€-
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2 2
2 4
12 (¢). When 6=0, mﬁz%—mgfz mﬁszO+mg€ =0 = +2mg€(m£2j=a)§ s

4
:>w=,/a)§+7g.

2 2

13. m£2%= mglcos@+C, ®=w, when 8=0. Therefore, C = mfszO—mgf,and SO
, 0 , 0, 3m
m/ 7=mg£cos0+m£ T—mgﬁ.Weknowthat o =0 when OZT’SO
mg/ m£2w02 , 2 1 j g
-y —mgl=0= 0, =——5mgl| 1+ |=2(2++/2). Thus
272 8 N A W) 2+ 2)
o, = %(2+ﬁ)= 16(2 ++2) = 7391 rad/sec.
Section 3.8

Note: for exercises 1-5, h=0.1

1 (a).
1 (b).
1 (c).
1 (d).
2 (a).
2 (b).
2 (c).
2 (d).

3 (a).
3 (b).
3 (c).
3 (d).
4 (a).
4 (b).
4 (c).
4 (d).

y=t'—t+C, y)=C=0=2y=1—t

Yeu =Y +h(28,—1)

v, =01 y,=022, y,=0.36

y(1.1)=0.11, y(1.2)=0.24, y(1.3)=0.39

y=Ce™”, y0)=C=1=y=¢"

Vi = Ve — hy,

y,=09, y,=081, y,=0.729

v(0.1)=0.90484, y(0.2)=0.81873, y(0.3)=0.74082

t2

y=Ce 2, y(O)=C=1:>y=e_t7

Vi = Vi — h(t,)

y=1,y,=099, y,=09702

y(0.1)=0.99501, y(0.2)=0.98020, y(0.3)=0.955997
y=Ce' +1-1, y0)=C-1=0=y=e"+1-1

Vi =Vt h(—yk + tk)

y,=0, y,=001, y,=0.029

y(0.1)=0.0048374, y(0.2)=0.01873075, y(0.3)=0.040818
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1
5@. y?y'=1-y'=t+C, C=—1:>y:ﬁ

5. Y=y +h(y)
5(). y =11, y,=1.221, y,=1.3700841
5(d). y@O.D)=1.111111, y(0.2)=1.25, y(0.3)=1.4285714
6. Yeu =Y +0.1(at, + B). From k=0, 1, =0, y,=-1.
For k=0, y, =y, +0.1(at,+f)=-09=-1+.1(0+ ) = 0.1=.13= f=1.
For k=1, y,=y +0.1(at, + f) = -0.81=-0.9+.1(cx(0.1) + 1) = -0.01= Ol = o =—1.
7. Y=y +0.1(y" +a). From k=0, 1, =1, y, =1.
For k=0, y,=y,+.1(y," +a)=09=1+.1(" +0o) = (I" + &) = -1 = o = -2.
For k=1, y,=y,+.1(3" -2)=0.781=09+.1(9" -2) = (9" -2)=-1.19
= 9"=8l1=n=2.
8 (a). (i)Euler’s method will underestimate the exact solution.
(i1)Euler’s method will overestimate the exact solution.
(iii)Euler’s method will underestimate the exact solution.
(iv)Euler’s method will overestimate the exact solution.
8 (b). Exercise 2: decreasing, concave up, underestimates
Exercise 3: decreasing, concave down, overestimates
Exercise 5: increasing, concave up, underestimates
8 (c). Euler’s method should initially underestimate (when solution curves are concave up) and then
tend to “catch up” (when solution curves become concave down).
9. Yiw = ¥y +h(ty, +sin(2mz)), y,=1 =001, k=0,L,...,99.
10. V(0)=90, V(£)=90+5¢, V(T)=100 when T=2=0<¢<2

dQ 0
=6(2— t , 0(0)=0
4 = 0@ cos@n)—1-g7, 00)
)
0., =0, +h{6(2—cos(m‘k))— %0 +k5tk } 0,=0, h=001, k=0,1,2,,...,199

Result: Q(2)=23.7556...1b.
P » 1 1 » )
11. P’ 01(1—§)P+ P(O)——. P, =P +h[0 l(l—gP]P +e k}, P,=0.5. With

h=001, £=0,1,...,199, ¢, =001k, P(2)=1.502477 million.
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12(a). y=Ce' -1, C=1= y=¢"—1.
12(b). ¥,y =y, +h(y, +1), y,=0. For y', h=0.02, k=0,1,...49
For y*, h=0.01, k=0,1,..99.

13 (a). y'—Ay=0, (e_lty), =C, y=Cée", y(0)=C=y,.Thus y=¢"y,.
13 (b). Y., =V, + hAy, =1+ Ah)y,. Therefore
n =+ 2h)y, v, = (14 AR)y, = (14 A0) vy, v, = (1+2R)" vy,

A’t n n
13(c). y,= (1 + —j Y, - Since lim(l + ﬁ] = ¢“, the result follows.
n

n—soo n

1
14 (). y?y'=1,-y'=t+C, C=—1, y:i,—oo<t<1

14®). y, =y, +hyl, y,=1, h=0.1, k=0,1,..11
14 (c). Numerical solution becomes worse as 7, T 1. The numerical solution gives the mistaken

impression that the interval of existence extends to 7= 1.



Chapter 4
Second Order Linear Differential Equations

Introduction

1 (a).

1 (b).

1 (c).

3 (a).

3 (b).

4 (a).

4 (b).

4 (c).

5 (a).

The block’s weight is W, = (0 5)*(2)(50) = 257 1b. Therefore, we have

251t =1(0.5)*(Y)(62.4). Solving for Y yields ¥ =1.60256 feet.

1 , 624 32
Vo= v =0,and @ =P8 W 8 _02432_ 14 68 Therefore, m= 4469, and thus
4 pL W,L 50 2

1
our equation for y(¢) is y(#) = —Zcos(4.469t) .

The maximum depth to which the block sinks would be Y + |y0| =1.603 +.0.25=1.853 feet.

y(6)=Vsinar. Y +22 =2 =y, = 02— Y) =1.7759% ft.
(0] (0]
We know that the frequency of oscillation is given by @” = % We can see that the density

for the second drum is greater than that of the first. Since all the other variables determining @

would be the same for both drums, p, > p, means that @, < @,, which in turn means that

T, > T,. Thus the first drum bobs more rapidly.

By the same rationale as in the first part, L, > L, means that w, < w,, which in turn means that
T, > T,. Thus the first drum bobs more rapidly.

Yo=0,T=2

1 1 1
yézE ft. y(t)zESina)t, with - 2=2r=>w=r. .. y(t):Esinm,

114 114 3 _ 45
o =7 ’g:>W,,— ’g'Vzrc(—j -5=—4ﬂft3

“w,L oL 2
457\ 1 32
W, :62.4(—5”j—2—:62.4-2-8 ~1430.1 Ib.
4 Jrn° 5 T

Using the model provided, my” = mg— p,Vg. We can rewrite this equation with m in terms of

V and p: pVy” = pVg— p,Vg. Simplifying this equation and solving for y”, we have

y’'= (Mjg We need not restrict this equation to the motion of cylindrical objects.
p
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5 (b). Using these initial conditions, antidifferentiation yields the general solution

- 1 ,
y= (%]gzwo t+ Y.

p—p, 30-624

6. =-.51923.
P 624
t2

s 0=-51923. 32‘5 +0+99 = 8.307691* =99 = r=11.9166... sec.
Section 4.1
1. All the relevant functions are continuous everywhere, so Theorem 4.1 guarantees a unique

solution for the interval (—ee,c0).

3

2. t,=m. Since g(t)=tant, %<t< 7”

4
3. Dividing the equation by e’ yields the functions p(1)=0, g(f) = — ,and g(7) = o
e e

1
(=1
These functions are discontinuous at the points *1 and 0, and since #, = -2, the largest ¢-

interval on which Theorem 4.1 guarantees a unique solution is (—eo,—1).

4. p(t)=%, q(t)Z%, O0<t<3.

5. Y+y=0, y(,)=1y, Y ()= yo’ for any to,yo,yo,.

6. y” +%y =0, y(t,)=1y,, Y (t,) =y, t,>3, any y,,y, (not both 0).

7. y” +%+$ =0, -1<t,<5, y(t,) =y, y'(t,)= yOI. v, and yO, cannot both be zero.
8 (a). y"—y7’+%2:0, t,=1. 0<t<oo,

8(b). (0)—t)+1=0.

8 (c). No.

9. Theorem 4.1 guarantees a unique solution on the interval (—4,4), so it is not possible for the
limit to hold.

10.  Theorem 4.1 guarantees a unique solution on the interval (—e,3), so it is not possible for the

limit to hold.
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11 (a). B
11 (b). D
11 (). A
11 (d). C

Section 4.2

1 (a). yl” =4e” =4y, and yz” =8¢ = 4y,, so both equations are solutions.

ezt 26721‘

1(b). W=
® 2e¢* 47

=-8#0, so yes, the functions do form a fundamental set of solutions.

1 (c). The general solution would be y =ce” +c,-2¢™". Differentiating yields y’ =2c.e”* —4c,e™ .

y(0)=c¢, +2c,=1and y’(0) = 2¢, — 4c, = -2, and solving these two simultaneous equations
1
yields ¢, =0 and ¢, = 5 Thus the unique solution for this initial value problem is y(f)=e™> .

-t

2(a). y, =2¢'=yandy, =e " =y,,s0bothequations are solutions.

2et eft+3

2(b). W=
() ¢! _e—t+3

=—4¢*>#0, 50 yes, the functions do form a fundamental set of solutions.

2 (c). The general solution would be y =c¢,-2e' +c,-e ", Differentiating yields y’ =2ce' —c,e”™"

y(=1)=2c,e” +c,e* =1and y’'(-1)=2c,e”' —c,e’ =0, and solving these two simultaneous

1
equations yields ¢, = 2 and ¢, = PR Thus the unique solution for this initial value problem is
e

t+1 —1-1

+
2 2

3 (a). 1y, isnota solution. y, is a solution.

()= ¢

4 (a). Both equations are solutions.

cost sint

4((b). W= =1#0, so yes, the functions do form a fundamental set of solutions.

—sint cosf|

4 (c). The general solution would be y = ¢,cost+ ¢, sint. Differentiating yields

’

y' =—c,sint+c,cost. y(%) =c,=1and y’(gj =—c, =1= ¢, =—1. Thus the unique solution

for this initial value problem is y(#) =—cost+sint.
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5 (a).

5 (b).

5 (c).

6 (a).

6 (b).

6 (c).

7 (a).

7 (b).

7 (c).

yl, =2¢% = 2y, and yl” =4e* = 4y,.Thus yl” — 4y1’ +4y, =4y, -8y, +4y,=0.
y, =2te* +e* andy, =41e* +2e* +2¢* = 41e* + 4¢* . Thus

y, —4y, +4y, =416 +4e* —8te* — 4¢* +41e* =0, and so both equations are solutions.

2t 2t

e te
2¢*  (2t+1)e”

=e* #0, 50 yes, the functions do form a fundamental set of solutions.

The general solution would be y = c,e” + c,te” . Differentiating yields
y' =2ce” +2c,te” +c,e’. y0)=c,=2and y’(0)=2¢, +¢c,=0=>c,=—4.
Thus the unique solution for this initial value problem is y(f) = 2e*' — 4te™ .

Both equations are solutions.
1 ¢

4= %e% #0, so yes, the functions do form a fundamental set of solutions.

le
The general solution would be y =c¢, + cze%. Differentiating yields y’ = %cze%.
y(2)=c,+c,e=0and y'(2)=4c,e=2= ¢, =4e™ and c, = —4. Thus the unique solution for

this initial value problem is y(#)=—-4 + 47 .

’ 1 t T ” 1 . (t = ” L[t T |
Vi =—cos(§+§) and y, =——sm(§+§).Thus 4y, +y1:—sm(5+§)+sm(5+§)=0.

2 4
= lCos(i - Ej andy, = —lsin(l - E) Thus 4y, +y,=— sin(l - E) + sin[l - E) =0
TR UIEY IR Ry ) 2 TRTTL TS 27 3)

and so both equations are solutions.

L[t T L[t T
SIH(E + 5) Sln[a - g)
W =

1 t ﬂ:j 1 t T
—cos| —+—| —cos| ———
2 2 3 2 2 3

1] . (t = r T ([t T ! T
=—|sin| —+ — |[cos| ——— |—sin| —— — |cos| —+ —
a3+ 3 ool 5 )53+ 3

1 t t 1 2
= —sin| —+ r + = —sin el #0, so yes, the two equations do form a fundamental set
2 2 3 2 3) 2 3

of solutions.

t t
The general solution would be y =¢, sin(a + %) +c, sin(z - %) Differentiating yields

, 1 (t nj 1 (r n)
Yy =—-¢,COS§ —+— +—C2COS - | .
2 2 3) 2 2 3
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8 (a).

8 (b).

8 (¢).

9 (a).

9 (b).

9 (c).

10 (a).

10 (b). W

10 (c).

Using the first initial condition, y(0)=c, sin(g) +c, sin(— %) =0, and so ¢, =c,. From the

1 1 1 1
second initial condition, y’(0) = —c, cos g —C,C08 I —c¢,+—c,=1.Thus ¢,=¢c,=2,
2 3) 2 3) 4 4

t t t
and the unique solution is y =2sin —+E +2sin LI = 4sin| — |cos T = 2sin i .
2 3 2 3 2 3 2

Both equations are solutions.
2¢' e

W =
e’ e

=2¢" 20,50 yes, the functions do form a fundamental set of solutions.

The general solution would be y =c,-2¢’ +c¢, -¢”. Differentiating yields y’ = 2c,e’ +2c,e”".
y(=1)=2ce +ce? =land y’(-1)=2ce”" +2c,e”> =0, and solving these two simultaneous
equations yields ¢, = e and ¢, = —e”. Thus the unique solution for this initial value problem is

y(t) — 2et+1 _ 62(1+1)'

’ 1 ” 1 ’ 1 ’” 1 ” 7 ” ’
y, = > A :—t—z, Y, :;, and y, =—I—2. Thus ty, +y, =ty, +y, =0, and so both
equations are solutions.
Int In3f
w=|1 1|= ;(lnt—ln3t) =t'(Int—In3—Inf)=—1"1In3#0 on (0,), so yes, the two
t t

equations do form a fundamental set of solutions.
The general solution would be y =c¢,Int+c,In3t=(c, +c,)Int +c,In3. Differentiating yields

+
Y = % From the first initial condition, y(3)=(c, +¢,)In3+¢,In3=0, so ¢, +2¢, =0.

C1+6'2

From the second initial condition, y’(3) = =3. Thus ¢, =18 and ¢, =-9, and so the

unique solution is y=18In7—91In37, 0 <t < co.

Both equations are solutions.

Int In3
L0

t

—In3

#0, so yes, the functions do form a fundamental set of solutions.

The general solution would be y = ¢, -Int + ¢, -In3. Differentiating yields y’ = C—; +0.

y(1)=0+¢,In3=0 and y’(1) = ¢, = 3, and solving these two simultaneous equations yields
¢, =3 and ¢, = 0. Thus the unique solution for this initial value problem is

y(t)=3Int, 0 <t <o,
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11 (). y, =3y, =6t,y, =2, andy, =-2¢7.Thus %y, -1y, =3y, =%y, —ty, —3y,=0,
and so both equations are solutions.
£ -t
11 (b). W = 3t =1t+3t=4t#0 on (—,0), so yes, the two equations do form a fundamental
t t
set of solutions.
11 (c). The general solution would be y = ¢, —c,t'. Differentiating yields y’ = 3c,t* +c,t . From
the first initial condition, y(—1)=—c, + ¢, =0. From the second initial condition,
1
Y()=3¢,+¢c,=-2. Thus ¢, =¢, = 5 and so the unique solution is
1 1
y=—=t +=t", —e0<t<0.
2 2

12 (a). Both equations are solutions.

e’ 27 ) ) )

12(). W= it =0, Therefore, the Wronskian calculation does not establish that y, and y,

—e ' 2e
form a fundamental set.
13 (a). yl, =1, yl” =0, yz, =-—1, and yz” = 0. Thus both equations are solutions.
t+1 —t+2 )

13(b). W= | LT —t—1+1t-2=-3#0, so yes, the two equations do form a fundamental set
of solutions.

13 (c). The general solution would be y = ¢,(t+1) + ¢,(2 — ). Differentiating yields y’ = ¢, —c,. From
the first initial condition, y(1) = 2¢, + ¢, = 4. From the second initial condition,
y'()=c¢,—c,=—1. Thus ¢, =1and ¢, =2, and so the unique solution is
y=t+1+4-2t=—1+5.

14 (a). Both equations are solutions.

sinzrt+ cosmt SNzt —cosmt
14 (b). W = ) .
TCOSTt—WSINT! TTCOSTTt+ SInTTt
=2msinmtcosmt + m(sin’ 7wt + cos’ wt) — 2w sinzwrcoswt + m(sin® 7wt + cos’ we),
=2r#0 so yes, the functions do form a fundamental set of solutions.
14 (c). The general solution would be y = ¢,(sinzt +coszt) + c,(sinzwt — coszt) . Differentiating yields

vy’ =mc,(cosmt—sinmt) + mc,(cosmt + sinzt) .

1 1
Y(E):Q"‘Cz:l andy’(a)z—ncl+7rc2=0:clzc2=l2.
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Thus the unique solution for this initial value problem is
y =3 (sinfzs + cosmr) + 3 (sinzwt — coszr) = sin7me.

15 (a). y, is not a solution. Yy, is not a solution.

—anoneod ™ e 1
16 (b). y—sm(2t)cos(4j+cos(2t)sm(4j 2\E(2c0s2t)+\5(sm2t).

Thus ¢, =

ﬁ and ¢, = %

17 (a). ' =2+1+In3t=1In3t+3,y" = % Thus *y” — 1y’ +y=t—3t—tIn3¢t+2t+tIn3¢t=0.

17(b). y=2t+t(Int+In3)=t(2+1In3)+¢tInt. Thus ¢,=2+In3 and ¢, =1.

18 (b). y=2cosh({)=¢"+e " =1-¢7 +(~1)(-2¢").
Thus ¢,=1and ¢, =—7.

19.  Substituting y, into the equation yields 9¢*" + 30e™ + Be’ =0; 3+ B=-9. Substituting y,
into the equation yields 9¢™ — 3ae™ + Be™ =0; - 3a+ 8 =-9. Solving the two simultaneous

equations gives us =0 and f=-9.

20 (). y,(O=1y[(=Ly[()=0, y,(t)=e"y,() =y () =¢".
0+ p()-1+q(1)-t=0, ¢ + p(t)-e' +q(r)-e' =0
p+qt=0,e'(l+p+q)=0=p+g=-1

1 —t
(==l g=—r/ p=—:
(1=Dyq 9= PT

20 (b). Both p and q continuous on (—eo,1) and (1,00).

et

t
20 (c). W = : =(t-1De' W #0 on (-,1) and (1,0)

e

20 (d). Yes, W #0 on the two intervals on which p and q are both continuous.

2
sds
1

21. From Abel’s Theorem, we have W (r) = W(l)e_I‘ - =>WQ)= 4.{3_'f

22. Substitute, 4> +20e” + Pe* =0 =20+ f=—4.

=4e V=472,

Also, W=e¢"=p(H)=a=1. .o=1B=-6 (y"+y —6y=0).
23. p(t) =0. From Abel’s Theorem, W () = W (¢,), which is a constant. Therefore, W (4) = -3.

t
dv
.[rop s -1?

24, y'+py +3y=0, W=W()e " =e

d,
O E(t )=2t.
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Section 4.3

2
1(@. W)= ‘2 1‘ =0, so the two solutions do not form a fundamental set.

1
1 (b). Since > v, and y, satisfy identical initial conditions, we can conclude from Theorem 4.1 that
1 1
—Eyl(t) = y,(?). Therefore, Eyl(t) +y,(H)=0, —co< <00,

1
2@.Wem%

) 1‘ =1#0, so the two solutions do form a fundamental set.

2 (b). Yes (Theorem 4.7)

0
3@. WO=|

‘ =1#0, so the two solutions do form a fundamental set.

3 (b). From Theorem 4.7, the two solutions do form a linearly independent set of functions on

—oo<L <00,
0
4 (). WQ@Q)= 0 2‘ =0, so the two solutions do not form a fundamental set.

4 (b). By Theorem 4.1, y,(#)=0. Therefore, 1-y,(#)+0-y,()=0 and y,(?),y,(¢?) are linearly

dependent.

5 (a). yl” —4y, =4e” —4e” =0, yz” —4y,=4e —4e7 =0, s0 yes, both are solutions to the

differential equation.

50). y=ey M)=2e% y,)=e2,y, 1)=-2¢.

2 -2
e
2

5@ W=,

=—-4 #0, so the solutions do form a fundamental set.

”

@ 3~y =dfse) e =045y, =afe ) (267) =0,

6(b). y(2)=e,y (-2)=1te’, y,(-2)=-2e,y, (-2)=e.

-1

e e
6(). W(E=2)= e__1 o 1= 2#0, so the solutions do form a fundamental set.
2

7(@). ¥ +9y =-9sin(3(r—1))+9sin(3(r—1)) =0,

yz” +9y, = —9(200s(3(t— 1))) + 9(2005(3(l— 1))) =0, so yes, both are solutions to the

differential equation.



Chapter 4 Second Order Linear Differential Equations * 59

7 ().

7 (c).

8 (a).

8 (b).

8 (¢).

9 (a).

9 (b).

9 (c).

10 (a).

10 (b).

10 (c).

11.

12.

13.

14.
15.

n(1=0,y"()=3,y,0)=2,y 1)=0.
0
w(a)= 3 0‘ =—-6#0, so the solutions do form a fundamental set.
y/=e(=2cost—sin?),y/’= e *'(3cost + 4sint)
yl” +4y/+5y,=e " (3cost+4sint—8cost—4sint+5cost)=0
v, =e ' (=2sint +cost),y} = e (3sint— 4 cos?)
yz” +4y,+5y,=e'(3sint—4cost—8sint +4cost +5sint) =0
MO =1,y (0)=-2,y,00=0, y, ©)=1.
1
W)= ‘ ) 1‘ =1#0, so the solutions do form a fundamental set.
v, +2y, =3y, =9¢ —6 =3¢ =0,
Y, +2y, =3y, =9¢"? — 672 _ 367072 = 50 yes, both are solutions to the differential
equation.
n@=e*y 2)=-3¢",y,2)=1y, (2)=-3.
—6 1
wWQ2)= 306 3‘ =0, so the solutions do not form a fundamental set.
|— e —
¥, =6y +9y, =P (9-18+9)=0
y, —6y,+9y,=e* "9t +6—6(3t+1)+91))=0
MW=Ly (2)=3,y,(-2)=-2,y, (-2)=-5.
1 -
W(=2)= ‘3 5‘ =10, so the solutions do form a fundamental set.
o (2 1] |2 1 .
[y1 yz] = [yl yz] |1 ; e 3#0,s0 {y1 yz} is a fundamental set.
2 1 2 1 o
[yl yz] = [y1 yz] ) 1 ; 1T 0, so {)71 yz} is not a fundamental set.
B 0 21710 2 .
[yl y2]= [yl yz] 1 -1 ; | -1 =-2#0,s0 {y1 yz} is a fundamental set.

The set is linearly independent since one function is not a constant multiple of the other.

=1In’* =2Int=2f,, so the set is linearly dependent (2f, — f, =0).
2 1 y 17 J2
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16.
17.
18.

19.
20.

21 (a).
21 (b).

21 (c).

22 (a).
22 (b).

23 (a).

23 (b).

24.

25.

26.

The set is linearly independent since one function is not a constant multiple of the other.
The set is linearly independent since one function is not a constant multiple of the other.
Set k,-2+k, - t+k,-(—t) =0 and evaluate at t=-10,1.
2 -1 —1|k of 2 -1 -1 B
2 0 0|k |=|0[. 2 O O:—2‘1
2 1 -1|k of 2 1 -1

‘:—4;&0.
1

Therefore, k, = k, = k; = 0 and the set is linearly independent.

fi=2,f,=sin’t, f, =2cos’ t. Therefore, 2f, + f,— f,=0 on —3< ¢<2,so the set is linearly
dependent.

fi=e', f,=2e", f, =sinht. Therefore, ; f, — 1 f, — f; =0, so the set is linearly dependent.

fi =1t f,=2t=2f,so the functions form a linearly dependent set.

fi =t f,=—t=~f,,so the functions form a linearly dependent set.

fi=1t,f,=1t—1.These functions form a linearly independent set since one function is not a
constant multiple of the other.

If f,=cf,, thenf, —cf, =0. Therefore, the set is linearly dependent.

Assume {f,,f,} 1s a linearly dependent set. Then

ko f;() + k, f,(1)= 0 with k and k, not both zero. Assume that k, #0. Then (1) =~($2) £,(1) on
the domain.

If f,=3f—-2f,, then 3f,— f,—2f, =0 on the domain. Therefore, the set is linearly
dependent.

Assume {f,,f,,f;} 1s a linearly dependent set. Then

k f,() + k, f,(t) + k, f,(t) = 0 with k,,k,,k; not all zero. Assume, without loss of generality, that

k #0.Then f,(n=—(2)£,(0-(%)A0.

Any set of functions containing the zero function is linearly dependent.

Consider {0, f,, f5,....f,}. Then 1-0+0- £, +0- f; +...+0- f, =0.

Suppose that f, = a,f, +a,f, and f, = b, f, + b, f,. Then (a,—-b,) f, + (a, — b,) f, = 0. Since the
functions are linearly independent, a, — b, =a,—b,=0; a,=b,, a, = b,.

On 0<t<oo, f,=|=t=f. .. f,— f,=0and{f,,f,} is linearly dependent.

On —o < t<oo, let k f, +k,f, = kt+k,||=0 and evaluate at

t==1. Then k +k,=0, —k +k,=0= k, =k, =0 and this is a linearly independent set.
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2 1
27.

S
-8 -1 -3
o2 1
Section 4.4

1(@. X+A1-2=(A+2)(A-1)=0.Thus y=ce™ +c,e'.
1 (b). y(0)=c,+c,=3,y(0)=—2c, +c,=-3. Solving these simultaneous equations yields
¢, =2 and c, = 1. Thus the unique solution to the initial value problem is y=2e™> +e'.

1(c). limy=ecoand limy=-co.

t—>—oco t—>o00
1 1 1,
2(a). A-1=0=>21= iE.Thus y=ce " +c,e.

2(b). y2)=ce ' +ce'=1,y'(2Q)=-1ce” +1c,e' =0. Therefore,

L1 e e’ . : s :
ce=ce’ = 5 =c = 5 and ¢, = o Thus the unique solution to the initial value problem is

~(1-2) (1-2)
e A+§e %

y=3
2 (c). ,lirEoy:wand }LIE)’:W-

3(@). A —42+3=(A-3)(A-1)=0.Thus y=ce’ +c,e'.
3(). y0)=c,+c,=-1,y(0)=3c, +c,=1. Solving these simultaneous equations yields
¢, =1and ¢, =—2. Thus the unique solution to the initial value problem is y = e —2¢".

3(c). limy=0and limy=-co.

4(@a). 222-5A+2=2A-1)(A-2)=0.Thus y=ce” +c,e”.
4 (). y0)=c,+c,=-1,y(0)=3c, +2c,=-5. Solving these simultaneous equations yields
¢, =2 and ¢, =-3. Thus the unique solution to the initial value problemis y = e’ — 3¢

4(c). limy=0and limy=—co,

5(@. A-1=A+1)A-1)=0.Thus y=ce +c,e'.
5(M). y0)=c,+c,=1,y"(0)=—c, +c,=-1.Solving these simultaneous equations yields

¢, =1and ¢, =0. Thus the unique solution to the initial value problemis y=e"".

5(c). limy=ecoand limy=0.

t—>—o0 t—

6(a). A +2A=A(A+2)=0.Thus y=ce ™ +c,.
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6 (b).
6 (c).

7 (a).
7 (b).

7 ().
8 (a).
8 (b).
8 (¢).
9 (a).
9 (b).

9 (c).

10 (a).

10 (b).

10 (c).

11 (a).

11 (b).

11 (c).

12 (a).
12 (b).

12 ().

13 (a).

y(=l)=ce’+c,=0,y'(-1)=-2c,e’ =2. Therefore, ¢,=—eandc,=1, and y=1-¢"""".

lim y =—co and limy =1.

A +52+6=(A+2)(A+3)=0.Thus y=ce +c,e”.
y(0)=¢,+c¢,=1,y"(0)=-3c, —2c, =—1. Solving these simultaneous equations yields
¢,=—1and ¢, = 2. Thus the unique solution to the initial value problem is y =—e™>' +2¢™.

lim y = —cc and limy =0.
f—>—oo0 f—>o0

AN =51+6=(A—-2)(A—-3)=0.Thus y=ce” +c,e”.
¢, +c,=1,2c, +3c,=~1.Therefore, ¢,=4 and c,=-3, and y =4e” —3e”".

lim y=0 and limy = —co.

AN —4=A+2)(A-2)=0.Thus y=ce ™ +c,e”.
y(3)=ce* +c,e® =0,y (3)=—-2c,e” +2c,e’ =0. Solving these simultaneous equations yields
¢, =0 and ¢, =0. Thus the unique solution to the initial value problemis y =0.

limy=0and limy=0.

paroe paren
822 —6A+1=(4A—-1)2A—-1)=0.Thus y=ce” +c,e”.

ce’ e, =4, Leeh +1c,e” =3 Therefore, ¢, =2¢” and c,=2¢”, and
y= 2¢" " +2¢"

Hm y=0and limy =c.

3

22 =34 =(A)2A—-3)=0.Thus y=c, +c,e> .
3
V(=2)=c,+c,e” =3,y (-2)= 5C2€_3 =0. Solving these simultaneous equations yields

¢, =3 and ¢, =0. Thus the unique solution to the initial value problem is y = 3.

limy=3and limy=3.

N —6A+8=(A—-2)(A—4)=0.Thus y=ce” +c,e*.

ce’ +c,et =2,2ce” +4c,e* =-8. Therefore, ¢, =8¢ and ¢, =—6e™*, and

y= 8@2(t_1) _ 664(1—1)

lim y=0 and limy = —co.

—>—oo [—>o0

A +41+2=0.Thus A=

—41£416-8
2

=-2% \/E and y= cle(_z_\“‘z)’ 4 Cze(—2+\e‘ 2)t )
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13 (b).

13 (©).

14 (a).

14 (b).
14 (c).

15 (a).

15 (b).

15 (©).

16.

17 (a).

17 (b).
17 (¢).

18 (a).

18 (b).

18 (¢).

19.

y0)=c¢,+¢,=0,y(0)=(-2- V2 )e, +(=2+ N2 )c, = 4. Solving these simultaneous equations
yields ¢, =—+2 and ¢, = /2 . Thus the unique solution to the initial value problem is

y =—\/§e(_2_ﬁ)t +\/§e(—2+\/5)t'

lim y = —cc and limy =0.

t—>—o0 t—>o0
4++16+4
2

N —42-1=0= A= =2++/5.Thus y= cle(z_“rs)' + czem”rs)’.

¢, +c,=1,(2-75)c, + (2 +/5)c, =2 ++/5 . Therefore, ¢,=0and ¢, =1, and y = eV

lim y=0 and limy = oo,

—>—oo [—>o0

1 . -
212_1:O.Thus l:iﬁ and y:cle KZ +C2e/\s2'

1 1
yO0)=c¢,+c¢,=-2,y(0)= _ﬁcl + ﬁcz =42. Solving these simultaneous equations yields

i

¢, =-2 and ¢, = 0. Thus the unique solution to the initial value problem is y =—2e¢

lim y = —cc and limy =0.

—>—oo [—>o00

Since lime™ =0, y(H)=ce™ +2, y(0)=c, +2=1=> ¢, =—1. Therefore,

yH=2-¢, P+or+B=AA+3)=a=3=0andy’(0)=y, = 3.

e—z Ce/lzt

=
W - p
—e' Ace™

= (A, +Dce™> ™" = 4¢* . Thus A, =3 and ¢ = 1. The second member of the

fundamental set is then y, =e”'.

A +0oAd+B=(A+1)(A-3). Therefore =-2 and B =-3.

The general solution is y = c,e” +c,e’" . Using the initial conditions, we have
y(0)=c¢,+c¢,=3,y(0)=—c, + 3¢, =5. Solving these simultaneous equations yields
¢, =1and ¢, = 2. The unique solution to the initial value problem is y =e™" +2¢”.

A +2A=0= A=0,-2. Graph (C) since it is the only equation admitting a nonzero limit as

t—> o0,

64 =51 +1=31-1)(2A-1)=0= A =—,—. Graph (B)

b

N | =

1
3
A —1=0= A=1-1.Graph (A).

Utilizing the hint given, we can make the substitution u(f) = y’(¢). The equation then becomes

u’ =5u" +6u=0.
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20 (a).

20 (b).

20 (c).

21 (a).

21 (b).

22 (a).

22 (b).

The characteristic equation of this new differential equation is A*—51+6=(1-3)(A—2)=0.

Thus u(f)= cl,eZZ + cz’e3’ = y’(¢). Antidifferentiation gives us

| |
y=—c e’ +=c,e" +c,=ce’ +c,e’ +c,.
2 3 ;

mx” + k' =0, mA +kA=mA(A+%)=0= l:—ﬁ,O. Thus x(f)=ce ™ +c,.
m

k
r_ _k “mt . — _ k. —_m — m
xX'=—--ce SO, =Xy, — o O =V 0= V,C = Xy Y,

m

mvg mv,

_k _k
x(=—"re " +x,+ S =x, + 2 (1—e).

mvy

limx(#)=x,+—".
t—>o0

N =—Q=A+QA-Q)=0.Thus r(t)=c,e™™ +c,e” . From the initial conditions,
r(0)=c, +c, =1, and r’(0) = —Qc, + Qc, = r; . Solving these simultaneous equations yields
1 -1 1 -1 : : .
¢ = E(ro -Q ro) and ¢, = E(ro +Q rO). Thus the unique solution is
1

1
r= 5(1’0 - Q_lro’)e_g’ + 5(1’0 + Q_lro’)eg’ = 1, cosh(Q) + Q'r/sinh(Qr) . When 7, =7/ =0,

r(#) =0 and the particle remains at rest at the pivot.

1 30(27)

rn=0,r=—,/(=3,Q= = 7. We need to find r when r(¢) = ¢ = 3. With this condition,
0 5 60

sinh(7tt) . Solved for ¢, t=1.44705 seconds.

—Ei k/ Y 402
12+%Z—QZ=O.Thus}ti= 1n (f")Jr

Q-
| —

we have r(f)=3=

and the general solution to the differential

equation is 7= c,e*" + c,e™. From the initial conditions, we have

¢, +¢,=0and A_c, + A,c, = rj . Solving these simultaneous equations yields

o' .zsinhB [W H
\/% |+ a0

r’
c,=—c, = 0 ,and thus r(7)=

) a0

1
m=R’k=R> ..— =— would decrease.
m R
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2
22 (¢). Q=20 =20(27r) /60 = ;r ) !

m
2 2
(ﬁj +40Q° = [16+4 4z =5.79139, i=2’ n=1
" 9 2m

1-e™ -25sinh[2.89594
()= ¢ 28Inh(289594 o) 03605¢m.
579189

k

I, —=4s"

23 (a). r= c2[el*’ - eb] where A, >0 and A_ <0 (from question 22). For the positive limit,

A :9:%(—£+ (%1)2+4§22J.Therefore

[\S]

2
2 2
Q+= (k) +4Qz,and§22+2£§2+(£) :(ﬁ) +4Q°. Then
m m m n

ZEQ: 3Q°, and K = gQ.

m m

Kk’ 25
23 (b). Using the relation reached in part (a), (—j +4Q°% = %QZ +4Q° = ZQZ' Therefore
m

\/W:%Q and A :%{_5_ (57) +4QZ}:%[—§Q—§Q]=—2Q.

1 3 Q ’ Q
),+:_[__Q+§Q]:_,andso r(t) = %o e? —e |,
21 2 2 2

Section 4.5
1(@. X +22+1=A+1)°=0.Thus y=ce ' +c,te”’.

t

1 (b). y' =—ce +c,(1-1t)e”". From the initial conditions, we have

ce' +c,e’ =land —ce™ +¢,-0=0, and thus ¢, =0 and ¢, = e. The unique solution is then

y()=te ",
1(c). limy=—coand limy=0.

2 (). 9A'—61+1=3A-1)>=0.Thus y:cle% +czte%.
2(b). y=2tce’ +e,(1+1)e”. ce+3ce=—2and Lee+2c,e=—3= ¢, =¢ ' andc,=—¢"'. The
unique solution is then y(#) = et = 1- t)e“i% .

2(c). limy=0and limy=—co.

1——o0 1—>

3(@). A +6A+9=(A+3)°=0.Thus y=ce ™ +c,te”".
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3(b). y =-3ce” +c,(1-3t)e”" . From the initial conditions, we have

¢,=2and -3¢, + ¢, =-2, thus ¢, = 4. The unique solution is then y(#)=(2+ 4f)e .

3(c). limy=—coand limy=0.

4(a). 2522 +20A+4=(51+2)*=0.Thus y=ce > +cte ™.
4 (b)- y, = _?che_%t + 02(1_ %)e_%t'

ce’+5c,e” =de”and Feel +(1-2)ce =—3¢7 = ¢ =—landc,=1.

t

The unique solution is then y(7)= (71— 1)e_% .

4(c). limy=—coand limy=0.

[—>—oo0 [—>00

t t

5(a). 41 —4A+1=2A-1)*=0.Thus y=ce? +c,te>.

2 ro: ..
5(). y'=—=ce?+c,(1+—-)e?. From the initial conditions, we have
y P 2 >

1 1 1 1 1 1
ce? +c,e? =—4 and Ecle2 + Ecze2 =0, and thus ¢, = —6¢ * and ¢, = 2e¢ *. The unique

t—1

solution is then y(#)=(—6+ 2t)e7 .

5(c). limy=0and limy=co.

6(a). A —4A+4=(A-2)"=0.Thus y=ce” +c,te”.

6 (). ce’—ce’=2and2ce”’ +(1-2)c,e”’=1= ¢,=—e” and ¢, =3¢’
The unique solution is then y(f) = (=1— 3£)e*"*™".

6(c). limy=0and limy=—co.

7 (). 16A*=8A+1=(4A—-1)>=0.Thus y=clez+cztez.
1
7 (b). From the initial conditions, we have y(0)=c, =—4 and y; = ch +c¢,=3.Thus ¢,=4,and so

1

the unique solution is y(#) = (-4 + 4t)ez.

7(c). limy=0and limy=-co.

8(a). A +2V2A+2=(1++/2)>=0.Thus y= cle_“@ + czte_‘@.
8 (b). ¢,+0=1and —~2¢c,+(1-0)c,=0=> ¢,=land ¢, =2
The unique solution is then y(f)=(1+ «/Et)e"‘@.

8(c). limy=-—coand limy=0.

—>—oo [—>o00
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5 5

5\’ 3, 3,
9 (a). ),2—5/l+6.25=(/1—5) =0.Thus y=ce? +c,te?.

5 3 513
9(M). y'= Eclezf + cz(l +— tjezl. From the initial conditions, we have

\S)

ce”—2c,e”=0and =ce” —4c,e” =1, and thus ¢, = 2¢’ and ¢, = €. The unique solution is

5
then y(1) =2+ e .
9(c). limy=0and limy=oo.

10 (a). 34 +2V32+1= (V34 +1)>=0.Thus y=ce = +cyte .
10(0). y'=Fee ™ +ey(l-)e ¢, +0=2v3and e, +(1-0)c,=3= ¢,=23and ¢, =5.

The unique solution is then y(7) = (2\/5 + St)e_‘%t.
10 (c). lim y=—coand limy=0.

t——c0

1. 2 -20A+a*=(A-a) =0.Thus y=ce” +c,te” . From the initial conditions and the graph

provided, y(0) = ¢, =0 and at the maximum, y” = c¢,(1+ ot)e” = 0. Solving for the ¢ coordinate

. . 1 1
at the maximum gives us ¢, =——=2, and thus o = 5
o
. . . . 1) - -
Solving for the y coordinate at the maximum givesus y,_._=c, (——je '=2c,e”' =8¢, and
(04

thus ¢, = 4. Finally, the equation for y(z) is y(¢) = 4te 2, and a = —%, ¥, =0, y; =4.
” 4 ’ 4 1
12.y"=0 ~o=0, y=yi+y,, y0)=y,=2, yA)=(p)H+2=0=y;=——.

1
Therefore, y(f)=—31t+2, =0, y, =2, y(’):_E'

t t

13. 42 +4A+1=(24+1)"=0.Thus y=ce > +c,te . From the first point given, we have

1 1 1
y(1)=ce 2 +c,e > =e 2.From the second, we have y(2) =c,e”' +2c,e”' =0. Solving these
1 2 y 1 2 g

t t

two simultaneous equations yields ¢, =2 and ¢, = —1. Finally, we have y(¢) = 2¢ 2 —te 2, and

_r 1 !

differentiation gives us y’=—e % — 5(2 —f)e 2. Thus y(0)=2 and y’'(0) =-2.
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[N /4

14 (a). y,=e'v,y,=e'v+e'V, y)=e'v+2ev' +e'v”. Therefore
(V" +20+v) - 2t+DHW +v)+(t+DHv=0=
W+ QRt=2t—-DV +(-2t=-1+t+1)y=10"-0v"=0;

2
’ t
u=v, u —t'u=0, (t_lu) =0, u=ct=>v=c— ..y,=te
2

t t2 t
14m). w= " =26 #0 on (~0,0) and (0,9).
e (" +20e
2t+1 t+1
14 (c). p(t)= —%, q(t) = 5 continuous on (—<,0) and (0,e0).

15@). y, =tv, y, =v+10’, y/=t0"+2v". Therefore

£av” +20) - v+ 1) +to=v” + v = £(tv” +v’) =0, and so

’ . C .. . . . ’
(tv’) =0, which means that v” = —. Antidifferentiation yields v = cln|t| +¢’, and thus
t

y, =t1nff.
t  tlnft
15 (b). W= e t #0 on (—,0) and (0,c0).
1 Inff|+1

15 (¢). p(t)= —1, q(t)= l2, continuous on (—e0,0) and (0,e0).
t t

16 (a). y, =vsint, y; =v"sint+ vcost, y;=v"sint+2v’ cost—vsint. Therefore
(v”sint+ 20" cost—vsint) — (2cot )(v'sint +vcost) + (1 + 2cot’ f)sinv =0 =
v”(sinf) + v’ (2cost— 2cot tsint) + v(—sinz— 2cot fcost + sint + 2cot” tsint) = 0
=v’sint=0=v"=0, v=¢t+c, ..y, =tsint.

sint tsint

16 (b). W = =sin’t#0 on (nz,(n+D7)n=....-2,-1,0,1,2,....

cost sint+zcost

16 (c). p(t)=—2cott, g(f)=1+2cot’¢, continuous on same intervals.

17 (). y,=(t+1)’0, y,=2(t+ Do+t +1)°0, y7=(t+1)>0” + 4(t + 1)V’ + 2v. Therefore
(t+ D" + 4@+ D’V +2(t+ D’ v—4[2(t + D0 + (1 + D)’V |+ 6( + 1)y
=(t+1)*v” =0, and so v” =0. Antidifferentiation yields v = ¢,(t +1) + ¢, , and thus
y, =+ 1)’.

t+1?> (@+1)’

17 (b). W= )
2t+1) 3(@+1)

=(t+1)* #£0 on (—eo,—1) and (—1,00).
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17 (¢). p(t)= _il’ q(t) = ——, continuous on (—eo,—1) and (—1,0).
t+

t+1)*’

2,

2 2
18(a). y,=e¢ ' v,y;="2te" v+e 'V, .
2 2 2 2 2
y/==2e""v+4tre v=2te V' =2te” V' +e V.

Therefore, V7 — 410 + (2 + 4 +41(20v + V) + R+ 4Hv=0=v"=0;

sv=cttc,, y,=te .

2 2

e te”
2 2 2
Dte" e =21

_of?

18 (b). W = =e " #0 on (—oo,00).

18 (c). p(t)=4t, g(t)=2+4+>, continuous on (—oo,c0).
19 (). y, = (1=2)*0, ¥} =2(t = 2)0+(t = 2)*V’, y/'=(t —2)*0" +4(t — 2)V’ + 2v. Therefore
(t=2)""+4( =2’V +2(t =20+ 2(t-2)’v+(t=2)’'V —4(t—2)*v =0, and so

”

v+

v’ =0.Thus ((r- 2)50')' =0, and antidifferentiation yields v = —

—L —+¢,
(t—2) 4t —-2)"

and thus y, = (1 - 2)7.

(-2 (-2~ 4
19 (b). W= =— —00,2 2,00),
9Mb). W 2—2) —2(i-2)" (t_z);tOon( ,2) and (2,00)
1 4 .
19 (¢). p(t)= E, q(t)=— TR continuous on (—,2) and (2,c°).

[N /4

20 (a). y,=e'v, ¥y, =e'v+e'V’, y)=e'v+2e'v’ +e'v”. Therefore
-1 -1
v”+21)’+v—(2+n7)(v’+v)+(l+n7jv:0:>

n_l n n t

4
V=0= (") =0V =c s v="21" Ly, =1

e[ t"et n—1 2t
20(b). W= | =nt""e".

e (nt"" +1")e'

Ifn=1, W #0 on (—eo,0). If n =22, W #0 on (—<0,0),(0,00).

-1 -1
20 (¢). p(t)= —(2 + nT), q(t) = (1 + nT)’ continuous on same intervals.
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Section 4.6

1 (a).

1 (b).

1 (c).

1(d).

1 (e).

2 (a).
2 (b).
2 (c).
2 (d).
2 (e).
3 (a).
3 (b).
3 (c).

4 (a).

4 (b).
4 (c).

5 (a).

5 (b).

2™ = 2(005% + ising) =1+iV3

—2:J2e7 M = —2\5(005? +1isin _Tn) =-2+i2

Q2=De ™ =2 -i)(-i)=-1-12.

! e’ L (cos7—n+isin7—n)———\6 —i—1
242 242 42 42

6 6
(\Ee"”“y =4¢"™ = 4(cos2?n + isinz?n) = 4[—% + zg] =-2+i23

2005(«51‘) +1i2 sin(«ﬁt)

2e cos(3t)—iZe ' sin(3f)

—Le[cos(t+ ) +isin(t + )] = Le* cost +iLe’ sint.

3/3e% cos(31) +i3+/3e* sin(3¢)

—%(cos 3mt+isin3m) = —%cos@m) - i@ sin(37t)

A +4=0,and thus A =+i2.

y = ¢, cos(2t) + ¢, sin(2t)

Yy’ =—2¢,sin(2t) + 2¢, cos(2t) . Using the initial conditions, we have
y(m/4)=c,=-2 and y'(m/4)=-2c, =1.Thus

¢ = _%, ¢,=-2,andy= —%cos(2t) —2sin(2¢).

2 +4-
/12+2/l+2=0:>/1=#8=—1ii.

_ ~t —t
y=ce ' cost+c,e sint
Yy =—ce ' cost—ce " sint—ce sint+c,e ' cost. y(0)=c¢, =3 and y'(0)=-c,+c,=—1.

Thus ¢, =3, ¢, =2, and y =3¢ ' cost+2e¢ 'sint.

9A* +1=0, and thus lzii%.

t . (1
y=¢ cos(g) +c, sm(g)
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5@. y'= —%cl sin(%) + %cz cos(%). Using the initial conditions, we have
V31 1 (1) 1 (3

n/2)=—c, +—c,=4 and y'(n/2)=——¢,| = |+=¢c,| — |=0.
y(w/2) 5 T4 y'(m/2) 305 )39

Solving these simultaneous equations gives us

¢, =243, ¢, =2, andy=2\@cos(§)+2sin(§j.
2+V4-8 1.1
-

6(a). 2421 +1=0= A=

— Xl _.

2
6(b). y= cle% cos(é) + czeé sin(é)
6(c). ¥ =4%cetcos(£)—Scetsin(4) +Sc,e’ sin(4) +Lc,e’ cos(4).
y(m)=—c,e > =1 and y'(-1)=—Lce?(=1) +Lc,e?(=1)=—1. Thus

c,=—-3e’, c,=—e?, and y=-3e cos(é) —e’ sin(é).

NG

7 (a). X +A+1=0,and thus l:—%ii

7(M). y= cle_g cos[% t] + cze_i sin[% t]

, 1t (Y3)) V3 (43
7). vy :—Ecle 2 cos, Tt —Tcle Zsin Tt

L (BB 2 (VB
——c,e *sinf —t|+——c,e cos| —1|.
2 2 2 2

I

Using the initial conditions, we have y(0)=¢, =-2 and y’(0)= —%cl + 762 =-2.
Solving these simultaneous equations gives us

¢ ==2, ¢, ==23, and y = —2¢ > COS(%& “he? sm[?&

—4+16-2
8 (a). /12+4/1+5=0:>/1=#:—2ii.

8(b). y=ce cost+c,e sint
8(c). y' =-2ce cost—ce ' sint—2c,e” sint+c,e” cost.
y(%) =c,e” =7 and )”(%) =—ce " —2c,e” =-2.Thus

T

P2 .
c,=e¢", c,=Le", andy=e " (cost+1Lsins).
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9(a). 94 +6A+2=0,and thus Az—%ii%.

=< (t < . (1
9(M). y=ce’ cos(g) +ce ’ sm(g)

1 - 1 - 1 1 -
9(). y=—=ce? cos(lj —-—ce’ sin(lj ——c,e’ sin(ij +—c,e’? cos(i). Using the initial
3 3) 3 3) 3 3) 3 3

1 1
conditions, we have y(3m)=—c,e " = ¢, =0 and y’'(3n)= —§c2e_’t =3 Solving these

t
. . . Y D L
simultaneous equations gives us ¢, =0, ¢, =—e", and y =—e *¢" s1n(—).

10 (). A +47°=0= 1 =+27i.
10 (b). y = ¢, cos(2m) + ¢, sin(27r)

10 (¢). y’ = —2mc, sin(2nr) + 27c, cos(2nt) .

1
)’(l):c1=2 and y’(l):27[C2:1:>C2:§

1
Thus y=2cos(2nr) + 2—sin(2n‘t).
T
11 (a). *=2+421+3=0,and thus A =~/2 i.
11 (b). y=c,e"* cos(r) + c,e” ¥ sin(t)
11 (c). y' =2¢e ¥ cos(t)—c,e’ sin(t) + 2c,e"* sin(t) + ¢,e” cos(r) . Using the initial conditions,

we have y(0)=¢, = —% and y'(0)=+/2¢, +c, =2.

Solving these simultaneous equations gives us

12 (a). I +72=0=> A= i%i.
12 (b). y=¢, cos(% t) +c, sin(% t)

12 (c). y' = _%Cl sin(% t) + %cz cos(%t).

Thus y = —2cos(% t) + 3sin(% t)
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

A = *i, so the characteristic equation must be A*+1=0.Thus a=0andb=1.

1 1
=y(n/4)=——-1and y. = y'(n/4) = —+1.
Yo = y(1/4) NG and y; = y'(1t/4) N

A =24, so the characteristic equation must be A*+4=0.Thus a=0and b= 4.
=y(n/4)=2 and y; = y'(w/4)=-2.

A =-2%1i,s0 the characteristic equation mustbe A* +4A1+5=0.Thus a=4 and h=35.
=y(0)=1landy, =y'(0)=-2—-1=-3.

A =1%£2i, so the characteristic equation must be (A—1)* +4=21>-21+5=0. Thus

1
a=-2andb=5.y,= y(n/6)—— gandy0 y(/6)_—5—%

A = +im, so the characteristic equation must be A + 7> =0. Thus a=0 and b = 1°.

= y(1/2)=—1 and y, = y’(1/2) = —/3m.
y=sint+cost, so ¢ =0 and B=1. Rcosd=1and Rsind=1, so R=+/2 and 5:§.Thus

y:ﬁcos(t_g).

y=cosmt—sinmt, soa=0and f=m. Rcosd =1 and Rsind =—1, so R=+/2 and 5:%.

Thus y= «Ecos( t_?j
y:e’cost+«@e’sint, soazlandﬁzl.RcosSzlandRsinéz«@,so R:2and5:§.

Thus yz«@e’cos(t—g).

y:—e"cost+xﬁe" sint, so ¢ =—1 and B=1. Rcosd = —1 and Rsind =+/3 , s0
R=2and o =2?n. Thus y:2e"cos[t—2?nj.

y=e ' cos2t—e 'sin2t,s0 ¢ =—2 and f=2. Rcosé=1and Rsind=—1, so

7
R=+2and 6= %E Thus y=~/2¢™ cos(2t— Tn)

2

WPZCOSGIJ, a=0, b=%, Yo =2, % =0.

3 ] 3
y(®)= COS(Et_ %j’ a=0, b= Z’ Yo = COS(%} Vo = ESin(%j .
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25.

26 (a).

26 (b).

26 (c).

27 (a).

27 (b).

27 (c).

28.

29.

)’(t)=%cos(2t—%tj, a=0,b=4,y, :%COS%’ Yo :Sin%t
—utu’—40’ u
R rpl+o’=0. A=—H -3 -
a 2 2 Vo —u?

LB
2
y=ce cos(\/a)2 ' t) +ey e sin( )
y0)=c¢ =2, y(O)———Cl"‘\/w L, =

y=e ' 2003(\/a)2—”72t)+ ‘u “Tt)

4w 20
O = 0= o’ - 2\/a)2—“ Vo’ -
ot (a+iB)t 1 (a—iB)t ot 1 (a+iB)t 1 (a—iB)t
e’ cosft=—e +—e , e“sinfit=—e —-—e
21 21
11
[e“’ cospft , e s1nﬁt] [ (a+iB)e , (e=if) % 23
2 20
1 1 -~ _
., _2_1 _2_1' 1 1
detA=——,s0 A 2 =
i 1 1 i =i
2 2 i
(o+ip)t (a—iB)t ot o - 1 1]
[e , e ]z[e cosfr , e s1nﬁt] ~ |,s0
i =i
P = 0% cos Bt +ie® sin Bt and € * P = e cos Bt — ie” sin Bt

From Abel’s Theorem, a=0 .. y=c,cos3t+c,sin3t.

—4i+\-16-20
2

X +4i2+5=0,and thus A= =i, —5i. Thus y=c,e" +c,e”™"
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Section 4.7

~9.8(10)
0030

2(b). my”+ky=0, y”+326.67y=0, y(0)=0.07, y(0)=0.

2(a). ky=mg, k =3266.67 N /mor 32667 N /mm.

2 (c). a)z\/%=18.0739..., Y =c,CosWt +c,sinar.
y(0)=0.07, c,0=0=¢,=0 .. y=0.07cos(18.07397).
3. my” +ky=0, y(0)=0, y’(0)=2. The general solution to this differential equation is

y=c, cosat+c,sinwt, where @ = \/z . From the initial conditions, we have
m
, 2 . L 2 .
¥(0)=¢, =0 and y’(0) = wc, =2, and thus ¢, = — . The unique solution is then y = —sinar.
0] (0]

2 k . .
We know that y  =02=—,s0 w=10= 20" Solving for k yields k =2000 N/m.

0]

4. T=4(3-3)=2s.

1 1
4(0b). f=—==— Hz, o=2nf=m rad/s.

T 2
4 (c). R=3;the first maximum occurs at
3 (5 3) 1 n .
t:Z_(Z_Zj:Z .’.@(%)—62():}5:2, y=3COS(7Z'l‘—z) cm.
, ) RY/4
4(d). y(0)=3cos(%)=2.1213..cm, y (O):—37rsm(—%):$:6.6643..cm/s.

5@. my”+w +ky=0withm=10, y =7, k=100, y(0)=0.5, y’(0) =1. Thus with numerical
constants the initial value problem reads y”+0.7y"+10y =0, y(0)=0.5, y’(0)=1.

5(). A +0.74+10=0,and thus A =-0.35+i3.14285 = —c¢ +if3. The general solution is then
y=ce " cos3.14285t + c,e > sin3.14285¢ . From the initial conditions, we have
¥(0)=¢, =0.5 and y’(0) = —0.35¢, +3.14285¢, = 1. Solving these simultaneous equations
yields ¢, =0.5 and ¢, = 0.37386. Thus the unique solution to the initial value problem is

y=e"""(0.5c0s(3.14285¢) + 0.373865in(3.14285¢)). lim y(t) = 0, which means that the

damping dissipates the energy of the system, causing the motion to decrease.

—y £y’ —4mk
6 (). my”+pw +ky=0, mA’+yA+k=0= A= Y W

. Critical damping: y* = 4mk.
2m
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6 (b).

7 (a).

7 (b).

7 (c).

8 (a).

y=ce ' +cyte ™, y(0)=c, =0, y(0)=c, = 4.

v 2
y'(H)= 62(1— %t)e ' y'(t)=0 whent, = 7m

2
y(tm)zcz—me_lz— R N
14 2 7

m=1 slug, y=16¢" =5.886..1b-sec/ fi, k = Z— —8.6614..1b/ ft.
m

—y 2y’ — dmk

my” + 9 +ky =0 with y(0) = y,, y(0)=0. mA> + YA +k =0, and thus A = :

m
—y— |y -4 —y 4y —dmk
YAy dmk and A, = YNy = dmk

. The general solution
2m 2m

We can rewrite this as A, =

to this initial value problem is y = ¢,¢™ + c,e™". From the initial conditions, we have

y(0)=¢, +c, =Yy, and y'(0)=A,c, + A,c, =0. Solving these simultaneous equations for

. A -2 . Lo
¢, and ¢, givesus ¢, = 220 4nd ¢ = —Ado , and thus the unique solution is

A‘z _)“1 2‘2 _/11

(/’Lze’l" — /116/121)
)“2 - )‘1

y= Yo -

2 2 2 2
Y Yy —4mk 4 Y —4mk 4 Y —4mk
),lﬂ,zz[————}[——+ =37 2

2m 2m 2m 2m 4m 4m
dmk k b 2k .
AA, = mz =—=A,="=- . Therefore, limA,=0.
4m Ay yr—dmk =
Then, since A, + 4, = 2(_—7/) = —l, limA, = lim(—l - /12) = —oo,
2m m r—e roe\ m
Aeht — Qe Aett et
lim y(¢) = lim| | =2—2— |y, |= y, lim|| ==—— ==
gy H»H 2, ]yO} y%oﬂxz—a, PR
Zzl 1
=y, 0— limll—1 = yo[— m} =y,. As damping increases, the motion becomes suppressed,;
Yoo 2 —
z

the system “locks up” and tends to stay at its initial displacement.

—y Y’ -4
y+p +y=0, y0)=1, y’(0)=0, lz+j/l+1=0=>l=%

b

You=4=0=7,,=2.

crit



Chapter 4 Second Order Linear Differential Equations * 77

8 (b).

1 2 3 4 5 t

The plots are consistent. For a fixed ¢, y is tending toward y, =1 as ¥ increases.

4

k
9. For this problem, we must make ( =-— and pLLg = — . The volume of the drum is
m p m

5 2
V= n(aj 8 =507 cubic feet. Therefore,

&:Welghtof?qulv.vol.ofwater:5071(62.4):1.634. E:&§:1.634-(2)=6.535 =
P weight of drum 6000 m pL 8
A - N _05 ke
and -=-=0.15", m=5kg. k=32675 N/ y=05 /S
—y Ay’ —4mk
10.  my”+9 +hky=0, y0)=0, y'O) =y, mA +7A+k=0= A= ;/ e
m

2 bl
" 2m

dmk—y°
10 (a). Underdamped: A =-a+if3, or=- ﬂ:@

y=ce“cosft+ce”sinft, y0)=c, =0, y0)=Pc,=y; - y(H)= %e‘“’ sin fr.

Critically damped:
y=ce H roe H y0)=¢, =0, Y0)=c, =y -~ y()=yje ' = yre .

Y 1 > y N
Overd d A=—4"—+— —dmk =———+ L
verdampe 5 5 \NY m 5 e

y=ceM +c,e™, ¢, +c,=0, Ae, +Ac, =y, =(A,—A)c, s.c,= —(/1 )i]l) =—c,.
2 1

I I R e =
P [e/llz_elzt]y(/):yz—e wl| _p Van? +eVen y(f)
27 M 2

()=

. — &t . inh(xt . i
10(b). As y > 7,.. e ™ —e 13 and use: Tim 2 ) _ t, hmM: ‘

crit? ) X 10 X
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Section 4.8
1(@). y,=3,y,=0,0-23)-33t-1)=-9r-6+3=-91-3.
1(b). ¥-21-3=(A-3)(A+1)=0,and thus y.=ce” +c,e’.
1(c). y=ce " +c,e’ +3t—1.From the initial conditions, we have
y(0)=c¢,+c,—1=1and y’(0)=—c, + 3c, + 3= 3. Solving these simultaneous equations yields
¢ :g and ¢, =%,and SO yz%e" +%e3’ +3t—1.
2(b). y.=ce " +ce’.
2(c). y=ce ' +ce’ - %62’.
y0)=c¢,+c,—3=1and y’'(0)=—c,+3c,-3=0=>¢, =% andczzé,andso
y=2e¢ " +1e¥ -1,
3(a). y,=8e", yr=32¢", "(32-8-2(2))=20e"".
3(). ¥-A-2=(A-2)(A+1)=0,and thus y.=ce” +c,e’.
3(c). y=ce " +c,e’ +2e* . From the initial conditions, we have
y(0)=¢,+c¢,+2=0and y’(0)=—c, + 2c, + 8 =1. Solving these simultaneous equations yields
c,=landc,=-3,andso y=e"' —3e” +2¢".
4(). y.=ce ' +ce.
4(c). y=ce ' +c,e’-5.
y(=1)=ce' +c,e?=5=0andy'(-1)=—c,e' +2c,e>=1= ¢, =3¢ and ¢, =2¢*, and so
y =3¢ 422 -5,
5(@). 2+Q2t-2)=2t.
5(M). X+A1=AA+1)=0,and thus y. =ce " +c,.
5(c). y=ce ' +c,+t—2t.From the initial conditions, we have
y()=ce ' +c,—1=1and y’(1)=—c,e”' +2—2=-2. Solving these simultaneous equations
yields ¢, =2e¢ and ¢,=0,and so y =2¢™"" + 1> - 2¢.
6(). y.=ce +c,.
6(c). y=ce ' +c,—2te".
y0)=c¢,+c,=2and y’'(0)=—c,—-2=2=c¢,=—4 andc,=6,and so y=—4e™ +6—2t¢".
7(a). y,=2-2sin2t, y, =—4cos2t, —4cos2t+ (2t +cos2t) =2t— 3cos2t.
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7(b). A*+1=0,and thus y. =c,cost+c,sint.

7(c). y=c,cost+c,sint+2t+cos2t. From the initial conditions, we have
y(0)=c¢,+1=0 and y’(0)=c, +2=0. Solving these simultaneous equations yields
¢,=—land ¢, =-2,and so y =—cost—2sint+ 2t +cos2t.

8(b). y.=c,cos2t+c,sin2t.

8(c). y=c,cos2t+c,sin2t+2e"".
y(m)=c¢,+2=2and y'(r)=2¢,+2=0=¢,=0and ¢,=—1,and so y =—sin2¢t+2¢"".

9(a). 10—2(10(t+1)+10(t+1)* =10-20¢—20 + 10¢* + 20 + 10 = 107°.

9(b). F-24+2=0, soA=1%i,andthus y.=c,e cost+c,e'sint.

9(c). y=ce' cost+c,e'sint+5(¢+1)>. From the initial conditions, we have
y(0)=c¢,+5=0and y’(0) =, + ¢, +10=0. Solving these simultaneous equations yields
c,=-5and c,=-5,and so y =—5¢' cost—Se'sint+5(¢+1)*.

10 (b). y. =c,e' cost+c,e'sint.

10 (¢). y=c,e'cost+c,e'sint+2cost+sint.
y(%)= c,e’ +1=1and y(%)= —cie? +ce’ —2=0=¢,=-2¢ " and ¢, =0, and s0

y=-2¢'""?cost+2cost+sint.
’ 1 2 t ” 1 2 t t2 ‘ ] 5 . tz , .
11 (a). yP:E(2t+t )e', yP:E(2+4t+t )e', and E+2t+1 e _z.i(ztﬂ )e +Ee — o'

11 (b). XY-2A1+1=(A-1)>=0,and thus y. =ce’ +c,te'.

2
t e ..
11 (c). y=ce' +c,te' + Ee’. From the initial conditions, we have

y(0)=¢,=-2and y’(0) = ¢, + ¢, =2. Solving these simultaneous equations yields

t2
c,=—2andc,=4,and so y=-2e¢" +4te' +—¢".
2

12 (b). y. =ce' +cyte'.

12 (c). y=ce' +c,te' +1" +4t+10+cost.
y0)=c¢,+10+1=1and y’(0)=c,+c,+4=3=c¢,=-10and ¢, =9, and so
y=-10e' +9te' + > + 41 +10 +cost.

13.  First, y, = qu+ a,v . Now we have

yp+p)y, +q(t)y, = al(u” + p(Hu’ + q(t)u) + az(v” + p(t)v’ + q(t)v) =ag +a,8,
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

; I 1 1 2
e +2t+5=2[26 +1] 3t Thus y, = 2ul+§u3.

de —2=22¢" —1~1] +—[3t]. Thus y, = 2u, +%u3.

1 1 1 1 1 1
coshtzEe’+Ee_t:4[2e +1] [Ze‘t—t 1]+— 3t]. Thus y, = 4ul+—u2+ Us.

47712
Differentiation gives us y/, =2e* —2t, y% = 4 —2. From the given differential equation, we

have g(f)=4e* —2+2e* —2t—e” +1*=5e" +1" —2t-2.

| . . . .
Differentiation gives us y, =3+—1 2, y, —Zt * From the given differential equation, we

2
1 _3 1 _1 _1 1 _3
have g(t)=—zt2—2(3+5t2j:—6—t2—zt2.

Differentiation gives us y;, =3, y, =0. From the given differential equation, we have
gt)=1-0+¢"-3+2-3t=3¢" +6t.

e
1+1¢

Differentiation gives us y; = . From the given differential equation, we

” 1
P T T )

have g(f)=-— >+In(1+1), t>-1.

1
(I1+9

Differentiation gives us y;, =—sint, y, =—cost. From the given differential equation, we have
g(H)=—cost—sin’ ¢+ 2Jfjcos = (2[f|— 1) cost —sin’ ¢

A-D(A-2)=A-31+2=0= o=-3, f=2.Differentiation gives us

v, =—4e™, yr =8¢ and so g(r) =8¢ —3(~4e™) +2(2¢7) =247,
A=-10=A+DA=0, s0 L’ +A1=0and or=1, B=0. Differentiation gives us

yp=2t, y,=2,and so g(t)=2+2t.

A-1>=X-21+1=0= a=-2, B=1. Differentiation gives us

v =(+21)e', i =(£ +41+2)e',and so g(t)= (£ +41+2)e" —2(r* +21)e' + e’ =2e'.
A=1+i=(A-1)"=—-1, so =21 +2=0and o = -2, B=2. Differentiation gives us

v, =e' +cost, y,=e' —sint, and so

g(H)y=e' —sint— 2[e’ +cos t] + Z[et + sint] =e'—2cost+sint.

A +4=0= o =0, B=4.Differentiation gives us y, =cost, y’ =—sint, and so

g(t)=—sint+4(—1+sint) = 3sint—4.
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Section 4.9
1(@. X-4=0=y.=ce” +c,e”

1(b). y,=AL+At+A, y,=2At+A, y,=2A,.

1
o =4y, =2A,—4(AF + At+ A) =41 = A, =—5,A1 =0,A, =-1.

Therefore, y, =—1* - %
1(c). y=ce ™ +ce” -+ —%
2(a). y.=ce " +c,e”
2 (b). ypz—%sin2t.
2(c). y=ce ' +c,e’ ——sin2t

3(a). A +1=0= y.=c,cost+c,sint
3(b). y,=Ae, y,=Ae, y,=Ae'.

yp+yp=2Ae" =8¢ = A=4. Therefore, y, = 4e'
3(c). y=c,cost+c,sint+4e’

4 (a). y.=c,cost+c,sint

2 1
4(b). y,= —getcost+ge’ sint.

. 2, 1, .
4 (c). yzclcost+czsmt—§e cost+§e sint.

5(@). (A-27=0= y, =ce +c,te”

5(). y,=Are”, y,=QAf +2A0e”, y7 =(4Ar +8At+2A)e™ .

2

1 t
yr—4y,+4y,=e’ = A= 5 Therefore, y, = 562’

2
5(). y=ce’ +c,te’ + Ee”

6(a). y.=ce’ +c,te”

1
6®d). y,= gcos2t+2.

1
6(c). y=ce’ +c,te’ + gCOSZt +2.
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7 (a).
7 (b).

7 (c).

8 (a).
8 (b).
8 (¢).
9 (a).
9 (b).

9 (c).

10 (a).
10 (b).
10 (c).

11 (a).

11 (b).

11 (c).
12 (a).

12 (b).

12 ().

13 (a).

N +2242=0=A=-1ti=y.=ce " cost+c,e ' sint
Vo =AL + AL+ AL+ A, v, =3AL +2At+ A, Yyl =6At+2A,.

3 3 1
VA2V, 42y, =02 A =0A =T A =D A=

1 3 3
Therefore, y, = Et3 - Etz + Et

_ . 1
y=ce 'cost+c,esint+—t —=t +=t
2 2 2

_ 5 2t
Ve =ce’ tcye
vy, =—te' +e'.

5 2t t t
y=ce tce —te +e .
_ —t -t 2
Yo =Ce cost+c,e  sint

v, =Ae + Acost+ A, sint, y, =—Ae — Asint+ A, cost,

yr=Ae " —Acost—A,sint. y,+2y, +2y, =€ +cost= A, =1,A =
1 2
Therefore, y, =™ +gcost+gsint

- o | 2.
y=ce 'cost+c,e sint+e +—cost+—sint
5 5

Ve =ce ' +c,
yp =26 =617 +12t.

y=ce ' +c, +2t -6t +12¢.

t

1 L
2/12—5/1+2=(2/1—1)(&—2)=0:>/1=5,2:yc =ce? +ce”

1

Vp = Aoteyz. Substituting into the differential equation yields y, = 2te? .

t t
— 2 2 2
y=ce?* tce” +2te

Ve =ce ' +c,
1 H_1 "
=——cost+ —sint.
Yp 5 B

1 1
. )
=ce ' +c,——cost+—sint.
y=q 27 )

t t

IN—6A+1=(BA-1)>=0=>y. =ce® +c,te?

1
5 b

A

2
5
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1

t
i 1 .+
13 (b). y, = (A + A,t*)e? . Substituting into the differential equation yields y, = gt3e3
s s 1
13 (c). y=ce® +c,te’ + gt3e3
14 (a). y.=c,e cost+c,e” sint

5 e
14 (b). =ft——+—.
(b). vy, 4 >

-t

- o . 5 e
14 (c). y=c,e ' cost+c,e” s1nt+t—Z+7,

15(@). Y +4A1+5=0=2A=-21i= y.=ce ' cost+c,e " sint

15 (b). y, = Ae™™ + B,cost + B, sint. Substituting into the differential equation yields

1 1
=2¢" + —cost+—sint.
Yp 3 3

_ o . _ 1 1.
15(c). y=c,e ' cost+c,e sint+2e™ +geost+osint

16 (a). y.=ce ' +c,e’
16 (b). y, = Ae ' cost+ Be ' cost+ C,t* + Cit+ C, + (D, + D,)e™
= Ae ' cost+ Be ' cost+ C,t° + Cit + C, + Dit’e™ + Dyte™
17 (a). y.=c,cos3t+c,sin3t
17 (b). y, = A, + At + Ay)cos3t+t(B,* + Bt + B, )sin3t + Ccost + Dsint
= (A, + AP + Ajt)cos3t + (B,r’ + B’ + Byt)sin3t + +Ccost + Dsint
18 (a). y.=c, +c,e'
18 (b). y, = (AL + At+A)+ (B, + Bt+B,))e' = At + At + Ajt+(B,t° + Bt’ + Byt)e'
19 (@). X'=21+2=A-1>+1=0; y. =ce'cost+c,e'sint
19 (b). y, = Ae”'cos2t+ Be ' sin2t+ Cit + C, +e”'(Dt + Dy)cost + e (Et + E,)sint
20 (a). y.=ce' +c,e’’
20 (b). y, = Ate' + Bte™ + Ce* + De™
21 (a). y. =c,cos2t+c,sin2t

21 (b). Using sin(2¢) = 2sintcost and cos(2(2¢)) =2cos* 2t —1,
1 1 1
sintcost + cos* 2t = Esin2t + 5 + §c0s4t. Therefore,

v, = Atcos2t + Btsin2t + C + Dcos4t + E sin4t
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22 (a).
22 (b).
23.

24.

25.

26.

27.

28.

29.

30.
31 (a).
31 (b).
31 (c).
31 (d).
31 (e).

32.

32 (a).

Ye =c¢,8in2t+ ¢, cos2t

yp=Ae + B+ Ce”

(A+1)(A-2)=A-1-2=0,s0 =—1and B=-2. y” -y’ —2y = 4¢, which leads to the
general solution of y=ce™ +c,e” —2¢+1.

AMA+1)=2+21=0,s0 =1and B=0. y” +y =, which leads to the general solution of

2
y:cl+cze_’+3—t.

(A+2)(A+2)=A+41+4=0,50 a=4and B=4. y” + 4y’ +4y="5sint, which leads to

: § o 4 .
the general solution of y=c,e™ +c,te™ — gcost + gsmt.

1
o=0and f=1, yzclcost+czsint+t—gsinZt.

A=-1%i2, so (A+1)° =—4 and thus 2> +21 +5=0. Therefore. ¢=2 and f=5.

t

y”+2y"+5y=8e", which leads to the general solution of y =ce™ cos2t+c,e”’ sin2¢t+2e".
Since y, = t(At+ A,) + Byte™ , we know that 1 and ¢ are solutions and A>— 31 =0, and thus
oo=-3and B=0.

Since y, = Ajte” + Byte™ + Cit+ C,, we know that e* and ¢ are solutions of the
homogeneous differential equation. This means that A =42,s0 (A +2)(A-2)=A"-4=0, and
thus ¢=0and B=—4.

We know that cos2¢ and sin2¢ are solutions and A* +4 =0, and thus =0 and 3=4.

Graph C

Graph E

Graph A

Graph B

Graph D

W, =200 [b. The weight of an equivalent weight of water is W, = 8(62.4)=499.2 Ib.

200 p, 4992

32
m, = =— . Note: =2496= @’ = 2.496(—) = o =39.936.
p 200 2

10
Y + @ty = ~sinar, y(0)=0, y'(0)=0.

b
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32 (b). y.=c,cosmxt+c,sinwx, y, = Atcoswt + Btsinwr
y; = Acoswt — wAtsint + Bsinwt + wBtcoswt = (A + wBr)coswt + (B — wAt) sinwt

Y, = wBcoswt— (A + wB1)sinwt — WA sint + (B — wAt) coswt

. . 10 .
y;’ + a)zyp = WBcoswt — WASIin @t — WA sinwt + WB cos @t = —sinwt .

m,
10 5
Therefore, B=0, A=— =— and
20m,, wm,
Yy =c,cosmt +c,sinwt — tcoswt, y(0)=c, =0, y'(0)=wc, — =0=c,=——.
wm, wm, w'm,

5
y=——sinwt— tcosat, 0=6.3195 sec”', m, =6.25 slug.

wm, wm,
32 (c). Before being put into motion, the block is floating with a depth Y submerged, where
62.4(4)Y =200 = Y =0.80128...ft. Therefore, the model is valid if
—0.80128...< y<2-0.80128. From the graph, y =—0.80128 att=7 sec.

ARV, \3/ \/ 5 7118 ©
-0.5
1 -4
-1

33y 4 p0yp +q0)y, =W+ ")+ p()(W +iv') +q(O(u+iv)
= (u” + p(Hu’ + q(t)u) + i(v” + p(tyv' + q(t)v) = g,(1) +ig,(?). The real and imaginary parts

must be equal on both sides of the equation, so
u” + p(Hu’ +q(Hu= g,(r) and v” + p(t)v" + q(t)v = g,(1).
34 (a). y'—y=e", y,= Ae'™, Y, = i2Ae™, V= —4Ae™

, , . 1
—4Ae” —Ae” = = A= s

. 1 1 1
34 (b). Ae™' = —g(cos2t+ isin2f) = u= —gCOSZt, v= —gsin2t.

35 (a). y, =iAe", yy=—Ae". —Ae" +2iAe" + Ae" =2iAe" =e€",50 A= Y —é and y, = —ée”.
i
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] . 1. ] 1. 1 .

35(b). y, =—é(cost+is1nt):Esmt—écost.Thus uzasmtandv:——cost.For the real function,

” ’ 1 . 1 1 . . . .

u” +2u +u=—551nt+2 Ecost +§s1nt:cost.F0r the imaginary function,

i1 1) 1 .

v7+2v"+v=—cost+2| —sint |——cost=sint.

2 2 2

’ . it ” it it it it 1 1 it

36 (a). y, =iAe", y, =—Ae". —Ae" +4Ae" =¢ :>A:§and yP=§e .

1 1 1
36 (b). y, = 5(cost+ isint) = u= o8t v= gsint.
37 (a). y, = A(l+i2f)e™, yy=(i2+i2—41)Ae™ = (=4t +id)Ae™ . (-4t +id)Ae™ +4Ate™ =e™, s0

] I .
A=——and y,=——te'”.
g NPTy

' . ‘. ¢ t . t
37 (b). y, = —it(cos2t +isin2¢) = Zsm2t + i(—zcos%). Thus u= Zstt and v = —ZCOSZI. For the
t
real function, u” +4u=cos2t—tsin2¢+ 4(2 sin2tj = cos2t . For the imaginary function,

v’ + 4y =sin2t + tcos2t— 4[£cos2t) =sin2¢.

-1 —(4-i2 1
_ l):——+i—and

38 (). v, =—i2Ae™ ™, v/ =—4Ae™™ . (—4—iQD)Ae P = = A= =
@- ¥ e ( ) A+i2 20 570

1 1 1 1 1 1
38 (b). y, = (——+ i—)(cos2t— isin2t) = u=——cos2t +—sin2¢t, v = —sin2t + —cos2z.
5 10 5 10 5 10

39 (a). yj =(1+i)Ae", y7=(1+0)" A" = 24" . 24" + Ae™ = ) 50

1 1-i2 1 2 ;
* and Vp = (g—i—)e(”’)t.

T1+i2 5 5
I 2 1 2 1 2
39 (b). y, =(——i—je’(cost+isint)=e’(—cost+—sint)+ie’(—sint——cost).Thus
5 5 5 5 5 5

1 2 1 2
u= e’(gcos r+ gsin tj and v = et[g sint— gcos tj. For the real function,
” 4 2. (1 2. ‘ . :
uW+u=e gcost— gsmt +e gcost + gsmt = ¢’ cost. For the imaginary function,

, _,(2 i.) ,(_2 Lj_f.
v7+v=e'| —cost+—sint |+e cost+—sint |=e'sint.
5 5 5 5
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Section 4.10

1 (). y.=c cos2t+c,sin2t

L o) cos2t sin2¢ | uf 0 u/ 112cos2t —sin2t 0 —sin® 2t
b). —2sin2¢ 2cos2t | u) | |2sin2¢ 50 W, | 2|2sin2t cos2t |2sin2¢| |sin2rcos2t |

sin’2¢

t 1
Antidifferentiation gives us u, = > + gsin4t and u, = . Thus

t 1 1
yp = —50052t+ gsin4tcos2t+ Zsin3 2t and

. t | |
y=c,c082t+c,sin2t— EcosZt + gsm4tcos2t + Zsm3 2t.

1(c). y,=Atsin2t+ Btcos2t, y, =(A—2Bt)sin2t + (B +2Ar)cos2t,
yp =(—4B—-4Afsin2t+(4A—4Bt)cos2t. —4Bsin2t+ 4 Acos2t = 2sin2t, and thus

1 1
A=0, B= 5 and y, = > tcos2t. Combining the particular solution with the

complementary solution gives us y = C,cos2t+ C,sin2t— écos2t.
To reconcile, y, = £sin4tcos2t + +sin’ 2¢ = +sin2tcos’ 2¢ + +sin’ 2¢ = +sin2¢. Therefore, the
solution in (b) can be written y = ¢, cos2t+ (c, + }4)sin2¢— écosZt.

2(a). y.=c,cost+c,sint

cost sinf | u 0 u/ | |cost —sint| O —sint o o
2 (b). . , = ,s0| , |=| . = . Antidifferentiation gives
—sint cost | u, sect u, sint  cost | sect 1

us u, = Injcos# and u, = t. Thus y, = (cost)Incos4] + tsint and
y=c,cost+c,sint+ (cost)In(cost) + tsint, since cost>0 for —Z<t<Z.
2 (c). Method of undetermined coefficients is not applicable.

3(a). y.=ce +c,te

e' e’ u 0 ’ 1 (2 +2t)e" =t |0 -5e’
3. |, N g R I (7 +2e)e’ —rer O] 175 .
e (t +2t)e u, t u, | 2te —e' e |t le—z
2

r 1
Antidifferentiation gives us u, = (5 +t+1le" and u, = —Ee”. Thus

2
t _ I _
Vp :[—2 +t+lje ’e'—Ee '‘Pe'=t+1and y=ce' +c,t’e' +1+1.
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3 (c).
4 (a).

4 (b).

4 (c).
5 (a).

5 (b).

5 (c).

6 (a).

6 (b).

6 (c).
7 (a).

The method of undetermined coefficients is not applicable.

_ -t t
Y =C€ + c,e

e’ e |u 0 u| 1le —e'| 0 1 L .y )
o=l ksl Ll=21 L, L1 L |=| 5 | Antidifferentiation gives us
—e e U, l+e! u, 2 e e I+e' 2 14e!

—t 1

1 I, 1 - e w1 e .
ulz—Eln(1+et)andu2:—Ee +51n(1+e ). Thus yP=—71n(1+e)-5+Eln(l+e )

e’ 1 ¢
and y=ce " +ce’ ——In(1+e')-—+—In(1+e™").
y=a 2 > ( ) R ( )
The method of undetermined coefficients is not applicable.
Ve =ce e

1 2t
e’ e ful [0 w| 1le —e' 0| |75¢ . L
_ , 1= 1580 ,1==| _ I . Antidifferentiation gives us
- e |u; e w,| 2le’ e’ |e 1
2

1, t 1 t _ 1 t
=——e” and u, = —. Thus =——e¢'+—¢'and vy=ce ' +c.e'——e +—¢".
y, = Ate', and differentiation gives us y, = A(1+1)e' and y; = A2+ f)e’. Then we have
1 t t
AR+ 1)e' — Ate' =¢',and so A= 5 r= 5e’, andy=Ce™ +C,e' +5ef.

. .. . _ t
To reconcile, the solution in (b) can be written y =c,e™ +(c, — /i)e' + Eet.

y, = t*. Use Reduction of Order to obtain y,(7). y, =t’v, y,=2tv+ V', y7=2v+4n" +v"

Therefore,
’ 2..m ’ 2.m ’ 2_7\7 ’ kl kl
v+4n" + 1tV =4y =20+ 2v =0= 1tV + 20" = (V) 2V =S = v=——+k,.
t t

Using v=rt", y,=t, y. =t +c,t.

2 ofuw] [0 U/ 11 =] 0] |2 . L
=0, [so| == > . |=| ", | Antidifferentiation gives us
2t 1] w 1+12 U -2t ot L+ 1+17

1 t
u, =tan"'tand u, = —Eln(l+ t*). Thus y, = tztan‘lt—aln(l+ ) and

Lt
y=ct’ +c,t+ 1t tan lt—aln(1+t2).

The method of undetermined coefficients is not applicable.

_ t t
Yo =ce +cyte
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e te' u | [0 w | 1 |(t+De" —te' |0 |-t o
7 (b). , B S o I (O B ey . ) e . Integrating gives us
e (t+1)e' | u) e u, | e —e e |e 1

2 2 2
Vp = —Ee’ +1e' = Ee’ and y=c,e' +c,te' +Ee’.
7(c). y,=At’e",and differentiation gives us y = A(t2 + 2t)e’ and y; = A(t2 +4r+ 2)e’. Then we
have A(f* +41+2)e' —2A(£ +21)e’ + Ar’e' = ¢', and so

1 t2 t 1 t t2 1
A=E, yp=7e, and y = die' + d.te +Ee.

8(a). y.=c,cosbt+c,sin6t
8 (b) cos6t  sin6bf | u/ 0 u | 1|6cos6t —sin6r| O — e b
b). —6sin6t  6cos6t | u} | | csc’ 6t 50 W,| 6| 6sin6r cos6r | csc6r| —os |

1 1
Antidifferentiation gives us u, = gcot(&) and u, = —50802(60 . Thus

| 1 1 1
Vp = £c05(6t)cot(6t) - Ecsc(6t) and y = ¢, cos6t+c,sin6t + gcos(6t)cot(6t) - Ecse(6t) .

8 (c). The method of undetermined coefficients is not applicable.

9 (a). y.=csint+c,tsint

5 (b) sint tsint ul 0 ul 1 |[sint+rcost —tsint| O —1
. . = . » SO = . . = .
cost sinz+tcost | u) | |tsint u) | sin’t| —cost sint | sint t

3 2 3 3 3
.1 .. . t t ro. ro. .
Antidifferentiation gives us u, = 3 u, = 5 Vp = —gsmt + Esmt = gsmt, and

3
y=c¢ sint+cztsint+gsint.

9 (c). The method of undetermined coefficients is not applicable.

10 (a). y. =cit+c,tinltl

0. | tnl Tur] |, © o [ 1wl +1 il (0=l
|1 Inff 41w ;1n|f’ w, |t -1 t ;1n|f| nlg |

Antidifferentiation gives us u, = —%(ln|t|)3 and u, = %(ln|t|)2. Thus

¥y =——(Inft)’ + < (1nft)’ = é(ln|t|)3 and y:clt+c2t1n|t|+é(ln|t|)3.

z L
3 2
10 (c). The method of undetermined coefficients is not applicable.

11 (a). y. =ct+c,e
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t e | u 0 u 1 |e =—¢ 0 —e' . .
11 (b). , 1= L so |, = - L= . Antidifferentiation
1 e |u,| [(t=1)e wy| (t=1e'|-1 ¢ |(t—1)e t

. , r , P, . (7 t
gives us u, =-—e, uzzzs yp=-tle +Ee ;and y=c¢it+c,e + E_t e .

11 (c). The method of undetermined coefficients is not applicable.

t ‘2

12 (a). y.=ce” 4 c,te”

2 2 u 0 ’ =2 -t - 0 _t3
o). ¢ =] o | e U2 e BT
=2te™"  (1-2t)e™" | U, e u, 2te”’ e’ |te t

4 3 4 4
. 1 .. . t t o r. 42
Antidifferentiation gives us u, = 1 and u, = 3 Thus y, = —Ze T4 e =—¢" and

. A
y=ce' +cyte’ + Ee” .
12 (c). The method of undetermined coefficients is not applicable.
13 (a). y, =(r—1)*, and using reduction of order we have y, = (r—1)’v . Differentiation yields
v, =2(1=1)v +(r—=1)*v" and y7=2v + 4(t— )" + (t—1)*v”. Then we have
(=1 +4(e=1)v" +2(e=1)*v = 4(t=D[2(r= v + (1= 1)°v’| + 6(t=1)*v = 0. Thus
(1—1)*v” =0, and antidifferentiation of v =0 gives us v = k,(t—1) + k,. Then y, = (r—1)",

and so y, =c,(1—-1)" +c,(r-1)°

P () }m: e

2(r-1) 3(r—1) | 5 (1) |

-

t

u} ! [3@_1)2 P S B I P

;= = . Antidifferentiation gives us
LU, 2(t-1) (-1 1 (=1

T (=1 t

L (t— 1)4

(t-1)"

- 1 ) 1 5 1 3 1 1 1 r 1
=(r=1)"+=(-1)7, uy=—=(1=-1)"==(=1)", y,=(t=1)+=—=(1-1)—>=———,
%()2()% 2()3())’p()22()323
1
and y=c,(1—1)" +¢,(1—1)° +é—§.

13 (c). The method of undetermined coefficients is not applicable.
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14 (a).

14 (b).

14 (c).

15.

16.

17.

y, =e'. Use Reduction of Order to obtain y,(7). y,=e'v, y;=e'v+ev’, y/=e'(v+2v +v”)

Therefore, v7 +2v' +v—(2+2)v +1)+(1+ 2 =0=1"-2v" =0

t3
SEV)Y =02tV =k=v= k3 +ks

Using y, =te', y,=ce' +c,te’.

e' e’ uy 0 u | | +3t)e e |0 -<
t 3 2Nt N R ER s | 2 t t A
e (+3t)e' | u, e u, 3t —e e e 37
2 t_l 2 t2 t2
Antidifferentiation gives us u, =—— and u, =——.Thus y, =——e' ——¢'=——¢" and
6 3 6 3 2
2
— 1+ t3 r_ - t'
y=ce tote——e
The method of undetermined coefficients is not applicable.
’ O ’ ’ O —m
U u 1 -
[yl, yﬂ[ 1}=[ } :>[ 1}=—{ yz, yﬂ[ }: W |. Antidifferentiation yields
Vi Yo Uy 8 w| W=y » |8 put4
w
Dy (A Ny,(A
BN O GO PN LG0T g AU R IO ) WP
W) W (L) W ()
(O3 (D) = 3, (D), ()
and y=cy, by, + | S T ]gwdz. Y(0)=¢,y,(0) +¢,,(0) = y, and

Y 0)=c,y, (0)+c,y, (0) =y}, since y,(0)= y;(0)=0.
cos2t sin2t
—2sin2t 2cos2t

For this problem, we have y, = cos2t, y, =sin2t, and W = =2.Then we

rsin2tcos2A — cos2tsin2A
have y, = J.O >

o=0, B=4, y,=0, y;=0.

g(A)dA = %J.Ol sin(2(t— A))g(A)dA. Since y =y,,

—t t

For this problem, we have y, =e¢™, y,=¢', and W = =2.Then we have

—e' e
)

) = J-t[e’e —e'e

t A
. 5 ]g(l)d/l = JO sinh(z— A)g(A)dA . Thus we can see that y=e™' + y,, and so

o=0, B=-1, y,=1, yj=-1.
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1 ¢
18. For this problem, we have y, =1, y,=¢, and W = ‘O 1‘ =1. Then we have

Yp :J;[t—)»]g(/l)dl.Thus we can see that y=t+y,(f),andso =0, §=0, y,=0, y,=1.

Section 4.11

1 (a).

Ve =€, CO8M,t + ¢, SInW,?

1 (b). Casei: w#®,. y, = Acoswt+ Bsinwt, and differentiation yields

2 (a).

2 (b).

yi =—w’Acosot— @’Bsinwt. Then we have (a)02 - a)z)Acosa)t + (a)02 - a)z)B sinwt = F cosat,

F F
and thus B=0 and A=———. The particular solution is then y, = —5——cosar.
— Q)

0 0

Caseii: : w=w,. y, = Atcosw,t + Btsinw,t, and differentiation yields
yp = w,Bcosw,t— a)O(A + a)OBt) sinw,t — w,Asinw,t + a)O(B - a)OAt) Cosm,t

= (2a)oB - a)ozAt) cosw,t + (—2a)OA - a)02Bt) sinw,t. Then we have

2w,Bcosw,t —2m,Asin®,t = F cosw,t, and thus A=0 and B= . The particular solution is

0

F .
then y, = Etsmwot.
0

10-98
=mg, k= =1000N/_.
ky=mg, k=008 Vi

10y” +1000y = 20cos(107); y” +100y =2cos(107), y(0)=0, y’(0)=0.
v, = Atcos(107) + Btsin(10¢) and differentiation yields
vy =(20B —100A¢)cos(107) + (—20A — 100B¢)sin(10¢) . Then we have

1
y, +100y , =20Bcos(101) — 20 Asin(107) = 2cos(10t) = B = 0 A=0,and
t t
SOy, = —Osin(IOt) ,and y = ¢, cosl0z+c,sinl0z+ Bsin(lOt). From the initial conditions, we

t
have y(0)=c, =0 and y’(0) =10c, =0 . Thus the unique solution is y = Esin(lOt).
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2 (c).

3 (a).

3 (b).

3(c).

4 (a).

4 (b).

There is no maximum excursion.

. Y. /\ .
B i

10-9.8

=mg, k= 2 ~1000N/_.
ky=mg, k=008 m

10y” +1000y =20e™"; y” +100y =2¢™', y(0)=0, y'(0)=0.

v, = Ae”’, and differentiation yields y, = Ae™". Then we have Ae™' +100Ae " =2¢ ™', and so
2 2
A=—,y,=——¢',and y=c cosl0z+c,sinl0r+ ——e . From the initial conditions, we
101 101 101

2 2 2 1( 2
h 0)=c¢,+—=0and y’(0)=10c,———=0,and th =———andc,=—|—|
ave y(0)=c, 01 and y’(0) C, 01 and thus ¢, ™ and c, 10(101)

2 1
Thus the unique solution is y = ﬁ(_ cos107 + EsinlOt + e").

~0.035m.

max

ly

10-98
=mg, k= =1000N/_.
ky=mg, k=008 Vi

10y” +1000y = 20cos(8¢); y” +100y =2cos(87), y(0)=0, y’(0)=0.
yp = Acos(8¢) + Bsin(8¢) and differentiation yields y, = —-64 Acos(87) — 64 Bsin(8¢). Then we

1
have y;’ +100y, = 36 Acos(81) + 36Bsin(8r) = 2cos(81) = A= TS B=0,and
1 . 1 . .
SOy, = Ecos(8t) ,and y =c,cosl0z+c,sinl0z+ Ecos(i%t) . From the initial conditions, we
1 , 1 . ..
have y(0)=c, + T 0 and y’(0)=10c,=0= ¢, = g T 0. Thus the unique solution is

1 1
y = =g 008100 + -2 cos(81).
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4(). |yl =0.11m.

y(t)
0.11

0.05

-0.05

5(a). See 3 (a)
5(). On0<t<m: y”"+100y=2, y(0)=0, y’(0)=0. y, = A, and differentiation yields y, =0.

1 1 1
Then we have 0 +100A =2, and so A:%, Vp :%,and y=c100510t+czsin10t+5.From

1
the initial conditions, we have y(0)=c, + 0 =0 and y’(0)=10c, =0, and thus
1 . o 11
¢,=——— and ¢, = 0. Thus the unique solution is y = ————cos10z. At
50 50 50

1 1 10
t=m, y(m)= S0 Ecos(lmt) =0 and y’(m)= %sin(mn) =0. Then we have
y”+100y =0, y(n)=0, y'(nt)=0 for t> 7.

y=c¢,cos10t+c,sinl0t = y(r)=c¢, =0, y’(m)=10c, =0. Thus y =0 for this region.

iz0.04m.

5. bl = 0

|
6. y = 0.1sin(7t) sin(77t) = 0.1[5 (cos(67mt) — cos(87rt))} =0.05[cos(67t) — cos(8]
Therefore, y. = Acos(6rt) + Bsin(67r) and k =(6m)*. If y , = Acos(87r) + Bsin(87) , then
m
2 . 2 ) 20
—(87)°[ Acos(87) + Bsin(87t)| + (67)°[ Acos(87r) + Bsin(87t)| = —cos(87r) .
m

20 1 20
Therefore, (—64 + 36)n’A="—, (-64 +36)7°’B=0= A=— —= >
m

287° m Intm

and £= 3612, — 52 =005=m=1447.kg, k= 36m*m=5142857..N /m.
m Tn°m
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7 (a).

7 (b).

8 (a).

8 (b).

9 (a).

2y” +8y” +80y=20cos8¢, y(0)=0, y’'(0)=0. For the complementary solution, we have

A +4A+40=0, and so A =-21i6. Thus y. =c,e cosbt+c,e ' sin6t. For the particular
solution, we have y, = Acos8¢+ Bsin8t, and differentiation yields y;, =—-8Asin87+8Bcos8¢ and
yp =—064Acos8t—64Bsin8¢. Then we have

—64 Acos8t— 64 Bsin8t + 4(—8 Asin8z+ 8Bcos8¢) + 40(Acos8¢ + Bsin8f) =10cos8¢. Solving for

3 1 3 1
A and B yields A = 2 and B = 5 Thus y=c,e™ cos6t+c,e " sin6t — %COSSI + gsin8t. From

3
the initial conditions, we have y(0)=c, — 0 =0 and y’(0)=—2¢, + 6¢, + % =0. Solving these

. . . 3 13
simultaneous equations yields ¢, = 20 and ¢, = “60’ SO

3 13 3 1
y=-——e " cosb6t——e ' sinbt———cos8¢+—sin8t.
20 60 20 5

3 1
For sufficiently large ¢, y(7) = —%COSSI + gsin8t, and so the limit does not exist. This equation is

called the steady state solution.

Yo =ce 2 cos6t + c,e sin6t. For the particular solution, we have y, = Ae”™’,

10
Y7 +4y +40y, =10e” :>A—4A+4OA:10:>A:§. Thus

. 10 _ L .
y=ce ' cosbt+c,e sinbt + Ee '. From the initial conditions, we have

10 , 10 10 5
y(O)=c1+§:0 and y (0)=—2c1+6c2—§=0:>c1=—5, TR

10 5 : 10 _
y= —Ee”’ cos6t— me_z’ sin6z + 37 ‘.
limy(#)=0.
f—o0
Yo =ce 2 cos6t + c,e sin6t. For the particular solution, we have y, = Acos6t+ Bsin6¢, and

differentiation yields y;, =—-6Asin67+6Bcos6t and y, =—-36Acos6t— 36Bsin6z. Then we have
—36Acos6t—36Bsin6t + 4(—6Asin6¢ + 6B cos6¢) + 40(Acos6t + Bsin6¢) = 10sin6¢. Solving for

30 5 30 5
A and Byields A=—= and B=——.Thus y=ce " cos6t+c,e” sinb6t——cos6t +——sin6¢.
74 74 74 74

30 30
From the initial conditions, we have y(0)=c, — £ =0 and y’(0)=—2¢, + 6¢, + E7) =0.



96 « Chapter 4 Second Order Linear Differential Equations

9 (b).

10 (a).

10 (b).

11 (a).

30
Solving these simultaneous equations yields ¢, = e and ¢, = E7R so

30 30
e cos6t + ie‘z’ sin6t — —cos67 + 75—4sin6t.

Y= 74 74

30 5
For sufficiently large ¢, y(7) = —ﬂcos 61+ ﬂsin 6¢, and so the limit does not exist. This equation
is called the steady state solution.
On 0<t<7:

Yo =ce” cosbt + c,e ' sinbtr. For the particular solution, we have y b= L. Thus
4

_ o 1 . .
y=ce ' cosbt+c,e ' sinbt + 1 From the initial conditions, we have

1 , 1 1
y(O)=c1+Z=0 and y (0)=—2c1+602203c1=—z, czz—ﬁ.

1 1 1 1 1 1 1
y:__e—2tCOS6t__e—ZrSin6t+_, y E :_e—ﬁ+_, yl E :__e_ﬂ+_e_ﬂ:0.
4 12 4 2 4 4 2

On 5 <t<oo:

y=de ™ cos6t+ d,e ' sin6t. From the initial conditions, we have

T w1 - (T x _x
y(z) =—de" = Z(l +e ) and y (5) =2de™ —6d,e™ =0

=d = —i(e” +1), d,= —é(e” +1). y= —%(e” +1)[e‘2’ cos6t+%e"2’ sin6t].

limy(#)=0.

26 +4/48° - 4w,
y” +28y" +w,’y = F cosm,t, y(0)=0, y'(0)=0. A= 5 ¢ =-§+iJw, -5 . Thus

ye=ce™ (:os(ma)o2 - 52) +ce” sin(t«/a)o2 - & ) yp = Acosm,t + Bsinw,t, and differentiation
yields y’, = —m,Asinm,t + w,Bcosm,t and y} =—-m,’Acosw,t— w,"Bsinw,t.

Then we have y} +28y, +@,’y, = 26[—(00A sin@w,t + a)OBcosa)Ot] = F cos®,t. Solving for

A and B yields A=0 and B= . Thus

260,

F
y=ce™® cos(tw/a)o2 - 52) +c,e” sin(twla)o2 - 52) + Y;

W,

sin@w,t .



Chapter 4 Second Order Linear Differential Equations * 97

F
From the initial conditions, we have y(0)=c, =0 and y’(0) = 02«/6002 -5+ % =0.Thus

& 2_ o
F F|sinoy ¢ ’sm(t«/a)o —5)

¢,=0andc,=—————,and so y=—; _
1 P28 w, -8 28| o, N
FlAo, =8 sinwyt— we™ sin(t«/(oo2 - 52) F N()
11 (b). First, let us rewrite y = — =———.Touse
2 soyo,} -8 2 D(6)

L’Hopital’s Rule to find the limit, we need

w2 (0)02 - 62)_% (—26) sin@,t + a)ote_& sin([m)

a5 2

I ! dN
~oe cos( e, = 87 S (0 =8) 2(28)1. Thus £ 0+ @ytsineyr+0 as 5-0.

dD 1 - dD
i wy\@," — 8 + dw, '5(‘002 — 52) 2(—26). Thus 25 w,” as § — 0. Therefore,
FN@®) F .
im——_= tsin@,t.

50" 2 D(6) 2(00

F sinw,t |
11 (c). For sufficiently large ¢, y = 25 S D, . Knowing m and k means that we know @, = K .
, m

of the steady state solution and knowing F' = —, we

Therefore, by measuring the amplitude

3|

0

can determine O.

12 (a). y” +28) +,’y = Fcoswt, y(0)=0, y'(0)=0.

ye=ce™ cos(tm ) +ce” sin(t«/a)o2 - & ) yp = Acos@,t + Bsinw,t, and differentiation

yields y’, = —m,Asinwt + wBcoswt and y” = —w,’Acoswt— o,’Bsinwz.
Then we have

Vi 428y, + @y, = (6002 - a)lz)[Acos wt+ Bsinw,t] +28[~w,Asinw,t + ®Bcoswyt| = F coswt .

2 2
2(% 2—2601 )F > and B= ; 22502),F
(@) - @) +(26,) (@0, - @) +(20,)

y=ce™® cos(mcoo2 - 52) +c,e” sin(z‘«/a)o2 - 52) + Acosm,t + Bsinw,t . From the initial conditions,

we have y(0)=c, +A=0 and y'(0) = —8c, + ¢,y @, =8> +®B=0.

Solving for A and B yields A = - . Thus
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0A+wB

2

Thus ¢,=-Aand c, =— 5
@, —

and so

5 [(a)02 - a)lz)cosa)lt + 20w, sina)lt] -

(@, - colz)2 +(26a,) Jo -8

- | —
Fe™® > {((002 _ wﬂ)cos(tm) n [5((002 _ wlz) ‘o (250)1)] Sln(tW)}

12 (b). Using 8(w,” — @) + @, (26m) = 8(@,” + &),

F Foo sin(z‘w/a)o2 = 52)
lim y(1) = —— 280, sinwy - ———1[260,’]
@~ (26a,) (26w,) Vo, -8

_ F {sin(oot s sin(twa)(f - 62)}

- 2_5 @, \/a)o2 -6

12 (¢).
lim y(#) = %{(woz - colz)coswlt} - Lz{(wo2 - wlz)cosa)ot}
S o ar) (o -0)

F

= z—z){coswlt— cosa)ot} = (

((1)0 - o, ’

o7 (002) {cosa)ot— cosa)lt}.

13 (a). mx” =—kx— mgcos(%), x(0)=-10, x’(0)=0.

. g k 150 5 L
13 (). x"+—x=——"-—. —=+——=732s". Thus the complementary solution is

Xe=¢ cos(t\/i)+c2 sin(t@). X, =A4A, so %A:—%, and so Az—% and

xX=c cos(t\@) +c, sin(t@) - %

1
From the initial conditions, we have x(0)=c, - ﬁ =-10 and x"(0) = v32¢, =0. Thus

1 1 1
¢ :ﬁ—IO, ¢,=0,and xz(ﬁ—m)cos(t 32)—$.



Chapter 4 Second Order Linear Differential Equations ® 99

13 (©).

14 (b).

15.

1
Differentiation gives us x’(¢) = N32 (10 - ﬁ) sin(t«/@ ) . We need x” when x =0, so

1

cos(r/32) = [ . Solving for sin(ry/32)= 9971, and so x’ = 52416/ .
=10
ﬁ

Letting x and y represent horizontal and vertical coordinates which have their origin at the mouth o

the “cannon,” we have y” =—g, y(0)=0, y(O)—\/5 and x” =0, x(0)=0, X(O)_\E For the y

. s
initial value problem, we have y’ =—gt +— «5 and antidifferentiation yields y = —% + ff Settin

: 2v I : . L
y =0 gives us t=0, —2. Substituting the second value for ¢ into the solution of the initial value

8
2 2
) v v v, Vv (52.416)
roblem for x gives us x(z =—°t=—0«5—°=L=—=85.857ft.
P * Y
v 307 5 1
(). =gy +C, -=0+C = v’ =-2gy+900, v(2) = (900 —128)* =/772 ft /sec.
z k 772 k
(). === (y=2P - gy -2 +C,, C, === v> == (y=2)* = 2g(y—-2) + 772
2 2m 2 m
k k € 708
v(3)=0=20=——-2g+772=—=T772-64=708, m=--=k=——=1.3828 Ib/ ft.
m m 32 16(32)
1 1 1
V= Ld— — j Do 17+ L1 10)=0, 17(0)=0. and therefore 17 + 1= e
dt C 4 dt

1 t t

V. =5sin3¢t, sol” +—1=15cos3t.Thus /. =c, cos(—j +c, sin(—j and I, = Acos3t+ Bsin3t.
4 2 2

Differentiation gives us I, = —-9Acos3t—9Bsin 3¢, and then we have

1 1 12
(—9 + ZjAcos 3+ (—9 + Z)BsinBt =15cos3¢t. Thus B=0and A= —7 ,and so
12 t () 12 . ..
I, = —7cos 3tand I =, cos 5 + ¢, sin 5 — 7003 3¢t. From the initial conditions, we have

12 1 12 12 t
I(O)=c1—7=0 andl'(0)=562:0.Thus ¢, = = andc,=0 and I($)=— 7 (cosa—cos?st)
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16.

17.

18.

1 1 t t
I"+—1= av, .V.=10te™", soI” +—1=10te”". Thus I. =, cos(—) +c, sin(—j and
4 dt 4 2 2

I, = (Ar+ B)e™" . Differentiation gives us I, = (At—2A + B)e™', and then we have

1 24
At—2A+B+Z(At+B):—10t+10:>A:—8, B:—?.

24 t t 24
Thus, I, =| -8t—— |e" and I = ¢, cos| — |+ c,sin| — [+| —8¢—— |¢” . From the initial conditions,
i 5 2 2 5

24 1 24 24 32
we have I(0)=¢,——=0and I’'(0)=—c,—8+—=0.Thus ¢,=— and ¢, = — and
s 277 5 b7 5

I(H)= ﬁcos(lj + Esin(ij - (8[ + %je'r .
5 2 5 2 5

V 1 dv 1 1 dl
I :—+—J. V(A)dA + C——, and then we have CV” +—=V’'+—-V =—_V(0)=0, V'(0)=0.
R L~o dt R L dt

1 1
R=1kQ, L=1H, C= E'LLF’ andso V" +2V' +2V =2 CZ*‘ . For this problem,

t
dl 2+\J4-8

d; =2¢"". For the complementary solution, we have A = _# =—1=x1i,and

so V. =ce cost+c,e 'sint. V, = Ae”’, and substituting this into the original differential equation,

[ =1-¢'=2

". From the initial

we have A—2A+2A=2.Thus A=2,andso V =ce ' cost+c,e " sint+2e
conditions, we have V(0)=c¢, +2=0 and V’(0) =—¢, + ¢, —2=0. Solving these simultaneous

equations yields ¢, =—2 and ¢, =0, and so V =—2¢ " cost+2¢ .

dl dl
V742V +2V =2 d; , V(0)=0, V’(0)=0. For this problem, /, =5sint = 2 dts =10cost. For the

complementary solution,V,. = c,e”' cost + c,e" sint.

V, = Acost+ Bsint, V, =—Asint+ Bcost, V,’=—Acost— Bsint, and substituting this into the
original differential equation, we have (—2A + B)sint+ (A +2B)cost=10cost = A=2, B=4.
Thus, V =ce ™ cost+c,e' sint+2cost+ 4sint. From the initial conditions, we have

V()=c, +2=0and V'(0)=—c, + ¢, + 4 =0. Solving these simultaneous equations yields

c,=—2andc,=-6,and so V =—2¢ ' cost—6e 'sint+2cost+4sint.
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Higher Order Linear Differential Equations

Section 5.1

1-5

Verify by substituting into differential equation.

6. Discontinuities for the relevant functions exist at t=-3,—1,3.
1

y” - T g y” +1In(¢+1)y’ +costy =0; Initial condition at r=0. —-1<7<3.

7. Discontinuities for the relevant functions exist at t=—1 and nm + g Since t, =0, the largest
interval on which Theorem 5.1 guarantees a unique solution is —1< < r .

8. Discontinuities for the relevant functions exist at =14 and * g (tz - 16) y P +2y” + 'y =sect;
Initial condition at r=3. —<1<4.

9. There are no discontinuities for the relevant functions and z, = 0. Thus the largest interval on whic
Theorem 5.1 guarantees a unique solution i1s —oo < f < oo,

10.  y¥-5y"+4y=0; X' -5 +4=(A-1)(X-4)=0 A=-11,-2,2.

11. A =2=2A-DA+1)=0,s0 1 =0, +1.

12. V7 =2y =y +2y=0; =22 -A+2=2A-2)-(A-2)=(A-2)(A*-1)=0
A=-1,1, 2.

13. A -2241=F-1D’=A-D’A+1)*=0,s50 A ==I.

Section 5.2

.1 .. . c
1 (a). y” =0, and antidifferentiation yields y” =c¢,, y'=¢,t+c,, andy = Eltz +c,t+cy.

1 (b).

1 ¢t ¢

W=0 1 2{=2#0,and thus the three functions form a fundamental set of solutions.
0 0 2
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10.

1 e e
W=0 ¢ —-'l=12)=2#0.
0 e e
1 ¢+ e
W=0 —e'|=e”" #0, and thus the three functions form a fundamental set of solutions.
0 0 ¢
1 t cost sint
0 1 —sint cost 5 .
W = . :1'1-(cos t+sin t):l;tO.
0 O —cost -—sint
0 O sint —cosf
1 ¢t ¢!
W=0 1 —r?*=2t#0, t>0,and thus the three functions form a fundamental set of solutions.
0 0 2°
1 Int ¢
W= ' 24=1-3t")=3r"#0, t>0.
0 —r* 2

y=c, +c,e' +cie’, and differentiation yields y"=c,e' —c,e™ and y” =c,e’ +c;e”". From the
initial conditions, we have y(0)=c, +c,+c¢,; =3, y'(0)=c¢,—c,;=-3,and y"(0)=c, + ¢, =1.
Solving these simultaneous equations yields ¢, =2, ¢, =1, and ¢, =2, and so the unique solution
is y=2—e'+2¢".

t

y=c tettee’, y)=c,+c,+ce' =4, y()=c,—ce' =3, y"()=ce' =0
" c;=0,c,=3, ¢c,=1and y(r)=1+3¢.

y=c¢, +c,t+c,cost+c,sint, and differentiation yields y’ =c, —c,sint +c, cos?t,

y”=—c,cost—c,sint,and y”’ =c,sint—c,cost. From the initial conditions, we have

T T T T T
y(z): (o '|'C25+C4 = 2+TC, y,(gj: Cy,—C3 = 3, y”(;): —Cy :—3, and ym(zj: Cq =1.
Solving these simultaneous equations yields ¢, =-1-m, ¢, =4, ¢, =1, and ¢, = 3, and so the

unique solution is y =—1—m+4¢+cost + 3sint.

9

1 1
y=c1+c2t+c3t_1, y’=c2—c3t_2, y”:2c3t_3, y(2)=c1+2c2+5c3=—1, y’(2):c2—Zc3:5

” 2 1 3 1 1
y (2)25032—5 = ¢;=-2, 0225—5=1, Cl+2(1)+5(_2):_1 = ¢, =-2

y=-2+1t-21",



Chapter 5 Higher Order Linear Differential Equations ¢ 103

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

y=c, +c,Int+c,t*, and differentiation yields y’ = c,t”' +2c,t and y” =—c,t + 2c,. From the
initial conditions, we have y(l)=c¢, +c, =1, y'()=c¢, +2¢, =2, and y”(1)=—c, +2¢, =—6.
Solving these simultaneous equations yields ¢, =2, ¢, =4, and ¢, =—1, and so the unique solutior
iIs y=2+4Inr—1t.

y”—=y"=0; p,(6)=p,(t)=0. Abel’s theorem predicts W (1) = W (¢,).

If t,=—1, then W ()= W (-1) = constant. From exercise 2, W (t) = 2.

p, (D)= p,(1)=1, and so Abel’s Theorem predicts W (f) =W (0)e™" with 7, =0.From Exercise 3,
W) =e"'=W(0)e " since W(0)=1.

yP+y”=0; p, (= p,(t)=0. If t,=1, Abel’s theorem predicts W (f)= W (1) = constant. Fron

exercise 4, W(t)=1.

13

3 ER 1
P, (= p,()= . and so Abel’s Theorem predicts W (£) =W (1)e " = W(l)eHUm_lnl]} = wd

l3
with #, =1. From Exercise 5, W (f)=2t" =W ()t since W (1)=2.

2. .m

1
ty”+ty”"—=y'=0; p, ,()=p,(1)= o With #, =2, Abel’s theorem predicts

W (1) = W(2)exp{ Jlds}— W (2)expl—Int +1n2} = W(2)exp{ln(2j} sz)
From exercise 6, W (f)=3¢t" .. W(2)— 3 and W ()= 2@

Poa(D=p,()=-3. W(0)= W(])e‘f(‘”"*‘ _ 0D

t

P, (=p,(H=sint. W(@)=W() exp{—J sin sds} =0 since W(1)=0.

1
1 —.rs_lds _1
pn_l(t):p2(t):;. W) =W(de =3, t>0.

p_(D=p,(H=0. - WH=W(1)=3.
W —-u=0,50 ¥ —1=(A+1)(A—-1)=0. Then we have u=ce™ +c,e’ =y’ . Antidifferentiation

yields y=—ce” +c,e’ +¢c, = Ae” + Be' + C(1).

22(a). u=y"; u+u'=0, ¥+1=0 = A=0,-1 wu=y =c +ce”’

y=ct—ce te, = oftce eyl

22(b). v=y" Vv +v=0 = v=y"=ke' = y =—ke'+k, = y=ke +kt+k,.
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23.

24 (a).

24 (b).

25 (a).

25 (b).

v’ +v=0,s0 we have v =, cost+c,sint= y”. Antidifferentiation twice yields

y=—c,cost—c,sint+c;t+c, = Acost+ Bsint+Ct+ D.

1 2 ¢

W=0 2t 4 = 1-[24t3 - 8t3] =16¢". Note that W (0) =0 but W (¢) is not identically zero on
0 2 12¢

(=1, 1). If y”+ p,(£)y” + p,(t)y =0 were to have 1, >, ¢* solutions with p,(1), p,(¢)
continuous on (—1, 1), we would contradict Abel’s theorem. ... No.

If y=1, theny” + p,y” + p,y’ =0 is satisfied for any p,, p,.

Ify=¢, y'=2t, y"=2=0+2p, +2tp,=0= p, +tp, = 0.

Ify=1', y/=4r, y" =128, y” =24t =241t+128p, +4t’'p,=0= 6+ 3tp, + £’p, = 0.

3
t 1 0 1|3 -1|0
Therefore, | , P = = Py =— , = /l‘2 )
©© 3t]p,| |6 p,| 20| t|-6 —%

Both functions fail to be continuous at 1=0.
Differentiation yields y’ =c,e' —c,e” and y” = c,e' + c;¢”" . From the initial conditions, we have

y0)=c¢,+c,+c, =0,y (0)=c,-c, =f,and y”(0)=c, +c, = 4. Solving these simultaneous

1 1
equations in terms of ocand B yields ¢,=a—4, ¢, =2+ Eﬁ’ and ¢, =2- Eﬂ Then we have

1 1
y(t)=(ax—-4)+ (2 + Eﬁ)et + (2 - Eﬁ)e"’ . Since the third term goes to zero as ¢ gets large, we

must set @ =4 and 8 =—4 so that the first two terms also become zero (for all 7).

y will be bounded on 0 <7< e if f=—4 (o can be arbitrary). No choice of o and 8 will produce

. . . 1 1 .
a solution that is bounded on —co < f < oo since 2 + 5 Band 2— 5 B cannot simultaneously be zero.

Section 5.3

2
.o _r . . t
Antidifferentiation yields y = c, + ¢t +¢,t°. Since #,=0,we have y, =1, y,=1, and y, = 5 from
the initial conditions provided.
y=c e tt+et’, y=c,+2c,t, ¥ =2c,
tv=1 y:c+c,+c;=1 ¢,+2c,=0, 2¢;=0 .. ¢,=1, ¢c,=¢;=0, y,(1)=1.

Vi ¢ +c,+c; =0, ¢, +2¢c,=1, 2¢;,=0 = ¢,;=0, c,=-1, ¢,=-1, y,(1)=1-1,
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5 (a).

5 (b).

5 (c).

6 (a).
6 (b).

6 (c).

1 1 1
Vi ¢ te,+c;=0, ¢, +2¢;=0, 2¢;=1 = 0325, c,=-1, 01:5 y3(t)=z(t—1)2

e
nm=1 y,(n=1-1, y3(t):5(t_1) .

Since #,=0,we have y,(0)=c,+c¢; =1, y/(0)=c,—c,=0, and y,’= ¢, =0 from the initial
conditions provided. Thus ¢, =1and ¢, =c; =0, and y,(¢)=1. Similarly, we have

v,0)=c +¢;=0, y,(0)=c,—c;=1, and y7= ¢, =0 from the initial conditions provided. Thus
c,=land ¢, =c,=0,and y,(r)=t. Finally, we have

v;(0)=c, +¢;=0, y;(0)=c,—c,; =0, and y=c, =1 from the initial conditions provided. Thus

t

¢,=-landc,=c;=1,and y,(£)=-1+1t+e".
y=c tettce, y=c,—cie, y=ce’’

1

1. -1 _ -1 _ -1
t,=1 ¢ +tc,+tce =1, c,—ce =0, cye

=0 = ¢ =L c¢,=¢;=0, y(=1

Vi e, ee =0, c,—ce =1 e =0, ¢;=0, ¢, =1, ¢, =1, y,(=1-1

Vi ¢ te, e =0, c,—ce' =0, ce'=1 = c;=e, ¢c,=1, ¢,=-2, y;()="2+t+e "
yO=1 y,0)=t-1, y,()=-2+t+e"".

{Cosh t, 1—sinh¢, 2 +sinh t} is a solution set.

1 1 1 1 1 1
COShl=0'1+5€t +Ee_’, 1—sinht:1—§e’ +Ee_’, and 2+sinht=2+—¢' ——¢'. Thus

0 1 2
1 1 1
A=|— —— =
2 2 2
11 1
12 2 2]
IR L N L
detA=0 12 21 —1% 21 +2% 12 :%;to, so the three functions form a fundamental set.
2 20 2 20 2 2

{1— 2t, t+2, e_(”z)} is a solution set.

1-2t=11-2-t+0-¢7", t+2=2-1+1-t+0-¢7", e " =0-1+0-t+e7-¢”"

1 2 0
A=|-2 1 0
0 0 e

detA=e?(5)=5¢>#0 .. fundamental set.
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7 (a).

8 (a).

8 (b).

8 (¢).

10.

11.

12.

13.

14.

- _ 1+l . — -1, :
y, =1+ tand y, =—— are solutions. However, y, = (t+1) 'is not a solution and so
1

t+1 1 . .
{1 +1, — (t+1) 1} is not a solution set.

{2t2 -1, 3, ln(t3)} is a solution set; In(#’) = 31n.

2t —1=—=1-1+0-Int+2-#, 3=3-1+0-Int+0-7*, 3lnt=0-1+3-Inr+0- ¢

-1 30
A=|0 0 3
2 00

-1 3
detA= —3{ 5 0} =18#0 .. fundamental set.

Setting ¢, -1+ c,t+c,t* =0 and evaluating at t=-1, 0, 1 we have

¢,—c¢,+c;=0, ¢,=0,and ¢, +¢, + ¢, =0.Thus ¢, =c, =c, =0, and the three functions are
linearly independent on the interval.

e l+c, (1+D+c,(1+t+)=0 = (c,+c,+¢;) 1+(c,+¢;) t+c, =0
The argument of 9 leads to ¢, +c¢, +¢; =0, ¢, +¢; =0, ¢;=0 = ¢,=¢c,=¢;=0

*. linearly independent on —oo <t < oo,
Setting ¢, cos’ ¢+ ¢,2c0s2¢t +c,2sin’ t =0 and using the identity cos’¢—sin® = cos2t, we have
c,cos’ t+ 2c2(cos2 t—sin’ t) +2c,sin’ t= (c1 + 2c2)cos2 r+ (—2c2 + 203) sin’t=0. Taking

¢, =1, ¢, =1, and ¢, =2 to be one nontrivial solution, we can conclude that the three functions are
linearly dependent on the interval.

o +20) + e, (et + 1) + ey (t+ o) =, +(2¢, + e, +¢3)t+(c, + ae;) =0

o 1jc, 0 5

¢ =0, 00,+c;=0, c,+oc, =0 or [1 G}LJZ[O} det=0o" -1

*. linearly dependent on —oo< < oo if ¢ = %1 and linearly independent on —eo < f < oo otherwise.
(nontrivial c¢,, ¢; if oo==1).

On 0<t< o0,

f|+1=1¢>+1. Then we have

2 2 _ 2 _
cl(t + 1) + cz(t - 1) +cyt= (c1 + cz)t +cyt+ (c1 - cz) =0.Thus ¢, =c,=c, =0, and so the three
functions are linearly independent on the interval.

On —e<t<0, tt| +l=—F+1= 1(t|t| +1)+1(#* = 1) +0(£) =0, and so the three functions are

linearly dependent on the interval.



Chapter 5 Higher Order Linear Differential Equations * 107

15. Since the three functions are linearly independent on half of the interval (see 13), the functions are

linearly independent on the entire interval.

Section 5.4

l1(@. A-41=0

1 (). X—4A=A(A+2)(A-2)=0.Thus A1 =0, £2.

1(c). y=c,+ce” +cye’, since the roots are distinct.

2(a). A+ -1-1

2(b). XA+D-A+D)=(A-1)A+)=0 A=-1,-1,1
e’ te e'

2(c). y=ce ' +eyge +ee’y W=le' (I-nHe’ €=
e’ (2+ne’ €

—t

e '[3-2t]-te'[-2]+e'[2—t-1+t]e? =€ [3-2t+2t+1]=4e” 0
3(@). A+AX+41+4=0
3(b). X+ +4A+4=2A+1)+4(A+1)=(V+4)(A+1)=0.Thus A=-1, +:2.

e’ cos2t sin2¢
3(c). y=ce ' +c,c082t+c,sin2t,since W =|-e”"  —2sin2t 2cos2t{=10e” #0.
e’ —4cos2t —4sin2f
4 (a). 164" —8A* +1
1 1 1 1
4®). (420-10=0; A=——,——, -, =
®) ( ) 2 2 2 2
e te”” e te”
_ Lo (_L) o Lph (1+L)e/2
4 (¢). =ce " +cte” +ce” +c,te” = * ? . 2,
O ymacrare Tractre Lt (CleR)et det (1+4)e”
N o e
1 0 1 0 1 0 1 0 1 0 1 O
L s o1 11 o111 3
W)= S = =1-1| 2 |%0
Lo 7101 oo 1 2 2
it bs o oo
5(). 164" +84° +1=0
5(b). 164° +87° +1= (44 +1) =0. Thus lzié,ié.
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5 (c).

6 (a).

6 (b).

6 (c).

7 (a).
7 (b).
7 (c).
8 (a).
8 (b).

9 (a).
9 (b).
9 (c).
9 (d).

t t .t .t . .
y=c COSE + cztcosa +c, smE + c4ts1n5. To verify this,

cos(é) tcos(é) sin(é) tsin(é)
1 . t t t . t 1 t t t t
. - E SIH(E) COS(E) - 5 SIH(E) ECOS(E) Sll’l(g) + ECOS(E)
=1 t | N ! .
W cos(é) - sm(é) -7 cos(%) ~2 sm(5) cos(;) ~2 sm(E)
1 3 t 3 t t 3 t 1 t 3 1 t t
g sm(;) —ZCOS(E) + g sm(;) - gCOS(E) - Z Sln(g) - —COS(E)
0 0 O
1
0 5 0 0
1
WO=LL o o (=0 1 5|=-#0
) 3 1 0 — 31
0 % %0 8
A -1
P=e® = A =¢", k=0,1,2; A=1 7%, 7 =1, —1+i£, —1—i£

2 2 2 2

C o (BY L (43
y=ce +c,e *cos TI +c,e ?sin TI

=2 -2+2=0

=28 -24+2=2(A-2)-(A-2)=(A+1)(A-1)(A-2). Thus A=2, +1.
y=ce " +ce’ +cye’, since the roots are distinct.

A +16

A =-16=16"2 = 2 =25 [=0,1,2 3; A =27 =2+i2, A, =
2 =2 +iN2, Ay =2 =—\2—i\2, A, =2e"F =\2—i2 o A=+2+i2
y=ce V¥ cos(«/it) +c,e sin(«/at) +c,el cos(x/it) +c,e’ sin(«/it).
A +41=0

A +4A=A(A +4)=0.Thus =0, £i2.

y=c¢,+c,co82t+c,sin2t

Differentiation gives us y’=—2c,sin2¢+2c,cos2¢ and y” = —4c, cos2t— 4¢, sin2¢. From the initial

conditions, we have y(0)=c, +¢, =1, y'(0)=2c, =6, and y”(0) =—4c, =4 . Thus

¢,=2, c,==1,and ¢; =3,and so y =2—cos2t+ 3sin2¢

10 (). Y +32+31+1=(A+1)°
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10 (b).
10 (c).
10 (d).

11.

12.

13.

14.

15.

16 (a).
16 (b).
17 (a).
17 (b).
18 (a).
18 (b).
19 (a).
19 (b).
20 (a).
20 (b).

21.

A=-1,-1,-1

y=ce ' toyte +ete

y(0)=0, y'(0)=1, y"(0)=0

y=—ce ' +c,(1-e”" + c3(2t— tz)e_’, V' =ce ' +e,(2+ e + c3(t2 — 41+ 2)6"’

y0)=¢,=0, yY0)=c,=1, y"(0)=c,(-2)+¢;(2)=0 = c;=¢,=1 y= (t+ tz)e"’

X (),2 + 9) = A" +94’ =0. Thus the differential equation is y'’ +9y” =0, and so

a,=0, a,=9, g=0,and aq,=0.

y=ccosttc,sint+c,cos2t+c,sin2e; (P +1)(A+4)=A +52+4=0

yY+5y"+4y=0; a,=0,a,=5,a=0, a,=4.

(A-1)°(A+1)=(2- 1)2 = A* =2A% +1=0. Thus the differential equation is y*'—2y” +y=0, an

soa, =0, a,=-2, a,=0,and g, =1.

y=ce 'sint+c,e” cost+ce’ sint+c e’ cost; A=-1%il, 1+il.
A+1=iDA+1+i)=A+1)>+1=2+21+2; A-1-iDA-1+i)=A-1)*+1=1-21+2
(B +22+2) (R =24 +2)= (R +2) — 48 =2 + 42 +4— 42 =2 +4=0
y P +4y=0; a,=0, a,=0, a,=0, a,=4.

(A-1)"=2A*—42* + 62> — 44 +1=0. Thus the differential equation is
y—4y” +6y” -4y’ +y=0,andso a,=-4, a,=6, a,=—4, and q, = 1.
n=>5

{1, t, e', cost, sint}

n=>5

{e’, e' cos2t, e'sin2t, e ' cos2t, e’ sin2t}

n=3§

{sint, cost, tsint, tcost, t*sint, t*cost, e'sint, e’cost}

n="17

{sint, cost, tsint, tcost, e', te', t2e’}

n=4

{1, 7, e}

n=1, a=1, y(t)=Ce™
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22. n=1,a=%2; y +2y=0, y(t)=Ce"
23.  n=4,a=0, y(t)=c,+ct+c,t’ +c,t

24. n=2,a=4, y’+4y=0, y=c,cos2t+c,sin2t.
. 3V3 . .
25.  Three values for A must be 3 and — 5 t zT. Using these values to reach the characteristic

equation gives us (A —3)(A +31+9)= 2"+ 32 +91 -3 =91 —27= 1’ -27. Thus
n=3and a=-27.

Section 5.5
1(@. X-A=AUA+1)(A-1)=0.Thus y.=ce” +c, +ce’.
2t

1(b). y,=Ae”,and substituting this into the original differential equation yields (8A—2A)e* =e™.

2t

1 1
Thus A=— andsoy, =—e"".
6 r=%

1
1(c). y=ce ' +c,+ce' + geh
2(@). y,=ce ' +c,+ce
2(b). y,=At+Bcos2t+Csin2t, y, = A—2Bsin2t+2Ccos2t, y” =

~4Bcos2t-4Csin2t, y,” =8Bsin2¢—8Ccos2t

. 8Bsin2t—8Ccos2t— A+2Bsin2t—2Ccos2t=4 +2cos2t

10B=0,-10C=2,-A=4 .. A=-4, B=0, C:—%; yp:—4t—§sin2t

1
2(c). y=ce ' +c,+tce' - 4l—gsin2t

3@). A-A=2A2A+1)(A-1)=0.Thus y.=ce” +c, +cse’.

3(b). y,=t(At+ B)= Af’ + Bt. Differentiation yields y}, =2At+ B, y, =2A, and y’=0, and
substituting into the original differential equation yields 0 —2A7— B = 4t¢. Thus
A=-2and B=0 andsoy, =-2¢.

3(c). y=ce ' +c,+ce =28

4(a). y,=ce’+c,+c,e

4(b). y,=Ate, y,=A@+De', y7=At+2)e', y)'= A(t+3)e';

y;”—y’pzA[t+3—t—l]e’=—4e’ = 2A=—4 or A=-2 ..y, =-2t
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4 (c).
5 (a).
5 (b).

5 (c).
6 (a).
6 (b).

6 (c).

7 (a).
7 (b).

7 (c).

8 (a).
8 (b).

8 (¢).

9 (a).

9 (b).

y=ce ' +c,+ce =2t

X +2=2(A+1)=0.Thus y.=c, +c,t+ce".

y, = Ate”". Differentiation yields y;, = Al—1te™", yy = A(t—2)e”’, and y;'= A(-t+3)e”", and
substituting into the original differential equation yields A(—z+ 3+ ¢t—2)e™' = 6¢"'. Thus

A=6 andsoy, =6te".

y=c +c,t+ce +6te

A=2=0,1=0,0,1; y =c +cyt+cse

y,= Ae™™, Y, = —2Ae™, Y= 4Ae™, Y= —8Ae" . (-8A—4A)e T =47

1 1,
A:—g, Y, =—§e

y=c +e,ttce’ — ge_z’

=22 +2=2A-1)"=0.Thus y. =c, +c,e’ +cyte'.

y, = t(At+ B) + Ct’e¢' = At’ + Bt + Ct’¢' . Differentiation yields

vy =24t+B+C(F +21)e', yy =2A+C(* +41+2)e’, and y)’= C(£ + 61 +6)e’, and
substituting into the original differential equation yields

C(* +61+6)e =2[2A+C(r* + 41+ 2)e' |+ 24+ B+ C(* +21)e" = 1+ 4e'. Thus

1 1
A:E,B:2, and C=2 andsoy, =Et2+2t+2tze’.

1
y=c, +ce' +este’ + 5 £ +2t+2t%"
A =3V +31-1=(A-1)’=0; y. =ce +c,te' +c,t’e
y, = AP,y = A( +37)e', v/ = A + 61 +61)e’, y'=A(r’ +97 +181+6)e’

o Al 972 +18146-3(r + 610 +61) + 3(F +38) = e’ =12¢' = A-6=12; y, =27

y=ce' +c,te' +ct’e’ +2t%"
1 3 _! 3 _t 3
A —1=0.Thus 1=1, _Eiig’ and so y. =ce’ +c,e 2cos(gt]+c3e 2 sin(gtj.

y, = Ate'. Differentiation yields y, = A(t+1)e’, y7 = A(t+2)e', and y)’= A(t+ 3)e’, and

substituting into the original differential equation yields A(t+ 3—t)e' =¢'. Thus

1 1,
Azg andsoy,,zgte.
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o 3 <o f3 )1
9(). y.=ce +cue *cos Tt +cse ?sin Tt +§te

. i(mw+2km in 1
10 (a). ' +1=0, A’ =—-1=¢"""", /1k=e( %, }tl:eé=5+ig,

1 3 ; 3 , 3
Ay=—1, A, =—— i£; y,=ce’ +c,e” <:os(£ t] +cy e sin(£ ]
22 2 2

10 (b). y, = Ae' + Bcost +Csint, y’, = Ae' — Bsint + Ccost, y, = Ae' — Bcost— Csint,
y7'=Ae' + Bsint—Ccost .. Ae'+ Bsint—Ccost+ Ae' + Bcost + Csint=

1
C=--,

=¢'+cost & 2A=1, B+C=0,-C+B=1, A= B=%, 2

1

2’
1,1 1

Yy —Ee +5COSt_581nt

o (BY) L (BY
10 (c). y=ce " +c,e*cos| —t|+c,e”sinf — 1t |+—e' +—-cost——_sint
2 2 2 2 2

11 (a). =42 +44=A(A1-2)"=0.Thus y, =c¢, +c,e” +cyte®.
11 (b). y, = A + AP + At + A))+ (B’ + Bt + B )e™
= At + AP + AP + A+ (Byr* + Bt + Byt )e™
12(). =3V +31-1=(A-1)’=0  y =ce' +c,te' +c,t’e
12 (b). y, = Ar’e" + Be' cos3t + Ce' sin3t + D
13(a). A'—16=(A"+4)(A-2)(A+2)=0, A =+2, +i2, and so
Ve =ce ' +c,e’ +c;c082t+c, sin2t.
13 (b). y, =tAt+A))e’ +1(Bit+B,)e™ +(Cit+ C,)cos2t+ (Dt + D, )sin2¢
14 (2). ' +82+16= (A +4) =0 - A==i2, 02
Y. =¢,C082t+c,Sin2t + ¢, tcos2t + ¢, tsin2t
14 (b). y, = (At + Ay)cos2t+ (Bt + B, )sin2t
15 (@). A =1= (P +1)(A+1)(A-1)=0.Thus y. =ce” +c,e’ +c,cost+c,sint.
15 (b). y, =t At+Ay)e” +HCt+C,)cost+ (Dt + D, )sint.
16.  y=c +ot+ce’ +4sin2t;, F(A-2)=A-21=0; y”-2y" =g

”__
P

. a=-2,b=0,c=0. y, =4sin2¢, y, =8cos2t, y7 =-16sin2t, y

—32cos2t.
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Substitute: —32cos2¢—2(—16sin2t) = g(¢)
wa=-2,b=0, c=0, g(f)=-32(cos2t—sin2t).

17. (lz + 4)(),— 1)=2"—A+41—4=0. Therefore, g(t)=y” —y” +4y' —4y. y,=¢,and
differentiation yields y;, =2¢, y, =2, and y,’=0. Then we have
g)=0-2+4(2t)—4r =-4r +8t—2and a=-1, b=4, c =—4.

18. y=cl+czt+c3t2—2t3; A =0, y” =g, yp=—2t3, y’p:—6t2,
yy=-12t, y7'=-12; a=b=c=0, g()=-12

19. y=c tct+ c3t3 +¢*,and so 1, 7, £ are solutions of the homogeneous equation.
0+0+0+c-1=0,50¢c=0.0+0+bt-1=0,50b=0. £ -6 +at’(61)=0, soa=—1.
£'y” —t’y" =g and y, =1t",s0 g(t)=1"-241t— 1121 =12¢*.

20. y=ct+c,t’ +ett +2Int;  t, 12, t* are solutions of homogeneous equation.

0+0+bt+ct=0 . b+c=0,0+a’Q)+b20)+c()=0 - 2a+2b+c=0

(t4), =47, (t4)” =127, (t“)m =241, (240 +ar’(127) +bi(41) + ¢(r*) =0
24 +12a+4b+c=0 .. ¢c=—b = 2a+b=0 and 24+12a+3b=0
Sob=-2a = 24+12a—-6a=0 = a=-4, b=8, c=-8

3.

r'y” —4r’y” +8ty’ — 8y = g(1)

2 2 4
@iy ==, @In)" ===, @y =

4 2 2
t3(t—3]—4t2(—t—2)+8t(7)—161nt=g = g=28-16Int

a=-4, b=8, c=-8, g(t)=28-16In(r), r>0.

21 (a). The three solutions can be verified by substitution.

2 4 ’

A A 7 0
21 (b). |1 2t 47 |uf|=| O |where y, =tu +u, +t'u,. det= 1247 — 87|~ 1[12¢* - 2¢*| = 6¢*.
0 2 127 | u g

o ¢ ¢
’ 3 1 1 -7 5 1 -2
R e P
. |6t "6 3
t7g 2 12t
t 0 t4 |
u, = 0 47| —=—=1"g|3¢*|=-=1"g,
61" 3] §
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t £ 0 L | 1
and u; =1 2t O o = gt_7g[t2] = gt"sg. g= 212, Making this substitution,
0 2 g
il h 3 7
antidifferentiating the three u” equations yields u, =——1 2, u, = gt 2,and u, = _ﬁt 2. Thus
L 2 3 2 7 16 L
=——1¢ 2(t)+=1 2(¢*)— =1 2(') =—— 2. Finally, we have the general solution:
Vo (+3502(0)= 5702 (0) =5 y g

1
_ 2 4 2
=ctt+c,t” +cit — t-.

y 1 2 3 21

-1 -2

2 2
22.  g=2t, ul’zgt = =g wy=—17 = u,=1"

’ 1 -4 1 -3 2 1
u3:§t = u3:—§t ; yngllnt+t—§t

2 1 2
y=clt+cit +citt +Stint+t——t = ct+c,t’ +cytt +=tint
; 3 9 3

1 I 2 1
23. g=1t +2t"+1,and so u/ = 3 t"z(t3 +21 + 1) = gt + 3 + 3 ¢, and antidifferentiation yields

o2 1
w=—+-t——t

1 1 1
Sy === - (t3 +21% + 1) =———¢"'——¢7, and antidifferentiation yields
6 3 3 2 2 2

1 1 1 1 1
U, =— é —Inzr+ 1 U= 6 a (t3 +217 + l) =% £+ 3 £+ 6 ¢, and antidifferentiation yields

1 1 1
7 z—gt_l _gt_2_ﬁt_4' Thus

o2 1 t 1 1 1 1
Vo=t —+=t——t" +t2(———lnt+—t2)+ t4(——t1 ——tz——t*‘J
6 3 3 2 4 6 6 24

~g” #*Int. Finally, we have the general solution:

1 1
y=ct+c,t” +eyt’ —Eﬁ—g—zzlnt.



Chapter 6
First Order Linear Systems

Section 6.1

-1 £ r -1 2t—=2  2¢ 32 3¢
1. 2A(1)—3tB(t)=2 — 31 = - 2
2 2r+1 0 r+2 4 4¢+2 0 3¢+ +6¢

|2r-2- 32 282+ 3¢
B 4 2-2t-37

—4 -2

£ t+1 | @=Da+D+2ED | (L
2t+1 1| [20+D+Qt+D=D| |1

4. det[tA(D)]=—-1 -1

[ 2 2841+ 2}
2. A(H)B(t)— B(H) A(1) =

3. A(De(n) =

l—l

5. There are two natural ways to do this problem. We can form the matrix A(#)B(?)
and then calculate det[A(7)B(#)]. Alternatively, we can separately calculate det[A(#)] and
det[B(7)] and use the fact that det[ A(¢#)B(7)] = det[ A(?)]det[B(?)].
Taking the latter course, det[A(£)]= (t—1)(2t+1)— 2> =—(t +1), and det[B(¢)]=
H(t+2)=1t" +2t. Thus, det[A(H)B(1)] = —(t + 1)(¢* +21) = —(£ + 3t* +21).

1
6. det[A(r)]=2t+1 and so the matrix A(¢) is invertible for every value ¢ except 7= 5 The

A by A- ] t+1 —t 1
t 1) = , #+——.
inverse of A(f) is given by A™'(¢) = il il >
7. As noted in Example 2, a square matrix is invertible if and only if its determinant is nonzero.
Now, det[A()]=t(t—3)—4 =1"—3t—4 =(t—4)(t+1) and so the matrix A(f) is invertible for
every value ¢ except t=4and r=-1. The inverse of A(f) is given by

Ae— |17 7 4,#—1
O=han| 2 . FHF
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8. det[A(f)]=2sintcost=sin2¢ and so the matrix A(¢) is invertible for every value t except
2t=nw = t:%’ n=0,x1,£2,+3,.... The inverse of A(f) 1is given by
! csct ! csct
1 cost cost Py Py
Al(t>=2.—[ o }: 27 2 "m0
sinfcost|—sint sint _lsect —sect 2
2 2
9. In this case, det[A(f)]=e'e* —e’e* =e* —¢*" and so det[A(7)] is zero for every value of t.

Hence, the given matrix A(t) is never invertible.

sint rcost 3
— — 1Mo 3
10 limA()=lim t t+1 { }

ir 2t
e sect > 110
i -1
11.  limA()=l G —0 |2 .
imAD=lm , e lim{*~2] lime™" |~ [-2 1
- r— —

cost 3
12.  Differentiating A(f) component wise, we have A’(f) =[ o 0} and

, —sint 0O , , )
A" ()= ) ol A(r),A’(t) and A”(¢) are defined for —eo< t < o0,

0 !
13. Differentiating A(7) component wise, we have A’(f) = and
A”(1) 0 - A(?) is defined fi <t<0and 0< <1
= . is defined for — oo an <l1.
-0251-07" 9¢”

A’(t) and A”’(¢) are defined for —o<f<0and 0<r<1.

3 sect
14, Po=|" and g(f) = .
sint ¢t -5
s Y| [y @ Dy, | [y + (@ D)y, gL
' Vil |4y +1y, +8cne | | 4y +1y, 8tlnt |

P+, t o+l t
o + . Therefore, P(#) = ., |and g(H)= .
4 ¢ y,| |8tlnt 4  f 8tInt

2t 1
16. Let A'(H)= { 2}. Integrating component wise, we find
cost 3t

[ £ +C, t+C12}

A(r) =
2 sint+C,, £ +C,,
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. Cll Clz 2.5 . 42 t+5
Since A(0)= = , we obtain A(7)=| | .
C, C,| |1 =2 sint+1 -2

4t
17. Let A’(¢)= [ s 32 Integrating component wise, we find
t

Int|+C, 2°+C C 2+C 2 5
Aw=| "1+ G T Since A@)=|_ " 2= we
5t+C,, t+C,, 5+C, 1+C,, 1 -2

, In[¢[+2 2 +3
obtain A(r)= .

5t(—4 -3

It
18. Let A”()= [ O}' Integrating component wise, we find

0
t t £
A/(t): t+C11 E+C12 :>A(t): E+Cllt+Dll g+C12l+D12 .
C21 C22 C21t + D21 C22t + D22
2 3
11 -1 2 oS, B3
Since A(O):[ } and A(l):{ },weobtain An=|5 Mt et
-2 1 =23 ) 20+1
19.  Integrating component wise, we obtain

JtB(S)dS: Jt2sds J.Otcossds J;st :[ﬁ sin? Zt}'
0

0
JOtSds J‘Ot(s+1)*1ds J;3s2ds 5t ln|t+1| £

. e —1 3t
20.  Integrating component wise, we obtain IO B(s)ds = [sin 2t 1—cos2mt ]
2 2

1 ¢
21 (a). One example is A= Lz O}'

0 ¢
22. O leis A= .
ne examp € 1S {O 0j|

Section 6.2

1. The given problem can be written as y’(¢) = P(1)y(1) + g(), y(3) =Y,
t_l

ln| t| e' 0

p(O=1t" and p,(H= ln| t| are discontinuous at ¢= 0. The coefficient function p,,(¢)=tant¢

has discontinuities at 7 /2,%+ 37 /2,.... The largest interval containing #, = 3 but containing

no discontinuities of any coefficient function is the interval 7 /2<t< 37w /2.

tant 0 0 o ]
where P(t) = ,80D=|_| ¥y, = ] . The coefficient functions
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7 (a).

7 (b).

8 (a).

8 (b).

0
tant is discontinuous at =+ /2 and (t +1)” is discontinuous at = —1. The largest interval
containing ¢, =0 but containing no discontinuities of any coefficient function is the interval
—l<t<m/2.

., |(cospy/e* 177 1/¢ 0
In standard form, the problem is y’ = y +  y(H=|_|.
2 41 sect 2

The only discontinuities of p,,(#) and p,,(?) are at =0, while g,(?) is
discontinuous at t=+x/2,+ 37 /2,.... The largest interval containing #, =1 but containing no
discontinuities of any coefficient function is the interval 0 <z< /2.

‘ 1 tant (t+1)7 0
In standard form, the problem is y’ = 2o 4 y + ,¥y(0)= ol

3t 5
P Y 0
In standard form, the problem is y’ = H2'2 ! Z t2 y,y()= {2}
=2 t=-2

The largest interval containing #, =1 but containing no discontinuities of any coefficient
function is the interval -2 <r<2.

Differentiating, y; = 5S¢, e5’ + 3c2e3’ and y} =5c,e” —3c,e’ . Calculating the right hand sides,

4y, +y,=4(c es’ +c,e’)+(ce” —c,e’)=5¢ce” +3c,e’ =y and
y,+4y,=(ce” +c,e’)+4(ce” —c,e’)=5¢c,e” —3c,e’ = ).

, |41
Y—14y

e’ cost e'sint
—e'sint *l e’ cost

2 2 1
For y=ce [ 1}+cze [ }we have y’=2cle2'[ 1}+3cze3t[ J. On the other hand,
2

O ) [ B

Tl I W1 2] 1 ul 4 | 3 , .
el 4l gty 4 1|7 ae | | T | 5| Thus, y'= Ay for every choice of

¢,and c,.
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10.

11.

12.

13.

In order to solve the initial value problem, we first note that

0 2 1 2 1 |¢ T Ivi 2 1]|¢ 4 bai
= + = . = t
y(0)=c¢, 1 c, 1 e, us, solving e, 3 , we obtain

2l 2 ! 2e” +2e” | | _
¢, =1 and c,=2.Therefore, y(t)=e¢ ! +2e LT o2 g is the solution of the
- - —e” —2¢

given initial value problem.

, o3 1 L 3+2 L|3+4
For y'=ce 5 +c,e 5 , Ay =ce 441 +c,e 442

. 1 _1 Cl _1 . 2651‘ _ 367[ )
Solving 12 e, =| g Ve obtain ¢, =2 and ¢, = 3. Therefore, y(f) = 2o 4 6o is the

solution of the given initial value problem.

y(7)
y'(D)

. [yo] 40 Jo 1Tyn] o
Y ()= L’N(IJ = [—tzy’(t) —4y(n +sin J = [_4 _p }L,(’)} + Lin J. Therefore, the scalar

0 1 0
equation can be written as Y’ = P(1)Y + G(¢) where P(7)= [ 4 IJ and G(¢)= [ ) J.
-4 - sin

Let Y(¢) = [ } Calculating Y’(7), we find

y(7)
y'(1)

Y'(r)= Y = 0 : ¥ + 0 Therefore, the scalar equation can
Ty | | —esect Brsect| v | | (2 +Dsect | ’ q

be written as Y’ = P(¢)Y + G(¢) where P(t) = [

y()
Let Y(¢)=| y’(¥) |. We solve for y””” by multiplying the equation by ¢ and find

v (1)

Let Y(?)= [ } Calculating Y’(7), we find

} and G()= [(t2 +1)sec t}'

—«ﬁ sect 3tsect

y'(1)
Y'(r)= vy (1) . Expressing Y’(¢) in matrix terms, we
—Se”'y""(H)—e 'ty ()= (e tant) y(£) + e~
0 1 0 y(1) 0
have Y'(¢) = 0 0 1 y'(¢) |+| O |[. Therefore, the scalar equation can be
—e"tant —e 't =Se” |y ()| |e”’
written as Y = P()Y + G(z) where
0 1 0 0
P(H= 0 0 1 and G()=| 0

—e"tant —e't' —5e7' e

t
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y(1) 0 1 0fy® 0
14. LetY()=|y® | Y(@®=|0 0 1| ¥(t) |[+| O |. Therefore, the scalar equation can
v (f) t —cost 2[|y7()]| |e
0 1 0 0
be written as Y’ = P()Y + G(r) where P(t)=1|0 0 1|{and G(r)=| O
t —cost 2 e
15. Let Y(7)= [y(t)} so that Y'(¥) = [y’(t)}' We are given that
y'(1) Y (1)

Y= 0 1} y@® . 0 | y'(®)
=3 2y ()| [2cos2t| | -3y(0)+2y'(f)+2cos2t |

Therefore, equating components of the vector Y’(), we see that the scalar equation is

¥y’ =-3y+2y" +2cos2t, y(-)=1,y'(-1)=4.

16. y7 =4y +2y= e, y(0)=1,y'(0)=-2, y”(0)=3.

yi(0) y(t) ] y'(1)
t “(t "(t
17. Let Y(1)= y2() = y”( ) so that Y'(¥) = y,,,( ) . We are given that

;| | Y@ Yy

(0] [y (®] y(n)
B y

, Y Y’ :
Y ()= = ' . Equating components of the vector
V4 y
Yo+ yssin(y) +ys | [y +y7sin(y) +(y”)?

Y’(#), we see that the scalar equation is
Y=y +y sin(y) + () yD=0,y'()=0,y"(D)=~1,y""(1)=2.

18.  Making the indicated change of variables, the system of differential equations is
V=Y +Y,+1Y,

Y =2Y,+Y, +Y,

Y’ = P(1)Y + G(t) where

. Therefore, the system can be expressed in the form

0 1 00 0
P b d G 0
D=0 0 o 1| EO=]g
2t 1 0 1 0
19.  Making the indicated change of variables, the system of differential equations is

Y] =t"Y, +4Y, - tY, + (sinn)Y, + e’
Y/ =Y -5, '
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Therefore, the system can be expressed in the form Y’ = P(¢)Y + G(¢) where

0O 1 0 O 0
4 ' —t sint e’
P(1) = 6 0 0 1 and G(t) = 0
1 0 0 =5 0
20.  Making the indicated change of variables, the system of differential equations is

Y =4Y,+7Y,-8Y, +6Y, +
Y] =3Y, - 6Y, +2Y, +5Y, —sint
Y’ = P(t)Y + G(t) where

. Therefore, the system can be expressed in the form

0O 1 0 O 0
p 4 -8 6 4G ?
H= )=
D=y o o 1|2dGO
3 -6 2 5 —sint
21.  Making the indicated change of variables, the system of differential equations is

15Y, +9Y, + 3Y/=12Y, - 6Y, + 3¢
Y, +5Y, - Y/=2Y,—6Y, +1 '
Writing this system in standard form,
Y] =4Y,-3Y,-5Y,-2Y, + ¢
Y/ =5Y,+6Y,-2Y,+Y,—t
Therefore, the system can be expressed in the form Y’ = P(¢)Y + G(¢) where

0O 1 0 O 0

4 -3 -5 2 r
P(t)= 00 0 1 and G(9)=

5 6 =2 1 —t

Section 6.3

1 (a). In matrix terms, the system has the form y’ = Ay where

Wil |9 4l , |19 4
v 7ls <2y | Y This
1 (b). We have

.| 6e” Caleulating A b 9 —4|2e"| |18 —12¢™ q
= . Calculatin , we obtain = an
y 9¢™ & &Y 15 =7 | 3¢* 30e™ —21e™

3t

therefore, Ay = [9 3;} , showing that the function y() is a solution of y’ = Ay .
e

3 -2
2 (a). y’={4 Jy-
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3 (a). In matrix terms, the system has the form y’ = Ay where

vy 1 4|y , 1 4
I FIN N
3 (b). We have
, {Ze’ cos2t—4e'sin2t¢

. . . Calculating Ay, we obtain
—e'sin2t—2e' cos2t

141 2¢ cos2t| |2e'cos2t—4e'sin2t
-1 1 -
the function y(?) is a solution of y’ = Ay.

0 1
4. y=/2 _2l.

} . Therefore,

—e'sin2t —2e'cos2t—e'sin2t

S5(a). In matrtix terntls, the system has the form y’ = Ay where
v 0O 1 1|y 0 1 1
v, |=|-6 -3 1|y,|ory =|-6 -3 1ly.
v, -8 -2 4]y, -8 -2 4
5 (b). We have
¢!
y’=|—e' |. Calculating Ay, we obtain
2¢'
0 1 1]¢€ —e' +2¢' e'
—6 -3 1|—€"|=|-6e"+3¢" +2¢' |=|—¢' | and therefore
-8 -2 4|2 —8e' +2¢' + 8¢’ 2¢'
the function y(?) is a solution of y’ = Ay.
2 1 1
6. y=[1 1 2.
1 21

7 (a) y’:rest} and also Ay :[9 _4}{261:[lgest_lzem}w’
CTh | 9e™ P15 -7 36 30e™ =21 1'
Similarly for y’,.
7 (b). The Wronskian W(t) is given by

2e3t —t

W (¢) = det[\P(¢)] where P(¢)= [ 3 »
3e”" Se

2¢" 2e7 | ¢
7). ym:[Se” Se_’}[c}

}. Thus, W (f) = 10e* — 6¢* = 4e*.
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1

J . Solving, we find

2 2c
7 (d). Given the general solution in part (c), y(0) = [3 5}[ ] }: [
6
c, —-1/4

0= 2w =asa) % 72
Y= 3™ 57| 9¢* —5¢”" |

8 (b). The Wronskian W(¢) is given by

c 3/4
[ : }: [ } Therefore, the solution of the initial value problem is

2% —de™ 4e* +2e
3¢’ —10e™  6e™ +5¢™

27 —4e" de’ +2e¢7 | ¢
8 (¢). Y(f):{ }[ }

W (¢) = det[\P(¢)] where W(¢)= [ } Thus, W (1) = 20e> #0.

3¢ —10e™" 6’ +5¢7" | ¢,
0

J . Solving, we find

-2 6 |c
8 (d). Given the general solution in part (c), y(0) = [ 7 11}[ ] }: [
_ ¢,

c -3/10
[ : }z [ 1/10}. Therefore, the solution of the initial value problem is
c, -

O=3/10) 26 "4 Lo ¥ T2 §e3t+€5_t
Y= 3¢¥ —10e™ 6’ +5¢7 || = Y|

. |—e” 3 2| " 3¢ —4e™ ,
9@. y = {25’} and also Ay, = [_4 —3}[—2{’} = {—45’ N 6e"} =y;.
Similarly for y’,.
9 (b). The Wronskian W(z) is given by
[ e 3e”
| —2e”" 6e™
and therefore, the given set of solutions is not a fundamental set of solutions.
10 (b). The Wronskian W(¢) is given by

W (1) = det['\P(¢)] where W(r)= } Thus, W ()=6e > —6e' =0

W)= det[‘P(t)] where W(¢) =

—5e™* cos 3t —Se ™ sin 3¢
) ] > ] . Thus
e “(cos3tr—3sin3r) e “'(3cos3t+ sin3¢)
W(t)=-15¢"" #0.
—5¢7* cos 3¢ —5e ' sin 3t ¢,
10 (¢). y(©)= o

(cos3t—3sin3f) e *(3cos3t+sin3f)

c -1
10 (d). Given the general solution in part (c), y(0) = [ }[ } [ } Solving, we find [ '}:[ ] }
¢y

e (cos3t—sin37)
2(2cos3t+4sin37) |

, ¢ -3 2| ¢ —3e¢' +4e' ,
11 (a). y; = 50! and also Ay, = 4 3 e 17| 4 6o =y

Similarly for y’,.

Therefore, the solution of the initial value problem is y(#) = {
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11 (b). The Wronskian W(¢) is given by

t —t

W (1) = det[¥(r)] where T(r):{ ; ,
—Le

e e’ |¢
11 (c). Y(f):[_ze, —e”}[c}

Tl 1
11 (d). Given the general solution in part (c), y(1) = { ¢ ¢ }{ 1}: [ 3} . Solving, we find

-t

}. Thus, W(t)=—-1+2=1.

e —e¢!

c 2¢7!
[ l}: [ ¢ } Therefore, the solution of the initial value problem is
c, —e

(t)_zeil e , e ~ 2e' ™ — ot 7
Y= —2e' —e' | | —de™ +e |

12 (b). The Wronskian W(¢) is given by

3t

.Thus, W(f)=-3e"" 0.

W ()= det[‘P(t)] where ()= E

1 e ¢
12 @), Y(’):L _263,}[6 }

1 e’ |c -2
12 (d). Given the general solution in part (¢), y(—1) = [l ; 4 }[ 1}: [ 4 } . Solving, we find
J— e 6‘2

—2e™

C2 463(t+1)

o [2t-2 207 1=-20 4207 | -2t
i=| , and also Ay, =

¢ 310 5,3+
[ l }: —%[6}. Therefore, the solution of the initial value problem is y(#) = [ }

13 (a).

22 2t =277 2t

[e-4rh+@i-4+4rh]
- [ (2+41") +(4—4r) } Y
Similarly for y’,.

13 (b). The Wronskian W(¢) is given by

=2t t-1 s
W(t):det[‘P(t)] where ‘I‘(t):[ 5 | }.Thus, W) =-t".

=2t t—1]¢
13 (¢). Y(t)=[ 5 . }L}

0 1fc -2 c 1
13 (d). Given the general solution in part (c), y(2) = [4 J{ 1}: [ ) } . Solving, we find [ 1}= [ 2}.

¢, ¢,

: . . -2t [t=1] |£—4r+2
Therefore, the solution of the initial value problem is y(#) = o T 2 B i |
t r—
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14 (b).

14 (c).

14 (d).

15 (a).

15 (b).

15 (©).

15 (d).

The Wronskian W(?) is given by

e 0 0
W () =det[WP(¢)] where W(£)=| 0 2e'cos2t 2e'sin2t|. Thus, W(7)=2.
0 —e'sin2r e'cos2t
e 0 0 ¢

y(©)=| 0 2e'cos2t 2e'sin2t|c, |.
0 —e'sin2r e'cos2t | c,
1 0 Ofc¢ 3
Given the general solution on part (¢), y(0)=|{0 2 Ofc, |=| 4
0 0 1fc, -2

q 3
Solving, we find | ¢, |=| 2 |. Therefore, the solution of the initial value problem
C, -2
3¢

is y(r)=| 4e'(cos2t—sin2t)
2e' (—cos2t + sin2t)

5e' -21 —-10 2 | 5¢ 5e'
y;=|-1le' | andalso Ay,=| 22 11 =2|-1l¢'|=|-1le' |=Yy;.
0 -110 =50 11} O 0

Similarly for y’, and y’,.
The Wronskian W(?) is given by

e’ e e
W () =det[P(¢)] where W(f)=|—-1le’ O —e'|. Thus, W(t)=—11le.
0 1l 5¢™
e’ e e |
yio)=|-1le 0 —e'|c,|.
0 1le' 5¢ |c,
5 1 1]¢ 3
Given the general solution on part (¢), y(0)=|-11 0 -1|c,|=|-10].
0 11 5 |c, -16
C 1
Solving, we find | ¢, |=|—1|. Therefore, the solution of the initial value problem
Cy -1
¢’ e' e’ 4e' —e™'
isy(n)=|-11le' |=| 0 |—=|—e" |=| —11le' +e”'

0 11e' S5¢”! —11le' = 5¢™"
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5¢" €
16 (a). W(t):det[ 3 i:z
—Te

16 (b). The trace of Aisequalto 6-6=0.

" [ P(s)lds " 0ds
16 (c). For ,= —1,W(t0)ejfo’ _0 s

2t 4t
—€

Se2t e4t o
17 (a). W(r)=det . =2e
—Te

9 5
17 (b). The trace of A= [ 7 3} isequalto 9+ (-3)=6.
[[mponas [leas o
17 (c). For t, =0,W (t,)e™" =2e" =2e.

-1 ¢ -1t

18 (a). W(r)=det| =—t e
0

18 (b). The trace of Aisequalto 1-t™.

" [P (s)lds (=5 )ds il o _ _
18 (¢). For 1, = I,W(t(,)ej’0 = —e(ef‘ = —ee' ™M = g = ot = et

2 0 e 2 0 1
19 (a). W(H)=det|—e' —e' e* |=e'ee*det|-1 -1 1|=—-6e"
-’ e eV -1 1 1
2 1 1
19 (b). The traceof A=|1 1 2| isequalto 2+1+1=4.
1 2 1
. [ ripsnas [ ads u
9 (c). For t,=0,W (t,))e™ =—6e" =-6e"".
3t
20 (a). W (1) = det E o }: 3¢’ #0.

20 (b). 3¢™ = 3eh™ 5 A= 3.
20 (0) 5 2¢ oy 0 6e A 5 2e
C). = = = .
v 1 e v 0 3e* 1 e

0 6| 1 | —2e -2 10
20 (d) A = 3 | S 3 = .
0 3¢’ | 3e'| -1 5 -1 5

The results are consistent since tr[A]=-2+5=3

. . " (P (s)lds
21. If W(¢) is constant, then by Abel’s Theorem, the function e™ must also be constant.

Therefore, g(¢) = jtt tr[ P(s)]ds must be constant and hence the derivative of g(¢) is identically
0

zero. However, by the fundamental theorem of calculus, g’(z) = #r[P(¢)] and hence the trace of
P(f) must be zero. Since the trace is equal to 3+« we conclude that ¢ =-3.
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Section 6.4

2
1 (a). Let F(t):[fl(t),fz(t)]z[i ;}.Then, det[F(£)] = 2t— .

1 (b). No, because we do not know whether the functions f(#) and f,() form a fundamental set of
solutions for a linear system.

1 (c). Yes. At t=1, the determinant is 2—1=1# 0. Therefore, [f (?),f,(H]k=0=k=0.

2(a). det[F()]=re' —tsint.

2 (b). No

2 (c). Yes. At t=1, the determinant is e - sinl # 0.

te'  sin’t
3(a). Let F(f)= [fl(t),fz(t)]z[

L } Then, det[F(¢)]=2te' —(t—1)sin’ ¢.
t_
3 (b). No, because we do not know whether the functions f,(#) and f,(¢) form a fundamental set of

solutions for a linear system.
3(c). Yes. At t=1, the determinant is 2e # 0.

t £ [t k] [O] )
4. k| |+k)| |= =| [det=t-t"#0 at =2 for example = k =0. Therefore, the
1 1 1 1]k 0]
given set of functions is linearly independent.
, e' e’ | |0 ke' +ke™ | [0]
5. We need to solve the equation k, +k, = or =| |. This vector
1 0 0 k, 0

=0 and k, =0. By the second equation, k, =0 and hence, using

equation requires ke’ + k,e™’

this fact in the first equation, k,e”" = 0. Multiplying this identity by the nonzero function e’,

t -t 0
we see that k, =0 as well. Hence, the only way to satisfy kl[el }r k{eo }E {0} is to choose
k, = k, = 0. This means the given set of functions is linearly independent.

e’ e’ sinh 0] ] ) )
6. k, | +k, | + k, o ITlof Letk, =1, k, =—1, k; =-2.The given set of functions is

linearly dependent.

1 0 0 k, 0
7. We need to solve the equation k| t |+ k,| 1 |=|0| or | kt+k, |=|0|. The first component of
0 ] |0 k,t* 0
this vector identity cannot be satisfied unless k, =0 and the third component cannot be
1 0 0
satisfied unless k, = 0. Hence, the only way to satisfy the identity k| ¢ [+ k,| 1 [=|0|1s to
0 ] |0
choose k, =k, =0. This means the given set of functions is linearly independent.
1 0 0o (O
8. k|t|+k)|1|+k|0|=]|0} Letk =0, k, =0, k; =1. The given set of functions is linearly

0 £ 0Ol (O
dependent.
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10.

11 (a).
11 (b).

11 (c).

12 (a).
12 (b).

12 (©).

1 0 0o |0 k, 0
We need to solve the equation k| t |+ k,| 1 |+k,|0|=|0| or | kt+k, |=|0|. The first
0 r 1| |0 kit +k| |0

component of this vector identity cannot be satisfied unless k, =0 and therefore the second
component requires k, = 0. Given that k, and k, must both be zero, the third component then

1 0 0| |0
requires that k, =0. Hence, the only way to satisfy the identity k| ¢ |+ k,| 1 |+ k|0 [=|0|1s
0 r 1] |0
to choose k, = k, = k, = 0. This means the given set of functions is linearly independent.

1 0 1 0
1
k|sin®t |+ k)| 2—2cos’t |+k,|0 |=|0 | Letk, =1, k, == k, =—1. The given set of
0 -2 1 0
functions is linearly dependent.

t t2
Let F(f)= [; t}. Then, det[F(1)] = re'.

Since the determinant is zero at ¢ =0, F(#) cannot be a fundamental matrix for a linear system
defined on an interval containing 7 = 0.
A fundamental matrix W(z) satisfies the matrix differential equation ¥’ = P(r)¥ . Given that

t

t tz 2t
Y(r) = ﬁ) }, we know that W’ (r) = ﬁ) | } Therefore, the equation ¥’ = P(#)'¥' implies
t

‘o2t L7
that {; | }: P(t)ﬁ) } Postmultiplying by W', we see that ¥"¥~' = P(¢). Therefore,
t

. Canceling the nonzero

e 2ttt -7 e’ @t—1)e!
1/(te ){0 1}{ }zP(t) and so P(f)=1/(te ){O , }

0 €
(2t— tz)}

t
term e’ we have P(f) = tl{O |

£ 2t ,
Let F(1)= 0 1 . Then, det[F(f)]=1t".

Since the determinant is zero at =0, F(#) cannot be a fundamental matrix for a linear system
defined on an interval containing 7 = 0.
A fundamental matrix W(z) satisfies the matrix differential equation ¥’ = P(r)¥ . Given that

£ 2t 2t 2
Y(r) = [0 | }, we know that W’ (1) = [O 0}. Therefore, the equation ¥’ = P(r)¥ implies
2t 2 t
that = P(1)
0 O 0

,J2t 271 21 200 =2 .
1/(t) g =P(t) andso P(¥)= 0 0 which is continuous on

2t
| } Postmultiplying by W', we see that ¥"¥~' = P(¢). Therefore,

0
(-00,0) and (0,%0).
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13 (a).

13 (b).

13 (©).
14 (a).

14 (b).
14 (c).
15 (a).

15 (b).

el —e’
t -t

We first show that ¥’ = P(r)¥ . Now, W’ (r) = {
e e

} whereas

—t

0 I]e e el —e’ _ , .
P(H)¥Y(r) = . = _, |- Thus, since ¥’ = P()'¥, we know that ¥'(7) is a
1 Ofe —e el e

solution matrix. To show W(¢) is a fundamental matrix, we need to verify that det[\¥(r)] #0.

Since det[W(7)]=-2, we know W(7) is a fundamental matrix.

- sinht cosht| [|le'—e” e +e . a b

V(1) = ) == B |- Thus, we need a matrix C = such that
cosht sinht| 2|e' +e e —e”' c d

lle'—e" e'+e'| | e’ |a b : : : : .

= PR = B . Expanding the right-hand side of this matrix

2|le'+e' e'—e el —e'|c d

equation, we arrive at the requirement

e —e’ e +e’'| [ae' +ce”’ be' +de ) ]
s PR ) » . _, |- Comparing entries, we see that
2|e'+e" e'—e'| |ae'—ce" be' —de

1/2 1/2,b=1/2,and d=1/2.Thus, C ez
a=1/2,c=-1/2,b=1/2,and d = . Thus, C= 12 12|

det[C]=1/2 and thus, ‘i’(t) is a fundamental matrix.
Since det[W(7)]#0, we know W¥(¢) is a fundamental matrix.
2e' —e’

- e +3e”’ el —e'[2 1 2 1
Yo=_, . = ~ . Thus, C= .
2¢' +e7" e =3¢’ e e |1 3 1 -3

det[C]=-7 and thus, ‘i’(t) is a fundamental matrix.

t _26721‘

We first show that ¥ = P()¥ . Now, ¥'() = [Z =
e

} whereas

0 -3¢ 0 6™
a solution matrix. To show W(7) is a fundamental matrix, we need to verify that det[\P'(7)] #0.

Now det[W(r)] = -3¢ 'and thus is never zero for any value 7. Therefore, W(z) is a fundamental
matrix.

1 1]e ™ el 2 , , .
P(H)¥Y(r) = 0 - = . Thus, since ¥’ = P()¥, we know that W¥(7) is

- 2e . a b
YY) = 6 0 and so we need a matrix C = J such that
—6e c
2 0] e e Ja b : : : : . :
. = o . Expanding the right-hand side of this matrix equation, we
|—6e" 0| [0 -3¢ |c d

arrive at the requirement

27 0| |ae' +ce™ be' +de™ , o

e 0 = 3ee? ade? | Comparing entries in the second column, we see that
—6e —3ce —3de

d=0and b=0. Comparing entries in the first column, we see ¢ =2 and a=0. Thus,

c:B g}
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15 (¢). det[C]=0 and thus, ‘i’(t) is a solution matrix but not a fundamental matrix.
16 (a). Since det[¥(¢)]=—6e> %0, we know P(7) is a fundamental matrix.

e +e' 4e* e +4e* e e 4|1 0 1 1 0 1
16 (b). ¥(H)=| 2" &* e |=|0 —2¢" €' |1 0 O|.Thus,C=|1 0 O
0 3e? 3e?! 0 0 3¢ [0 1 1 0 1 1

16 (¢). det[C]=1 and thus, ‘i’(t) is a fundamental matrix.

et

et

17. For W(1)= [ ¢ _t} , we need a matrix C such that ‘i’(t) =¥ (r)C where ‘i’(O) =1.This
—e

requirement means that [ = ‘i’(O) =¥Y(0)C.

1 1 11 1
Equivalently, C is the inverse of W(0) = [1 J. Thus, C=Y¥(0) ' = 5[1 J.
2t

18. For (1) = {f) Z }, we need a matrix C such that ‘i’(t) =¥ (r)C where ‘i’(O) =1.This
—3e

2t
requirement means that [ = ‘i’(O) =¥Y(0)C.

1 1 1|-3 -1
Equivalently, C is the inverse of ¥(0) = {0 3}. Thus, C=Y¥(0) ' = _5[ 0 1 }

Section 6.5

4 201 2
1(a). Ax, = {_1 JLJ = [_2} = 2x,. Thus, x, is an eigenvector corresponding to the eigenvalue

4 21-21 [-6]
A, =2. Similarly, Ax, = [ ] J{ ] }: [ 3 |7 3x,. Thus, x, is an eigenvector corresponding

to the eigenvalue A4, = 3.

1

1 [—2
1 (b). Solutions are y,(f) = eZt[_J and y,(H)=e" }

2t

3t
.. e —z€ . .
1 (¢). The Wronskian is W (f) = det[ 5 2 }: e’ —2¢” =—¢'. Since W(¢) is nonzero for any
—e e
value ¢, the two solutions form a fundamental set of solutions.

7 =313] |3
2 (a). Ax,= {16 —7}{8} = [—8} =—1x,. Thus, x, is an eigenvector corresponding to the eigenvalue

7 31 1
A, =—1. Similarly, Ax, = [16 7}[2} = [2} =1x,. Thus, x, is an eigenvector corresponding
to the eigenvalue 4, =1.

3 1
2 (b). Solutions are y,(f) = et[g} and y,(1)= e’{z}.
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2 (c).

3 (a).

3 (b).

4 (a).

4 (b).

5 (a).

5 (b).

5 (c).

6 (a).

6 (b).

6 (c).

8e™
two solutions form a fundamental set of solutions.
The vector x, =0 cannot be an eigenvector since an eigenvector must be nonzero. Considering

11 5|1 1
the other vector, Ax, = m 10172 =X,. Thus,

X, is an eigenvector corresponding to the eigenvalue 4, =1.

3 -t t
The Wronskian is W (1) = det[ ¢ 26 t} =-2#0. Since W(?) is nonzero for any value ¢, the
e

1
The solution is y,(#) = et[ 2}.

-5 2011 [1] -5 201] [-1
AX, = =| . |=1x,, Ax, = = . Thus,
-18 7)3]| |3] -18 72| |4

X, is an eigenvector corresponding to the eigenvalue A, =1, but x, is not an eigenvector.

3

1
The solution is y,(r) =¢' }

0 1)1 -1
AX, = L O}{ J = [ ) }: —X,. Thus, x, is an eigenvector corresponding to the eigenvalue

0 1(2 2
A, =—1. Similarly, Ax, = [1 O}{J = L} = X,. Thus, x, is an eigenvector corresponding to
the eigenvalue 4, =1.

1 2
Solutions are y,(7) = et[ J and y,(7)= e’[z}.

—t t

. et =2+2=4.Since W(z) is nonzero for any value ¢, the
e

The Wronskian is W () = det[ ¢
—e

two solutions form a fundamental set of solutions.

2 —1]1 4
Ax, = {_4 ) }[_2} = [—8} =4x,. Thus, x, is an eigenvector corresponding to the eigenvalue

2 11 0
A, =4 . Similarly, Ax, = [ 4 9 }[2} = [O} = 0x,. Thus, x, is an eigenvector corresponding
to the eigenvalue 4, =0.

1 1 1
Solutions are y,(f) = e‘”[_z} and y, (1) = €0|:2i| = [2}

4t

1
The Wronskian is W (1) = det[ ; 2} =4¢* #0. Since W(¢) is nonzero for any value ¢, the

4
e t

two solutions form a fundamental set of solutions.
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-4 3 ) -6 37 x, 0
7. For A= the equation (A—27)x =0 has the form = . Elementary row
-4 4 -4 2] x, 0
operations [—(1/3)R, then R, +2R,] can be used to row reduce the system to
2 -1 x 0 ) ™ ) ) _xl X, 1 0
= = . t = = = S #0.
0 0]x, 0 or 2x, = x,. Thus an eigenvector is X -, 2x, X, 5 X,
5 3 ) 6 37x 0
8. For A= the equation (A + I)x =0 has the form = . Thus an
-4 -3 -4 2] x, 0
. . X X 1
eigenvector is X = = =X, ,x, #0.
X, —2x, -2
11 , -4 1] x] [0
9. For A= 46 the equation (A—57)x =0 has the form = ol Elementary row
operations [—(1/4)R, then R, +4R,] can be used to row reduce the system to
1 -1/4] x, 0 4 T . . x| [ x 1 0
= = A t = = = S #0.
0 0 |x, 0 or 4x, = x,. Thus an eigenvector is X x| 4x, X, 4 X,
1 -7 3 5 =7 3| x 0
10. For A=|-1 -1 1|theequation (A+4/)x=0 hastheform|-1 3 1| x,|=|0|. Thus
4 -4 0 4 -4 4] x, 0
X, 2x, 2
an eigenvectoris X=|x, [=| x, [=x,| 1 [ x, #0.
X, —X, -1
31 1
11. For A=|-1 1 -1|theequation (A—2/)x=0 has the form
2 1 2
I 1 1]x 0
-1 -1 -1|x, [=|0|. Elementary row operations (R, + R, then R,—2R,) followed by
2 1 0|x, 0
I 0 —1]x 0
R, + R, and (—R;) can be used to row reduce the systemto |0 0 O | x, |=|0|,or
0 1 2 |x 0
X, X, 1
X=X . .
Thus an eigenvectoris X = x, |=|—2x; |=x;| -2 |, x; #0.
X, =—2x, . ) ) )
X, X5 1
1 3 1 -4 3 1]|x 0
12. For A=(2 1 2 |theequation (A—5/)x=0 hastheform| 2 -4 2 |x,|[=|0].
4 3 =2 4 3 T x 0
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13.

14.

15.

16.

17.

18.

X, X, 1
Thus an eigenvectoris X=|x, |=| x, [= x| 1|, x, 0.
X, X, 1
-2 3 1
For A=|-8 13 5 |the equation Ax=0 has the form
11 -17 -6

-2 3 1|x 0
-8 13 5 | x,|=|0|.Since the arithmetic looks forbidding, we turned to MATLAB and
11 =17 -6 x, 0
I 0 1]x 0
used the RREF command. MATLAB says the system is equivalentto [0 1 1| x, [=[0|, or
0 0 Ofx, 0

_ X, —X; -1
l Thus, an eigenvector is X =| x, [=|—x; |= x5/ =1 | x; #0.
X, =—X;. ~ 3 3
X, X, 1
- . —S5-4 1
The characteristic polynomial is p(1) = 0 4-3 or
p(A)= (A +5)(A—4).Thus, the eigenvalues are 4, =-5and 4,=4.
8 0 8—1
For A= [3 2}, the characteristic polynomial is p(A) = 3 o
p(A)=(8—-A)(2—A). Thus, the eigenvalues are A, =8 and A,=2.
3-4 3
The characteristic polynomial is p(4) = 6 6" or
p(A) = (A)(A-9). Thus, the eigenvalues are A, =0 and A,=9.
For A=|> | the ch stic polynomialis pty=| "~ >
= t terist = ;
or 4 3 e characteristic polynomial is p(4) 4 ) or

pA)=(5-2)B-1)-8=1-81+7=(A—-T)(A-1). Thus, the eigenvalues are
A =T7and A,=1.
The characteristic polynomial is

5-4 0 0

pMH=| 0 1-2 3
0o 2 2-1
or pA)=(G-DP=3A-4)=5-DA-DA+1)=-2+82—111-20 and the

eigenvalues are 4, =—1,4, =4, and 4,=5.
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-2 3 1
19. For A={-8 13 5 | the characteristic polynomial is
11 -17 -6
—2-1 3 1
p(A)=| -8 13-4 5 |. Given the arithmetic required to find the
11 -17 —-6-14

characteristic polynomial, it is advisable to use a computer routine such as
poly(A) from MATLAB. However, it is possible to find p(A) by hand:
—2—-1 3 1
-8 13-4 5 =(—2—l)‘
11 -17 -6-14
or pA)=(2-AX=TA+T)=38A-7+1IA-=T)==2 +51 -6A.
Thus, p(A) =-A(X* =51 +6)=—A(A - 3)(1—2) and hence the eigenvalues are
A =0,1,=3,and A,=2.
20.  The characteristic polynomial is
-1 -7 3
pA=|-1 -1-41 1
4 -4 -1
or p(A) =—-A(X =16) = (-A)(A—4)(A +4) = -1’ +161 and the eigenvalues are
A =0,4,=4,and A,=—4.
21. The eigenvalues are A, =—-2 and A, =2 with corresponding eigenvectors

3
-17 —-6-1 11 —-6-1

13-4 5 —8 5
11 -17

‘—8 13—&‘
+

3 1
X, = [2} and x, = [2} . A fundamental set of solutions consists of the functions
-2t 3 2t 1 : :
y(=e ) and y,(H)=e 5| Therefore, the general solution is

3 1 3 1
y()= clez'[z} + cze2’{2} . The solution of the initial value problem is y(z) = ez’[z} + €2t|:2i| )
22.  The eigenvalues are A, =—1 and A, =3 with corresponding eigenvectors

1 3
X, = [ 2} and x, = [ 2} . A fundamental set of solutions consists of the functions

1 3
y, ()= e’[ 2} and y,(H)= 631|: 2} . Therefore, the general solution is

1 3
y(t) = clet[ 2} + cze3t[ 2}. The solution of the initial value problem is

330D _ =D
y(@) = . P
N P



Chapter 6 First Order Linear Systems ¢ 135

23.

24.

25.

26.

The eigenvalues are A, =3 and A, =5 with corresponding eigenvectors

1 1
X, = [J and x, = [2} . A fundamental set of solutions consists of the functions

1 1 1 1
y, ()= e3’[1} and y,(H= es’{z} . Therefore, the general solution is y(7) = cle3’[l} + czeSt[z} .

1 1
The solution of the initial value problem is y(¢) = 3e3’[1} + 465{2:| .

The eigenvalues are A, =—0.11 and A, =-0.05 with corresponding eigenvectors

—0.11¢ 1 _ -005¢ 1
y(H=e [_J and y,(f)=e [2}

The eigenvalues are 4, =1,4, =2, and A, = 3 with corresponding eigenvectors

1 1
X, = [ J and x, = [2} . A fundamental set of solutions consists of the functions

1 1 1
x,=| 1| x,={0}], andx;=|1|. A fundamental set of solutions consists of the functions
-1 0 0
1 1 1
y,(H)=e'| 1 |, y,()=e”|0}|, and y,(f)=e”| 1 |. The solution of the initial value problem is
-1 0 0
1 1 1
y(H)y=e'| 1 [+e*|0[+2e¥]|1].
-1 0 0
The eigenvalues are 4, =-2,1, =1, and A, =4 with corresponding eigenvectors
1 2 1
=|-3|, x,=|-3|, and x,=|0 |.A fundamental set of solutions consists of the functions
3
1 1
y,()=e| -3 | y,()=¢'|-3| and y,(t)=e*|0|. The solution of the initial value problem is
3 0
1 -2 0

y(t)=e |3 |+e'| 3 [+e*]0].
3 0 0
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27.  The eigenvalues are A, =—2,4, =2, and A, =4 with corresponding eigenvectors
3 1 3
x,=| 4| x,=|0|, andx; =|2|. A fundamental set of solutions consists of the functions
-8 0 2
3 1 3
y()=e| 4 | y,()=e|0], and y,(r)=¢"|2]|.
-8 0 2
28.  The eigenvalues are A, =1,A4, =3, and A, =5 with corresponding eigenvectors
0 1 1
x,=|0}| x,=|1| andx;=|2|.A fundamental set of solutions consists of the functions
1 0 0
0 1 1
y,()=e0|y,(H=e|1] and y,()=¢e"|2].
| 1 0 0
29.  The eigenvalues are A, =—1,4, =1, and A, =2 with corresponding eigenvectors
1 1 2
X, =|-4| x,=|-2| and x,=|-2|. A fundamental set of solutions consists of the functions
-5 -3 -1
T1 1 2
y(=e'|-4|y,(D=e|-2] and y,()=e"|-2].
-5 -3 -1
30.  The eigenvalues are A, =—-2,4, =1, and A, =2 with corresponding eigenvectors
1 1 1
X, =|-5| x,=|-2|, and x; =|-1|. A fundamental set of solutions consists of the functions
-6 -3 0
1 1 1
y,(H)=e|-5] y,(H)=e'|-2| and y,()=e"|-1].
-6 -3 0

2 x |1 1
31.  We need to have | 5}[ J = ){ J for some value A . Therefore, equating vectors, it

follows that we 2— x=A and 1+5=—A.This requires A =—6 and x = 8.

X -1 -1
32. We need to have Y =1 . Therefore, it follows that
2x -y 1 1

—x+y=-1and —2x-y=1.Thisrequires x=0, y=-1.
39 (a). The eigenvalues are A, =—3 and A, =—-1. Corresponding eigenvectors are

1 1 : |
X = [_J and x, = L} . The general solution is y(f)=c,e”™ LJ fee” [J .
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. e el . _ % 37 1 % -7 1
39 (b). The solution of the initial value problem is y(f) =— ) e ] +3 ) e 1k

Therefore, Q,(1) = %(—e‘“ +3¢™) and Q,(f)= %(e‘” +3¢7).
Note that 0 < Q,(7) < Q,(7) . Therefore, we need 7 such that

%(e—“ +3¢7)< 01Q, = (¢ +3e ") < .02. Graphically, we find that a value 7=5.011 will
suffice. Since t=(V /r)t =507, we obtain a value of 7 =250.55 sec or t=4.18 min.
40 (a). The eigenvalues are A, =—1 and A, = A, =—4. Corresponding eigenvectors are

1 1 1
x,=|1|,x,=|-1| and x,=| O |.The general solution is
1 0 -1
1 1 1
Q) =ce|1|+c,e™|=1|+ce™| 0
1 0 -1
1 1
40 (b). The solution of the initial value problem is y(#)=2Qe |1 |- Qoem 0
1 -1
2 —e
Therefore, Q()=Q,|  2¢™'
2¢ " e
Section 6.6
2 1 o o 2-1 5
1. For A= 1 the characteristic polynomial is p(4) = L oa-alT A —4A+5.
Therefore, the eigenvalues are A, =2+1i and A, =2—i. We find an eigenvector x, by solving

(A-ADx=0 or

2-(2+1i) 1 5]_[0] _— =i 1 s [0] o
= . t t = .
1 y_ (2 + l) X, 0 1S equation reauces to 1 X, 0 €

- 1|x 0
elementary row operation R, + iR, reduces the system to [0 0}{ l }: [O} or —ix; +x,=0.
Xy

X

X
Thus, an eigenvector is X = { 1 }: [

}: xl[ }, x, #0. Since the eigenvalues and eigenvectors
X, i

ix,
occur in conjugate pairs, the eigenpairs are

1 1
A =241, xl:[} and A,=2-1, X2=|: }
i

-1
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-
A, =3i and A, =-3i. We find an eigenvector x, by solving (A—AI)x=0 or

=3i -9 x 0 . . X, 3ix, 3i )
_ =| |. Thus, an eigenvector is X, = = =x,| . |, x, #0. Since the
1 -3i|x, 0 X, X, 1

eigenvalues and eigenvectors occur in conjugate pairs, the eigenpairs are

3i -3i
A =30, X, = | and A,=-3i, x, = at

N L 6-1 —13
' AL 0 1 -2

Therefore, the eigenvalues are A, =3+ 2i and 4, = 3—2i. We find an eigenvector x, by
solving (A—A,1)x=0 or

[6—(3+2i) -13 X, 0 Thi ) q 3-2i -13 | x 0 ™
= . t t = .
i | _3+20) | x, 0 is equation reduces to ! 3220, 0 e

elementary row operations R, <> R,, then R, — (3—2i)R, reduces the system to

1 —-3+2) x| [0 3400 0. Th ' _
= — =+ =0. . t
0 0 ¥, ol % ( )X, us, an eigenvector is

X, (3+2i)x, 3+2i _ _ _
X= = =X, Lol x, #0.Choosing x, =1, we obtain the eigenvector
Xa

2. The characteristic polynomial is p(A) = = A’ +9. Therefore, the eigenvalues are

=1 —61+13.

}, the characteristic polynomial is p(4) = ‘

3+2i
X, = [ ! } Since the eigenvalues and eigenvectors occur in conjugate pairs, the eigenpairs

are
3+20 3-2i
A =342, x,= | and A,=3-2i, x,= Ll
4, The characteristic polynomial is p(1) = ‘ _2 ) = (A —2)* +1. Therefore, the eigenvalues

are A, =2+i and A, =2—-1i.We find an eigenvector x, by solving (A—AI)x=0 or
1-i 1 X, 0 ) ) 1 ) )
. = . Thus, an eigenvector is X, = . |- Since the eigenvalues and
-2 —1-ijx, 0 =1+
eigenvectors occur in conjugate pairs, the eigenpairs are

1 1
A =241, Xl=|: 1+} and A,=2-1, xzz{ | }
—1+i —1—i

5. Using the EIG command in MATLAB, we find eigenvalues 4, =1,A4,=1+i,and A, =1-1.
For each eigenvalue A, we use the RREF command in MATLAB to solve (A—Al)x =0,
-3 3+2i 3-2i
finding x,=| 0 |, x, = 1 ,and x;=| 1
1 —-1-i —1+i
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10.

3+2i| |-5+i
Note that another possible eigenvector for A, is x,=(-1+i)| 1 |=|-1+1i|.
—1-i 2
The eigenvalues are A, =2,A, =2+ 3i, and A, =2 - 3i. The corresponding eigenvectors are
1 —4-i —4+i
x,=|0|,x,=| 3i |, and x;=| -3i
-1 I+i 1-i

T 4 4
As in Example 1, y(f) = ¢ |=e"(cos2t +isin27) )
—1+i —1+i

} is one solution of y’ = Ay .

Expanding and collecting real and imaginary parts, we obtain

u 4cos2t 4| 4sin2f
1= -
yin=e —c0s2t—sin2t e

4cos2t

. . Thus, a fundamental set of solutions can be
cos2t—sin2¢t

4sin2t
cos2t—sin2t |

formed from y, ()= e‘”[ } and y,(7) = e‘”[

—Cco082¢t—sin2t

A2+ —2+i
y() = e”[ 5 }: (cost+isin t){ 5 } is one solution of y’ = Ay . Expanding and collecting

—2cost—sint | | cost—2sint
Ssint

real and imaginary parts, we obtain y(?) = [ } Thus, a

5cost

—2cost—sint
fundamental set of solutions can be formed from y,(7) = an

cost—2sint
y, ()= .

5cost

5sint
) 1= . -1-i| ]
Asin Example 1, y(f)=¢™ ] = (cos2t+isin2t) | is one solution of y’ = Ay .

Expanding and collecting real and imaginary parts, we obtain

—C0s2t +sin2t —C0s2t—sin2t )
y(t) = 0y ] . Thus, a fundamental set of solutions can be
cos

sin2t

—cos2t+sin2t —Ccos2t—sin2t
formed from y,(?) = and y,(1)= . .
cos2t sin2t

—1+i
y(2) = e'(cost+isin t)[ ) } is one solution of y’ = Ay . Expanding and collecting real and
i

Cost

—cost—sinf |  |cost—sint
, +ie
—sint

imaginary parts, we obtain y(7) = et[ } Thus, a fundamental set

—cost—sint coSt— sint}

of solutions can be formed from y,(¢) = e’{ } and y,(1) = e’[

—sint cost
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-5+4+3;

(2+3i)t

11. As in Example 1, y(f)=e

2

34 3i |=e*(cos3t+isin31)| 3+ 3i

-5+ 3i
is one solution of
2

y’ = Ay . Expanding and collecting real and imaginary parts, we obtain

—5cos3¢t— 3sin 3¢
2t

y()=e
2cos 3t 2sin 3¢

—5cos3¢— 3sin 3¢

3cos3t—5sin 3¢

3cos3t—3sin3t |+ie™| 3cos3t+ 3sin3t |. Thus, two linearly independent solutions

3cos3t—5sin 3¢

are y,(1)=e'| 3cos3t—3sin3t |and y,(f)=e”| 3cos3t+ 3sin3¢ |. The third solution needed

2cos 3t

2sin 3¢
1

to complete the fundamental set is obtained from the real eigenvalue A =2, y,(f)=e”| 0

[—sin5¢ ] [cos5t |

. cosSt sinSt

12. e'(cos5t+isin5¢) +ie

oooo_N.:

e'(cos2t+isin2f) +ie

i —sin2¢

|1

i i cos2t ]
[—sin5¢

cosSt

. cosSt 0
e 5

0
0

. sinSt
e
0
0

formed from

13.
cost

. sint
+c,e
nt cost

4cost+ 7sint
—4sint+ 7cost |

y(H) = clez’[

obtain the solution y(7) = ez’{

14.

. , €
—sin2t

cos2t

-1

. Also,

Thus, a fundamental set of solutions can be

0
0

cos2t |

t

sin2t

Proceeding as in Exercises 7-12, we find the general solution of y’ = Ay is

1 0 4
}. Imposing the initial condition, y(0) = CI{O} + cz{ }: [

1 7

Jove

Proceeding as in Exercises 7-12, we find the general solution of y’ = Ay is

3sin 3t 3cos 3t . L . 0 3 6
y(=¢ +c, . Imposing the initial condition, y(0) =c, ! +c, ol=12 , wWe

cos 3¢t sin 3¢

—6sin 3¢+ 6¢cos 3¢
2cos3t+2sin3t |

obtain the solution y(7) = {
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15.

16.

17.

18.

22.

Proceeding as in Exercises 7-12, we find the general solution of y’ = Ay is

3 3cos2t—2sin2t 3 2c0s2t + 3sin2t
y()=ce +c,e

) . Imposing the initial condition,
sin2t

Ccos2t

1 0 3
5| €082t—18sin2¢
y(=e o |
3cos2t—4sin2t¢
Proceeding as in Exercises 7-12, we find the general solution of y’ = Ay is

3 2 1
y(0)= cl[ }+ cz[ }: [ }, we find ¢, =3 and ¢, =—4 and the solution is

. cost . sint ) o -
y()=ce . |t . |- Imposing the initial condition,
—cost—sint cost—sint

8cost+14 sint}

1 0| |8
y(0)= Cl[—l} + 02[1_ = [6} we obtain the solution y(7) = 62'[6%“_ 22sins

Proceeding as in Exercises 7-12, we find the general solution of y’ = Ay is

-3 [3cost—2sint 2cost+ 3sint
y(t)=ce'| 0 |[+c,e’ cost +cqe’ sint
1 —cost+sint —cost—sint
) -3 3 27 [6
Imposing the initial condition, y(0)=¢,| O [+c¢,| 1 [+c;] O |=]|1 |, we find
1 -1 -1 2
27—21cost— 38sint
¢,=-9, c¢,=1, and c¢; =-12, and the solution y(#) = e cost—12sint
-9 +11cost+13sint
Proceeding as in Exercises 7-12, we find the general solution of y’ = Ay is
1 —4cos3t+ sin 3t —cos3t—4sin3t
y()=ce’| 0 |[+c,e’|  —3sin3¢ +cye” 3cos 3t
-1 cos 3t — sin 3¢ cos 3t +sin 3¢
1 —4 -1 -1
Imposing the initial condition, y(0)=¢,| 0 |+c,| O [+c,| 3 |=| 9 |, we find
-1 1 1 4

—2+cos3t—13sin 3¢
¢, =2, c¢,=-1, and c¢; = 3, and the solution y(7) = e”|  9cos3t+ 3sin3t
2+2cos3t+ 4sin 3t
1
The eigenvalues of A are A= (~1%£9+121)/2.1f 9+12u <0, A==_%if (B0).

therefore distinct and y(r) > 0.If 0<9+12u<1, ,the eigenvalues are distinct, real and

negative. Therefore, —0c <9 +121 <1 —oco< < 3
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23. The eigenvalues of A are A = (—5 1+ 4,u) /2. In order that both components of y(7) go to
zero as t — oo, we need each of these (real) eigenvalues to be negative. Therefore, we need

(~5+\1+41)/2<0 or \/I+4u <5. This inequality holds if and only if
1+41 <25 or —co< U <6.

24.  The eigenvalues of A are A= (—2i«/16—4,uz) /2=—1%+4—u* . Require
—oo< 4 —* <1=>3< I’ <oo. Therefore, —oo< 1 <—+/3 and\@<‘u<oo.

25. The eigenvalues of A are A =—1%+/4 +u” . In order that both components of y() go to zero
as t — oo, we need each of these (real) eigenvalues to be negative. Therefore, we need

—1++4+pu*> <0 or \/4+u* <1.This inequality cannot hold for any real value of (.
d [0 1 cost sint | ¢
26 (a). —v= v=v(f)= .

dagd |-1 0 —sint cost | ¢,
o6 (b 0 ¢, 1 cost+2sint 0 sint—2cost d,
. = = = V()= . )= + .
®). vO) -, 2 v —sint +2cost r cost+2sint| |d,
[2+d 2 sint—2cost+4 3 -2 3 3
r(0)= =l =)= , .v(—ﬂ): and r(—”): .
| 1+4d, 1 cost+2sint 2 1 2 -2

27 (d). If the charged particle is launched with initial velocity parallel to the magnetic field, it will
move with constant velocity.

28 (b). The eigenpairs are - A,X, and — van A,.X, and — van Ay X5,
m m

m
_r
The corresponding fundamental matrix is e "'y/(%).

Section 6.7

2
algebraic multiplicity 2. Corresponding eigenvectors are obtained by solving (A—-2/)x=0 or

2 1
1 (a). For A= {O }, the characteristic polynomial is p(1) = (1 —2)*. The eigenvalue A, =2 has

0 1)x 0
[O 0}[ ' }: {O} Therefore, all the eigenvectors corresponding to A, =2 have the form
X,

x 1
X = {01}: X, [O} , x, #0. The geometric multiplicity of A, =2 is 1.
1 (b). We find a generalized eigenvector corresponding to A, =2 by solving the equation

1 x
(A-2I)x = x, where x, =[ } The solution is x :{ 1} where x, is arbitrary. Choosing x, =0,
0 1

0
we obtain the generalized eigenvector X, = [J



Chapter 6 First Order Linear Systems ¢ 143

1 (c).

2 (a).

2 (b).

2 (c).

3 (a).

3 (b).

Thus, we have solutions y,(f) = e*'x, and, as in equation (6), y,(f) = te’'x, + ¢*'x,. A

2t ¢ 2t
fundamental matrix is W(¢) =[y,(?),y,(1)] = {eo (32, .
e

The general solution is W(#)c. Imposing the initial condition, ¥ (0)c =y,. We find

1 Ofc 1 1
[O 1}[ | }: { J or €= [ J- Thus, the solution of the initial value problem is
c, _

1—1¢
y(t)—e REE

The characteristic polynomial is p(A) = (3— A)*. The eigenvalue A, = 3 has algebraic
multiplicity 2. Corresponding eigenvectors are obtained by solving (A —31)x = 0. Therefore,

x 1
all the eigenvectors corresponding to A, = 3 have the form x = {01 } =X [O} , X, #20.The

geometric multiplicity of A, =3 is 1.

3t 1 3t 1 3t O 3t !
y(=e 0 and y,(r)=te 0 +e”| |=e¢”|, |- A fundamental matrix is
2 2
IR LA
- yl ’y2 - 0 %631 .
The general solution is W(#)c. Imposing the initial condition, ¥ (0)c =y,. We find

1 O Cl 4 4 . e e .
or ¢c= 5| Thus, the solution of the initial value problem is

C,

2t+4
y(n=e’ [ }

For A= {2 6} the characteristic polynomial is p(A) = (1 —6)’. The eigenvalue A, =6 has

algebraic multiplicity 2. Corresponding eigenvectors are obtained by solving (A—61)x=0 or

0 Ofx 0
[2 0}[ ' }: {O} Therefore, all the eigenvectors corresponding to A, = 6 have the form

0 0
X = [ }: xz[l} , x, #0. The geometric multiplicity of 4, =6 is 1.
Xy

We find a generalized eigenvector corresponding to A, = 6 by solving the equation
0.5

0
(A-6I)x =x, where x, = [J The solution is x = {
Xa

} where x, is arbitrary. Choosing

0.5
x, =0, we obtain the generalized eigenvector x, = { 0 } Thus, we have solutions y, (1) = e”x,

and, as in equation (6), y,(?) = teﬁ’x1 + €6tX2. A fundamental matrix is

0 0.5¢e”
Y(@) =y, (0),y,(0]= |: 61 61 :|
e te
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3 (c). The general solution is ‘¥'(#)c . Imposing the initial condition requires W (0)c =y,. We find

0 05]c -2 0 ) o .
= or ¢c= . Thus, the solution of the initial value problem is
I 0 |c, 0 -4

6t -2
y(H)=e AL

4 (a). The characteristic polynomial is p(1)=(3—2). The eigenvalue A, =3 has algebraic
multiplicity 2. Corresponding eigenvectors are obtained by solving (A —31)x = 0. Therefore,

0 0

all the eigenvectors corresponding to A, = 3 have the form x = [ }: xz[l} , X, #0.The
Xy

geometric multiplicity of A, =3 is 1.

0 0 1 1
4 (). y, ()= e3t[J and y, ()= te”[l} + 631[0} = e”L}. A fundamental matrix is

0 e3t
Yo =[y,(0,y,0l=| ,, |
e’ te
4 (c). The general solution is ‘¥(#)c . Imposing the initial condition, ¥(0)c=y,. We find

O 1 cl 2 _3 . e e .
= or ¢= 5 | Thus, the solution of the initial value problem is

1 Ofc, -3
3t 2
y(n=e [m— 3}.
(5 -1
5(a). For A= 41 }, the characteristic polynomial is p(1) = (1 — 3)*. The eigenvalue A, =3 has

algebraic multiplicity 2. Corresponding eigenvectors are obtained by solving (A—3/)x=0 or

2 —1|«x 0
[4 ) 1 }: [O} Therefore, all the eigenvectors corresponding to A, = 3 have the form

X 1
X = {2 ] }z XIL} , X, #0. The geometric multiplicity of A, =3 is 1.
X

5(b). We find a generalized eigenvector corresponding to A, = 3 by solving the equation

Sx,+.5

1
(A-3I)x =x, where x, = [2} The solution is x = [ } where x, is arbitrary. Choosing

Xa
: o S . y
x, =0, we obtain the generalized eigenvector X, = ol Thus, we have solutions y, () = e™'x,

and, as in equation (6), y,(?) = te3’x1 +e’ 'x,. A fundamental matrix is

W =1y, y,01=| ¢ FDE
- y1 ’Y2 - 26’3[ 2te3t .
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5 (c).

6 (a).

6 (b).

6 (c).

7 (a).

7 ().

7 (c).

The general solution is W(#)c. Imposing the initial condition requires ¥ (0)c =y,. We find

I S|c 1 S
"l=] for e= . Thus, the solution of the initial value problem is
2 0fec, 1 1

t+1
N=e )
yn=e {2t+1:|

The characteristic polynomial is p(A) = (3— A)*. The eigenvalue A, = 3 has algebraic
multiplicity 2. Corresponding eigenvectors are obtained by solving (A—37)x=0. Use

6
X, = [_J. The geometric multiplicity of A, =3 is 1.

0

_3t6 _3t6 3)‘_1_3t6t_1 ..
y()=e 4 and y,(1)=te 1 +e =e . A fundamental matrix is

6e’  (6t—1)e”
\P(t) = [yl(t)’ YZ(I)] = |: 3t 3t :|

—e’ —te
The general solution is W(#)c. Imposing the initial condition, ¥ (0)c =y,. We find

6 _1 Cl 0 _2 . . e .
= or ¢= . Thus, the solution of the initial value problem is
-1 0]ec, 2 -12

=72t
f=e” )
yn=e |:12l+2:|

1
For A=
oal)

algebraic multiplicity 2. Corresponding eigenvectors are obtained by solving (A—-2/)x=0 or

}, the characteristic polynomial is p(A) = (1 —2)*. The eigenvalue A, =2 has

-1 -1]=x 0
[ L }[ 1 }: [O} Therefore, all the eigenvectors corresponding to A, =2 have the form
Xy

X 1
X = L)‘C }: X, [_J , x, #0. The geometric multiplicity of A, =2 is 1.
1

We find a generalized eigenvector corresponding to A, =2 by solving the equation

-1-x,

1
(A-2I)x = x, where x, = [ J. The solution is x = {

} where x, is arbitrary. Choosing
X,

x, =0, we obtain the generalized eigenvector x, = [ 0 } Thus, we have solutions y, () = e*'x,

and, as in equation (6), y,(?) = tez’x1 + €2tX2. A fundamental matrix is

ezt (t _ 1)62t
Y@ =[y,®,y.0l=| e
—e —te
The general solution is W(#)c. Imposing the initial condition requires ¥ (0)c =y,. We find

1 -1fc 4 1
= or ¢c= . Thus, the solution of the initial value problem is
-1 0]ec, -1 -3

o 4 — 3¢
y()=e 31|
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8 (a).

8 (b).

8 (¢).

9 (a).

9 (b).

13.

The characteristic polynomial is p(A) = (1 —5)*. The eigenvalue A, =5 has algebraic
multiplicity 2. Corresponding eigenvectors are obtained by solving (A—57)x=0. Use

1
X, = [_J. The geometric multiplicity of A, =5 is 1.

_5t1 _Stl 5f1_5tt+1 ..
y(=e 4 and y,(r)=te 1 +e =e . A fundamental matrix is

0 —t
5¢ 1 5t
Y@=y, (D,y,(D]= { ‘ 5 v )Sf }
—e —te

The general solution is W(#)c. Imposing the initial condition, ¥ (0)c =y,. We find

4
[ }[ } { } or €= [O} Thus, the solution of the initial value problem is

=

y()=e { 4}
210

For A={0 2 1|, the characteristic polynomial is p(1)=(A—2)’. The eigenvalue A, =2 has
0 0 2

algebraic multiplicity 3. Corresponding eigenvectors are obtained by solving (A—-2/)x=0 or
0 1 0fx 0

0 O 1]x,|=|0].Therefore, all the eigenvectors corresponding to A, =2 have the form
0 0 Ofx, 0
X, 1

x=|0 |=x/0], x, #0. The geometric multiplicity of A, =2 is 1.

0 0
210
For A={0 2 0], the characteristic polynomial is p(1)=(A—2)’. The eigenvalue A, =2 has
0 0 2

algebraic multiplicity 3. Corresponding eigenvectors are obtained by solving (A—-2/)x=0 or
0 1 0fx 0

0 0 O] x,|=|0]. Therefore, all the eigenvectors corresponding to A, =2 have the form
0 0 Ofx 0

3
X, 0
x=|0 |= x1 0 |+ x5/ 0 |, where x is nonzero. The geometric multiplicity of A, =2 is 2.
1

X3

500

For A=1 5 0], the characteristic polynomial is p(1)=(A—5)’. The eigenvalue A, =5 has
1 15

algebraic multiplicity 3.
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14.

15.

16.

17.

0 0 Ofx 0
Corresponding eigenvectors are obtained by solving (A—-5)x=0or |1 0 Ofx, |=|0|.
I 1 0fx, 0
Therefore, all the eigenvectors corresponding to A, =5 have the form
0 0
x=| 0 [=x,]0], x; #0. The geometric multiplicity of A4, =5 is 1, so A does not have a full
X, 1
set of eigenvectors.

The characteristic polynomial is p(A)= (1 —5)’. The eigenvalue A, =5 has algebraic
multiplicity 3. Corresponding eigenvectors are obtained by solving (A—57)x=0. Use

0 0
x,=|1], x,=]0|. The geometric multiplicity of A, =5 is 2, so A does not have a full set of
0 1
eigenvectors.
5 01
For A={0 5 0], the characteristic polynomial is p(1)=(A—5)’. The eigenvalue A, =5 has
0 0 5

algebraic multiplicity 3. Corresponding eigenvectors are obtained by solving (A—57/)x=0 or
0 0 1]x 0

0 O O] x,|=|0]. Therefore, all the eigenvectors corresponding to A, =5 have the form
0 0 Ofx, 0

b 1 0
X=|x, |=x]0 |+ x,| 1|, where x is nonzero. The geometric multiplicity of 4, =5 is 2,s0 A
0 0 0

does not have a full set of eigenvectors.
The characteristic polynomial is p(A)= (1 —5)’. The eigenvalue A, =5 has algebraic
multiplicity 3. Corresponding eigenvectors are obtained by solving (A—5/)x=0x=0. Use

1 0 0
x,=|0}], x,=|1|, x;=|0[. The geometric multiplicity of A, =5 is 3, so A does have a full
0 0 1
set of eigenvectors.
2 0 00
1 200
For A= 00 3 0l the characteristic polynomial is p(1) = (1 —2)*(2— 3)*. The
0 01 3
eigenvalue A, =2 has algebraic multiplicity 2 as does A, = 3.
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18.

19.

20.

21.

22.

0 0

X
Corresponding eigenvectors for A, =2 have the form x = 02 =X, ol x, #0. Therefore, the

0 0
geometric multiplicity of A, =2 is 1. Similarly, eigenvectors corresponding to A, = 3 have the
0 0
0 : .
form x = o l™ X, ol x, #0 and so A, = 3 has geometric multiplicity 1. A does not have a
X, 1

full set of eigenvectors.
The characteristic polynomial is p(A)=(2—A)*. The eigenvalue A, =2 has algebraic
multiplicity 4. Corresponding eigenvectors are obtained by solving (A—27)x=0. Use

1 0 0
0 1 . — :
X, = ol X, = ol X, = ol The geometric multiplicity of A =2 is 3, so A does not have a full
0 0 1
set of eigenvectors.
2 0 00
0200 - o ; :
For A= 00 2 ol the characteristic polynomial is p(A) = (A —2)’(A — 3). The eigenvalue
0 01 3
A, =2 has algebraic multiplicity 3 while A, = 3 has algebraic multiplicity 1. Corresponding
X, 1 0 0
. X, 0 1
eigenvectors for A, =2 have the form x = =X 0 + X, 0 + x5 Ll Therefore, the
X3
—X, 0 0 -1
geometric multiplicity of A, =2 is 3. Eigenvectors corresponding to A, = 3 have the form
0 0
0 : . : ,
X = o l™ X, ol x, #0 and so A, = 3 has geometric multiplicity 1. Since every eigenvalue
X, 1

of A has geometric multiplicity equal to its algebraic multiplicity, A has a full set of
eigenvectors.

A musthave A, =a+ib and A, =a—ib as two distinct eigenvalues. Therefore, A cannot have
a repeated eigenvalue and cannot be defective.

In order for A to be symmetric, a,, = x must be the same as a,, =9. Thus, x =9. Similarly,

a,, =y mustequal a,, =4.

x=6, y=1.
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23.

24.
25.

26 (a).

26 (b).

30.

31.

In order for A to be symmetric, @, = x* —1 must be the same as a,, =0. Thus, we can have
either x=1 or x =-1. Similarly, a,, =2/y must equal a, =1.Hence,y=2.

In order for A to be Hermitian, @, =x—-3i=9-3i=x=9 and a,;,=2-yi=2+5i= y=-5.
In order for A to be Hermitian, a,, =2 + xi must be the same as @, =2 — xi. Thus, we need x =
0. Similarly, a,, =1+ yi mustequal g, =1-2i. Hence, y = 2. These choices are consistent
with the remaining undetermined entries, a,, and a,,.

A 00 f 1
=|o | forexample.

A= [; ﬂ , for example.
01 0fx] [1 0
The equation (A-20)x=v,is |0 O 1| x,|=|0]|. Choose v,=|1|.
0 0 Ofx, 0 0
01 0fx] [0 0
The equation (A-2/)x=v,is |0 O 1] x,|=]|1]. Choosev,=|0 |.A fundamental set of
0 0 O0fx; 0 1
1 t £
solutions can be formed from y,(1)=e>|0 |, y,(f)=¢”|1|,and y,()=e"| ¢ |.
0 0 1
4 0 O 0 0 Ofx 0
For A=|2 4 0|, theequation (A-4/)x=v,is |2 0 O | x, |=|0|. The solution is
1 3 4 I 3 0] x, 1
0 0
x=|1/3| where x, is arbitrary. Choosing x, =0 we have v, =|1/3|.
X, 0
0 0 Ofx 0 1/6
The equation (A-4I)x=v,is |2 0 O] x, |=|1/3]|. The solutionis x=|-1/18 | where x,
1 3 0] x, 0 Xy
1/6
is arbitrary. Choosing x, =0 we have v, =|-1/18 |. By equation (12), a fundamental set of
0
0 0
solutions can be formed from y,(£)=¢"|0 |, y,(t)=e* (v, +tv,)=¢"'|1/3 |, and
1 t

3
4t
y.(H)=e" (v, +1tv +0.5t2v)=e— —1+6¢].

3 3 2 1 18

97’
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2 -8 —10fx] [1 1]
32.  Theequation (A-I)x=v;is|(-2 6 8 |x,|=|-1|.Choose v,=|0|.
2 -6 -8 |x, 1 0
2 -8 -10]x | [+ Y
The equation (A-I)x=v,is [-2 6 8 | x,|=|0|.Choosev,=|—7 |. A fundamental set
2 -6 -8 |x 0 0
1] L+t —dpigs
of solutions can be formed from y, (f)=e¢'|—1|, y,(f)=¢'| —t |,and y,;(t)=¢' 1- %
1] t £
-6 -8 22 -8 -8 22| x 1
33.  For A=| 2 4 -4 /| theequation (A-2I)x=v,isgivenby |2 2 -4 |x,|[=|-1|.A
-2 -2 8 -2 -2 6 |x 0
-1.5
convenient solutionis v,=| O |. The equation (A-2)x=v,
—0.5
-8 -8 22| x -1.5 -0.5
is| 2 2 —4|x,|=| 0 |.Onesolutionis v;=| 0 [. A fundamental set consists of
-2 -2 6 |x —0.5 -0.25
1 t—1.5
y,(=e"|-1{,y,(=e"(v,+tv)=¢"| -t |,and
0 -0.5
, | —2—6t+27
v,(0=e¥(v, +1v, +057v)= | 27
-1-2¢
1 1
36 (a). Two linearly independent solutions are x, =|—-1|, x,=| 0 |.
0 -1
1
36 (b). Choose x, =|1]|.
1
1 1 1

36 (c). Q)y=ce™|=1|+c,e™| 0 |+ce|1].
0 -1 1
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Section 6.8

1
1 (a). For A= [ }, the characteristic polynomial is p(1) = A* + 41 +3= (A1 +3)(A +1). The

1 2

1 1
eigenvalues are A, =—3 and A, =—1, with corresponding eigenvectors X, = [ J and x, = [J

_3t e
Thus, the complementary solution of y' = Ay is y. = [ ‘ ’ }{ l}'

-3¢ —t
e

a,
1 (b). Inserting the suggested trial form y, = [ 1 } into the nonhomogeneous equation leads to
a,
= A U117 9 4] sotving this syst btai 1
= +g(t = + | , = |
Yo y, +8(t) or 0 I —2|a, ! olving this system, we obtain y, !

-3t —t
e’ |c 1
1 (c). The general solution of the nonhomogeneous problemis y. +y, = { ¢ . _[}[ 1:|+ [J
e’ | ¢,

I 1jfc 1 3
1 (d). Imposing the initial condition, [ ! J[ ! }+ [J = [J Solving, we find ¢, =1and ¢, =1.
e +e 41| : : o
Thus, y(=| , | is the unique solution of the given initial value problem.

+

2 1
2(a). For A= L 2} , the characteristic polynomial is p(1)= 1> —4A4 +3=(A—1)(A—3). The

1

1 1
eigenvalues are A, =1and A, = 3, with corresponding eigenvectors X, = [ J and x, = [ }

t 3t
e e'|c
Thus, the complementary solution of y' = Ay is y. = [ . %}{ 1}.
—e' e’ | ¢,
a
2 (b). Inserting the suggested trial form y, = e’{ ! } into the nonhomogeneous equation and solving
a4,

the system, we obtain y, = e'[ i }
8

oo |w

t 3l e 3
2 (c). The general solution of the nonhomogeneous problemis y. +y, = { ¢ ¢ }[ 1}+ et[ 8}.
—e' e

1 1fc —3 0 1
2 (d). Imposing the initial condition, [ }[ 1 }- [ 8} = [O} Solving, we find ¢, = 1 and ¢, = 3

1
-1 1jc,
1t 1,3t 3 ~t
{46 +ye —ze

B
1,3t , 1 -t

o is the unique solution of the given initial value problem.
—4€ +ge +ge
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3 (a).

3 (b).

3 (c).

3 (d).

4 (a).

4 (b).

4 (c).

4 (d).

0 1
For A= L O} , the characteristic polynomial is p(1)= A1 —1= (A +1)(1—1). The eigenvalues

1 1
are A, =—1and A, =1, with corresponding eigenvectors X, = [_J and x, = [J Thus, the

-t t
¢,

—t t c
complementary solution of y’ = Ay is y. = { ¢ ¢ }[ 1}.

a b
Inserting the suggested trial form y, = t[ ! }+[ l } into the nonhomogeneous equation leads to
2 2

A a, 0 1| ta+p t Sol 0 b 0
"= +g(t = + . ing thi tem, tai = .
Yo y, +8(t) or a, 10| 1a,+b, ] olving this system, we obtain y, i

R e 0
The general solution of the nonhomogeneous problemis y. +y, = { ¢ » et}[ 1:|+|: J.
e CZ -

I 1fc 0 2
Imposing the initial condition, [ { J[ ' }r [O} = [ J. Solving, we find ¢, =1.5 and

3 -t t
¢, =0.5.Thus, y(r) = 0.5[ 3 i ) } is the unique solution of the given initial value
-3¢ +e' —t
problem.
0 -1 - o > :
For A= Lol the characteristic polynomial is p(A) = A" —1. The eigenvalues are

1 1
A, =-land A, =1, with corresponding eigenvectors X, = [J and x, = { J. Thus, the

—t t
: , : e’ e |c
complementary solution of y'=Ayisy. =| _ , .
e —e C2
) . 2l G b, ¢ .
Inserting the suggested trial form y, =e + 4 b + into the nonhomogeneous
a, 2 P
_lezt _ 1
equation and solving the system, we obtain y, = 23 5 .
ze +1t

The general solution of the nonhomogeneous problem is
e’ e | |-t -1
+y,= + :
YeTYr=l g ot C, e+t

. - (L e | =3[0 . . 5 1
Imposing the initial condition, +| , |=]|, |- Solving, we find ¢,=—and ¢, =~.
1 -1jc, 1 6 2

3

5t 10 1,2
e t+5e —3e —1

Thus’ Y(t):{s —t 2 2t

.y is the unique solution of the given initial value problem.
s€ —se t3e +t
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5 (a).

5 (b).

5 (c).

5(d).

6 (a).

-3 =2
For A= { 43 }, the characteristic polynomial is p(1)=A* 1= (A +1)(A—1). The

1 1
eigenvalues are A, =—1and A, =1, with corresponding eigenvectors X, = [ J and x, = [ 2}.

—t t c
Thus, the complementary solution of y’ = Ay is y,. = { ¢ » ; ,}[ 1}.
—-e ' 2e

a

b
Inserting the suggested trial form y, = sin t[ 1 }+ cos t[ 1 } into the nonhomogeneous equation
2 2

a
lead A a,cost— b, sint -3 2| a,sint+ b, cost sint Sol

to y, = +g(t = + . i
cadsto y, = Ay, +g(0) or a,cost—b,sint 4 3 | a,sint+b,cost 0 ovine

3sint— cost
this system, we obtain y, =0.5 .
—4sint

The general solution of the nonhomogeneous problem is
A e 05 3sint—cost
Ye T ¥r - 2e'|c, —4sint
: o . Lo 1je | |=5] 10 : ,
Imposing the initial condition, + =| _|. Solving, we find ¢, =1 and
-1 2lec, 0 0

2¢”" —e' +3sint—cost

¢, =-0.5.Thus, y(#)= 0.5[ } is the unique solution of the given initial

—2e¢' +2¢' —4sint
value problem.

11
For A= [1 J , the characteristic polynomial is p(1) = A> —2A . The eigenvalues are
1

1
A, =0and A, =2, with corresponding eigenvectors X, = [ J and x, = [J Thus, the

1 eZt c
complementary solution of y’' = Ay is y. = [_1 ezt}[cl }
2

1+ sin2¢

1+sinz 1
it follows that y,=y(7 /2) =

Given y(¥) = = . Insertin
y@) L’ + cos?2t e™'? +cosm [e”/z - 1} £

y(?) into the differential equation, we see that y’(1) = Ay(z) + g(¢) and thus
2cos2t 0 2| 1+sin2t ) ) —2e'
L, 3 2sin2t} = [_2 O}Lr N COSZJ +g(7). Solving for g(¢), we obtain g(¢) = L[ R 2}.
) t+o | I+ 2 ) )
Given y(#) = Lz N B} it follows that y(I) = L N ﬂ} = LJ = a=1, f=-2.Inserting y(¢) into

the differential equation, we see that y’(r) = Ay(z) + g(¢) and thus

[ 1 ] t+1 . . — +1¢
y = o = EI RN +g(7). Solving for g(7), we obtain g(¢) = ol
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9.

10.

11.

12.

13.

14.

15.

16.

Following the hint, we form [y;,y,]1= P()ly,,y,] +[g(?),g,(¢)] which has the form

0 ¢ 1 € -2 ¢ )
. =P() + . Solving for P(¢), we have
- 0 e’ -1 0 -1

pnc] 2 O T _[2 0, [ ]t ¢
= " 1)’ -1 |-e” 1(_ )—e_’ 1| |0 —1f

If A™ exists, y,=—A"'b is the unique solution.
If A" does not exist, the matrix equation Ay =—b will either have no solution or a non-
unique solution. Therefore, either no equilibrium solution or a non-unique equilibrium

solution.
An equilibrium solution of y” = Ay + b is a constant solution. Therefore, since y’ =0 we need

Ay =-b.For A= b4 db= 2 W h =—Ab=- i = 10
= . = = that = = = .
y, or | -3 an q e see that y, | ar 3

et and 1 1T-2] [-1
€X1StS an ye—l ) 1 = 0 .

1 -1 2
As noted in the solution of Exercise 11, we need Ay, =—b.For A= [ 11 } and b= [ 2} we

0] 1
see that y, = [2 + a[l} where a is arbitrary.

110 -2 -1
A existsand |0 -1 2Jy,=|-3|=y,=|-1]|.
0 0 1 -2 -2
_ 100 )
As noted in the solution of Exercise 11, we need Ay, =-b.For A={0 1 1|andb=| 0
0 1 1 0
2 0
we see that y, =| 0 |+ a| —1| where a is arbitrary.
0 1

The characteristic polynomial is p(A)= A*—2A . The eigenvalues are A, =0 and A, =2, with

1 1
corresponding eigenvectors X, = [J and x, = { J.

2t
- e
Thus, one fundamental matrix is W¥(¢) = L 21}. Set
—e

~ - _ 1 2 7! 1 1
Y=¥C.¥Y()=1=¥YI)C. ~.C=¥1)" =[ ¢ 2} {1 L] _2}.
1 —e 5€ —5€

1 e 1 1 L1427 D)  L(]_ p26D
\P(t) = |:1 _ezt:||:%€22 —%262:| = I:;El _ 62(11); ;El + 62(11);]'
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17.

18.

19.

0o 2
For A= { ) 0}, the characteristic polynomial is p(1) = A* + 4 = (1 + 2i)(A - 2i). The

eigenvalues are A, =—2i and A, = 2i, with corresponding eigenvectors

-1 -1
X, = [ } and x, = [ } Converting to real solutions, we have
i —i

-1 -1
y() = ez”[ . }: (cos2t—isin ZI)[ . } Therefore, a fundamental set of solutions is
i i

—cos2t q sin2t
yi(®) sin2t and y (1 cos2t

o —cos2t sin2t
Thus, one fundamental matrix is (7)) =

. . The solution of the given initial
sin2¢t cos2t
—cos2t sin2t

value problem has the form ‘i‘(t) =Y C=| .
sin2t  cos2t

}C where C is a (2 X 2) matrix

1

~ —cos2t sin2t |0 1 ~ sin2t —cos2¢t—sin2t
thus W(7) = or Y(r)= .

- 1
chosen so that W(r /4) = {O } Imposing this condition, we have

Il
1
—_ O
I —
(SN
1
)
=
o

sin2t cos2t|1 -1 cos2t  sin2t—cos2t
The characteristic polynomial is p(A)= A*—2A . The eigenvalues are A, =0 and A, =2, with

1 1
corresponding eigenvectors X, = [J and x, = { J.

2t
Thus, one fundamental matrix is ‘i‘(t) = L ¢ 21}. Set

_ 1 0] - o 11T o] [2 ¢
Y=YC. WO)=|, | |=POC. LC=POYO=| = :

\P(t)_ 1 eZt % % _ 3
1 =¥ -3 -3 B

3
For A= [2 3} , the characteristic polynomial is p(1)=A*—=1=(A+1)(1—1). The

1 2
eigenvalues are A, =—1and A, =1, with corresponding eigenvectors X, = [J and x, = L}

1 2
Therefore, a fundamental set of solutions is y,(?) = et[l} and y,(1) = e’[l}. Thus, one

o e’ 2e
fundamental matrix is W(1)=| _, -
e e
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20.

21.

-t t

The solution of the given initial value problem has the form ‘i‘(t) =¥Y(C = [e }C

- 1 0
where C is a (2 X 2) matrix chosen so that ¥ (0) = {0 1}. Imposing this condition, we have

1 0 1 2 -1 2
0 1 =¥Y(0)C = ! 1C.Solving for C, we obtain C = ] ! and thus

~ e’ 2 |-1 2 - —e ' +2e" 2e"-2¢'
Y= . or Y(r) = L P B
e e |1 -1 —e ' +e'  2e'—e
The characteristic polynomial is p(1) = A*—2A +5. The eigenvalues are

—2i
A, =1+2iand A, =1-2i,with corresponding eigenvectors X = { { } Then

, .. —2i| |2e'sin2t| |—2e'cos2t
y(?)=e'(cos2t+isin2t) ) = +1i .

e' cos2t e’ sin2t
2¢'sin2t —2e' cos2t
. Set

e'cos2t  e'sin2t

- 10 T le™
¥ Y. \y(zjz[ }: 2e (i c. .c=2° (_)l .
4 0 1 0 e 0 e’

" sin2r =26V cos2s
(%) (%) :

Thus, one fundamental matrix is ‘i‘(t) = [

Y1) = {

1e""cos2t €' sin2t

11
For A= [1 J , the characteristic polynomial is p(A) = A* —2A4 = (1 —2). The eigenvalues are

1

1
A, =0and A, =2, with corresponding eigenvectors X, = [ J and x, = [J Therefore, a

1 1
fundamental set of solutions is y,(?) = [ J and y, ()= 62t|:1j|. A fundamental matrix is

1 eZt » ., eZs _eZS 1 -1 ‘
Y(1) = | and therefore, ¥~ (s)=0.5¢™" . s 05| ,, | Fromequation
e e’ e

(11), the solution is y(1) =¥ ()WY ' (,)y, +‘I’(t)‘[: W' (s)g(s)ds. Since y,=0and t,=0, we
(=¥ ¥ (g(s)ds = 1 e ['05 lus=| 1 € lasl !
Y= 0 & N S RPE L T e I T R S R 2t

e

have

er —1+2te*

=025 it
—(e”" =1)+2te”
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22.

23.

9 -4
For A= {15 7} , the characteristic polynomial is p(1)=A* =24 —3=(1-3)(A +1). The

2 2
eigenvalues are A, =—1and A, = 3, with corresponding eigenvectors X, = [5} and x, = [3}

2e”"
5¢”"

1 3e3Y 2e3s _ 3
Yls)=——e™ ) =
47 |=5¢7 2e7 | |
t t —%ezs
| ‘I’_l(s)g(s)dsz‘[{s N }s {
0 ol 3¢

—3(e'—e)—3(

¥([ P (9g(s)d e%) gel-2eage
s5)g(s)ds=
0 8 (el — ) =L (e - e%) Lo 15,0415 €3r
‘ 2
Then, y(1) =¥ (?)y, +‘P(t)'[0 ¥ (s)g(s)ds, y(0)=¥(0)y, +0= {5} =
2 2 2|¢ ¢ 1 Theref.
5_53c2:>c2_0' erefore,
2e”" 3¢ —2e' +2¢” 14—164 —2¢' +3e”
y(t): -t + 15 -t _ 15 ,t 15 3t = 55 _ 15 ¢ 15 3t
Se Te ' —Je +5e se ' —je +7e

0 1
For A= { | 0}, the characteristic polynomial is p(1) = A* +1= (A —i)(A +i). The

3t
A fundamental matrix is W(7) = [ 63[} and therefore,

oclu- ool.» EN [
Q
“
N|~ =
N Q
©
I—l

AAQ#L&

I

Q AN OS I 8]
Q

|—I

1 1
eigenvalues are A, =i and A, =—i, with corresponding eigenvectors X, = [} and x, = [ }
i —1

-1 -1 | 1 :
X, = [ ; } and x, = [ } Converting to real solutions, we have y(7) = e"[l} = (cost+isin t)[l]-

cost sint
Therefore, a fundamental set of solutions is y,(?) = [ ) J and y,(1) = [ t}' A fundamental
—sin cos

cost sint

matrix is W(¢) = [ } We have ¥ '(s) = [

coss —sins
—sint cost sins coss |

From equation (11), the solution is y(¢) =P (6)¥'(z,)y, + T(t)Jt ¥ '(s)g(s)ds. Since

0 2
Yo= 1 , 8(s)= 1 ,and 7, =0, we have

’ i int | 0[2coss—si
Y(f)=‘{’(t)‘l"(to)yo+‘P(t)J0‘P'(s)g(s)ds:[sml}+[co,“ S“”N o Sms}ds

cost —sint cost ['0| 2sins +coss

sint cost sint | 2sint+cost—1 1—cost+ 3sint
= + ) ) = .-
cost —sint cost | —2cost+sint+2 -2+ 3cost+sint
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24.

25 (a).

25 (b).

25 (c).

25 (d).

25 (e).

11
For A= [O J , the characteristic polynomial is p(1)= (1—1)*. The eigenvalue is A =1, with

1
corresponding eigenvector X = [O} Then

e' . 1 0 |t
y, = 0 .Letyzze(tv1+v2). v, = O,V2= ! =y,=e %

t t t
A fundamental matrix is W(7) = [Z et } and therefore,
e

1N -2s e’ —se’ _ e’ —se’ — o e’(1-ys) _ te”!
¥(s)=e [0 . }—[0 - }-JO‘P (s)g(s)ds—J{ - }S_L—e"}'
. 0 fe t+te' —t te'
Since y(O){ } Y =¥0[ ¥ (s)g(s)dS:[ , }:{ , }
0 0 e —1 e —1

-2 1 cr
Q(?) is an equilibrium solution if é[ ! Z}Q + [ 0 }z 0. Solving for Q, we obtain

Cv|2
Qe(t)=?L}-

The characteristic polynomial is p(1)=A* +(4r /V)A+3r /V>=(A+3r/V)A+r/V). The
eigenvalues are A, =—3r/Vand A, =-r/V ,with corresponding eigenvectors

1 1
X, = [ } and x, = [J Therefore, a fundamental set of solutions is

1 1
y, (=" LJ andy,(H)=e"" [J The complementary solution is

Q ( ) e—3rt/V efrt/V Cl
= .
Cc _e—3rt/V e—rt/V c,
Finding a constant particular solution is equivalent to finding an equilibrium solution, as in part

().
‘ . e—3rt/V e—rt/V Cl CV 2 ‘
The general solution is Q(#)=Q.(H) +Q, (1) = v +— Ll Imposing the
—e e

C, 3
. L 1he | ev|2| (O :
initial condition leads to Q(0)=0 or |1 + Exb = ol The solution of the initial

) CV 4 _ ef3rt/V _ 3efrt/V
value problem is Q(#) = — .

6
1. _c|?
V}EEQO)_ 3{1}'

2 + e—3rl/V _ 3e—rt/V



Chapter 6 First Order Linear Systems ¢ 159

26 (a).

26 (b).

26 (c).

27 (a).

27 (b).

28 (b).

1 1
-V +511'+ L+2(I,-1,)=0, 2(I, - 1)+ 1, +EI; =0. Therefore,

alr] [-6l+4,+2vV.| [-6 4TI ] [2V, 0 LO)] [0
—| = = + L 1>0, =

di| I} 41 61, 4 -6|n|"|o0 Lo)] [0
The characteristic polynomial is p(1) = A* +12A +20 = (A +10)(A +2). The eigenvalues are

1
-1

1
A, =-10 and A, =-2, with corresponding eigenvectors X, = [ and x, = [J Therefore, a

—-10¢ =2t
fundamental matrix is W(¢) = [ or o }
—e e
- 2‘/A . B 1 e—2s _e—2x 1 elOs _eIOS
I(t)=‘P(t)JO‘I’ l(s)[ 0 }ds since 1(0)=0. ¥ '(s) = WL_IOS e‘los}: -, |-
; 2V 10s 1 o 100 1

With V(0 =1, 1>0, [¥'(s)| " |ds=]|",. |= 5@ D1 Therefore,

R 0 O 0 e S %(e r_ 1)

I(r) = [ w(l=e™)+3(1-e™) }: {—%em’ —Lle 4 %}

—L(l-e")+1d-e7)

In the vector system v/ =-v+ (vXxK)+f, the term v xKk is given by

. . . . . V; -1 1 Vi fx
(vi+v jxk=-v j+vi.Therefore, the systemis | , |= + .
, ) ) Vy =1 =1jv, f,v

1
For f = 0.5{ \5}’ we seek a constant solution v; that is, an equilibrium solution. Thus, we need

X

-1 1 |v 1 0
to solve, if possible, +0.5 = . This system does indeed have a solution,
-1 -1 V3|70

Vy
1443
~1+4/3

velocity,” v,, then the particle will move at that constant velocity.

namely v, = 0.25{ } If we choose the initial velocity equal to the “equilibrium

The characteristic polynomial is p(A) = -A(A’ + ®’) . The eigenvalues are

0 1
A =0, 4, =iw,, A, =—iw,, with corresponding eigenvectors x, =|0 |and x=| i |. Therefore,
1 0

0 cosw.t sinwt
A fundamental matrix is ¥(#)=|0 -—sinw.t cos®.?|.
1 0 0
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. -1
0 coswt smwt|0 1 0

28 (¢). (=YY '(0)=|0 -sinw,t cosw,t|0 0 1

1 0 0 1 00
0 coswt sinwt|0 0 1 cosw,t sinwt 0
0 -sinw.t coswt|l 0 O|=|-sinwt cosw.t O]
1 0 0 010 0 0 1

28 (d). From equation 11, v(#) = ®(?)v, + dJ(t)J.(Jt(I)’l(s)g(s) ds, using ®(t) as a fundamental matrix
and noting that ®~'(0) = I. Therefore, v(¢) = O()v, +£(1).

28 (o). 1(0)= [ v(ndi= UO (I)(t)dt}vo + [ fdr=r. . UO (I)(t)dt}vo =i - [ f(ar

o' sinw,t o '(1-cosw.f) 0
jo O(dt=|-w.'(1-cosw,r) o 'sinwt 0.
0 0 T
T 2 4 2
D= det{J. (I)(t)dt} = —Z(l— cosw,T) = —ZSinz(w"Tj Ly S
0 . . 2 o,

Section 6.9
1 (a). For y’ =P(r)y+g(1), y(t,)=y,, Euler’s method has the form y,,, =y, + h[P(tn)yn + g(tn)].

1 2 1 -1
For P(t)= [2 3}, g(r= [J,yo =[ | }, and 7, =0 the iteration is

romseely o[

1 (b). Ingeneral, t, =t +kh,k=0,1,.... Since t,=0, we have t, = kh,k=0,1,.... In general,
h=Mb-a)/N.So,for a=0,b=1,and h=0.01, we obtain N =1/h=100.

5 B ) 1 t, 1 12
@. y,,=y,+ 241 ot ‘[ cYo= I I

2M). t,=1+kh,k=0,1,.... N=.5/h=50.
3 (a). For y’'=P(r)y +g(®), y(t,) =Y, Euler’s method has the form y,,, =y, + h[P(tn)yn + g(tn)].

o : 2 d 1 the iteration i
y t = s = s .=
—/ 0 g(?) y Yo 0 and ¢, e iteration 1s

N -, 1 2
=y + + L Va=| |
yn+1 yn 2_ tn 0 yn tn yO O

3(b). Ingeneral, t, =¢,+kh,k=0,1,.... Since t, =1, we have t, =1+ kh,k=0,1,....In general,
h=Mb-a)/N.So,for a=1,b=4,and h=0.01, we obtain N =3/h=300.

For P(t)= L
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1 0 1 0 0
4(). y, .=y, +h|3 2 1ly,+|2|} ¥y,=|0].
1 20 t 1

4®). t,=-1+kh,k=0,1,.... N=1/h=100.
5(a). For y’=P(r)y +g(®), y(t,) =Y, Euler’s method has the form y,,, =y, + h[P(tn)yn + g(tn)].
sint

t! 0 0
For P(t)= , g()= .Y, =| |, and ¢, =1 the iteration i
or P(1) [l—t | } g(1) Lz} Yo [O} and f, e iteration is

Tl £ sint, N 0 10
yn+1 y 1—tn 1 yn tj i) y()_ O .

5(b). Ingeneral, ¢, =¢,+kh,k=0,1,.... Since ¢, =1, we have t, =1+kh,k=0,1,.... In general,
h=Mb-a)/N.So,for a=1,b=6,and h=0.01, we obtain N =5/h=500.

W B
o=l eool[s 2T o]

1 t, 1 2
7. The iteration has the form y ., =y, + th i1 2 }yn + L ﬂ, Y, = [J where

n

2 I 1(2] |1 2 41 1204
t,=1and £, =1.01. Therefore, y,=| |+0.01 + =| |+001 |= and
1 3 2)1] |1 1 9 1.09
204 1 1.01)2.04 1 2.04 4.1409
0 + = +0.01
1.09 301 2 |1.09] [1.01 1.09 9.3304

2.081409
1.183304

8- B}WH JHEHIEh

1.99 -(1.01)* 1.01]1.99 1 7] [1.9800030
y,= +0.01 + =
0.03 2-101 0 003 |10l 0.059801
10 1] TJo 0
9. The iteration has the form y,,, =y, +hA[|3 2 1|y, +|2 |} ¥,=|0 |where
1 20 t, 1

t,=—1and t, =-0.99. Therefore,
0 1 0 1Jo] [o]] [o 1] (001
y,=[0({+001|3 2 1|0(+|2 ||=|0(+0.01] 3 [=[0.03
1 1 2 01 -1 1 -1 0.99
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and
[0.01 1 0 1]o0o01 0 0.01 1
y,=/003[+001[|3 2 1]003|+| 2 [|=]0.03[+001 3.08
10.99 1 2 0[099| [-0.99 0.99 -0.92
[ 0.02
=10.0608 |.
0.9808

sl S

0 L sinon] o 0 0.00008468318
y,= +0.01|| ™ + =
0.01 1-1.01 1 Joot| |a.on 0.020301

11 (a). Let z(f) = B ((’t))} _ [ yy((?)} With this,

, {zxn} {y%ﬂ} [ (1) } [0 1}[5(0} {()} [1}
Z’(H=|, =7, |= 0 |= +| 4, |.2(0)= )
O] O] [—a@®+t 0]z, |t 0

-1
. 0 1 0
11 (b). Thus, the iteration has the form z, ,, =z, +h L0 z, + o z,=

t,=0and 1,=0.01. ]

et <[ oo Ao -[a] oot Lo
Lol Lol o] Labonl 5

[ 9999
T 1=.01999 |

(G (1) 0 1Tam] [0] [
12 (a). z(t)—[zg(l)} Lzl(z) zz(t)+2} [t _J[ 2()} M,z(l)_m.

where 7, =1.

TS A W
S R R HR

|
-
ol AT

0 1.02
2 0.999696699

1
} where
0

and
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4 y
13 (a). Let z=|z, |=| ¥" |. With this,
23 y”
g Y z, 0 1 0]z 0 1
=7 =y |= Z =0 O l{z2 +| 0 |,z(0)=|-1]|.
] 7| |-t +r+l] |-t 2 0z | [r+] 0
0 1 0] [ 0] 1
13 (b). Thus, the iteration has the foorm z,,, =z, +h/| 0 0 1z, +| O || z,=|-1|where
-t, =2 0 t,+1 0
t,=0and £, =001. S
1 o 1 of1] [o]] [1 17 [0.99
13 (¢). Therefore, z,=|-1|+001|0 O 1|-1|{+(0||=|-1{+0.01 O |=| -1 |and
0 0 -2 0JOj  [1]] |O | 3] [0.03
[0.99 0 1 0fo9] [0 ]] [099 -1
z,=| -1 |+001| O O 1| -11{+| O |[=| -1 [+0.0]] 0.03
1003 -001 -2 0]0.03] [1.01]] [0.03 3.0001
098
=| —0.9997
10.060001

G| s e s Dol e SHECE Y
14 (a). Z(n)=| , = » = » + ,Z(0) = .
25(1) —e 'z, (t)—z2,(H) +2 —e ' —1]z,(0) 2 1
14(). z,,,=z,+h » z,+ s Ly = where 7, =0.
—e" 1 2] 1
[—1} H 0 1 }[—1} _Oﬂ {—0.99}
14 (¢). z, = +0.01 + = and
1 -1 -1] 1] |2 1.02
[—0.99} H 0 1 "—0.99} [OH [ —0.9798 }
Z,= +0.01 o001 + =
1.02 —e -1] 1.02 2 1.039601493

—0.00807508729
0.0759433736...

18.  Actual error: y(1) =¥,y = [

0.0764878206...
0.0027112167...
—0.0027112167..]
0.0027202379...
-0 .0027202379..]

‘ —0.0086591617...
Estimated error: ¥,,, — ¥,00 =

20.  Actual error: y(1)—¥,,, = {

Estimated error: ¥,,, — ¥,00 = [
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21 (a).

21 (b).

21 (c).

21 (d).

22 (a).

dQ, O 5 -15 5
—=-15=+—-0,= +

dt V, sz2 200-10¢ 2 500-20¢2
do, 15 35

dt _200—1()th 500—20tQ2

t=0:.01:19.9;

Q1(1)=40;Q2(1)=40;

h=0.01;

V1=200-10%*t;

V2=500-20%*t;

N=19.9/h;

for i=1:N
Q13G+1)=Q1@1)+h*(-(15/V1(1))*Q1(1)+(5/V2(1))*Q2(1));
Q2(1+1)=Q2(1)+h*((15/V1(1))*Q1(1)-(35/V2(1))*Q2(1));
end

plot(t,Q1,t,Q2,":")

ylabel('Amount of salt in tanks (Ib)")

xlabel('time (minutes)")

title('Chapter 6.9 Problem 21: two-tank draining problem')

Chapter 6.9 Problem 21: two-tank draining problem

'y
(&

N
(=]

w
a1
T

Amount of salt in tanks (Ib)
—_ - N N (]
o o o o o

(&)
T

0 2 4 6 8 10 12 14 16 18 20
Time (minutes)

15
The coefficients im are not continuous at ¢ = 20. Therefore, Existence-Uniqueness

Theorem 6.1 does not apply to any interval containing 7= 20.

_t 1
my” +w +ky=0, m=1, y=2te?, k=4n", y(O)zgmeters, y'(0)=0.

vl [o 1 Two]_ Jo2
A A DOV [ R
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22 (b).

22 (c).

23 (b).

t=0:.005:10;

h=.005;

N=2000;
y1(1)=0.2;y2(1)=0;
gamma=2*t.*exp(-0.5*t);
k=4%*(pir2);

for i=1:N
y1G+D)=y1()+h*y2();
y2(i+1)=y2()+h*(-k*y 1 (i)-gamma(i)*y2(i));
end

plot(t,y1)

0.20

0.15

0.10t

0.05F

-0.05+

-0.10}

-0.15¢

-0.20

o 1 2 3 4 5 6 7 8
time (min)

The amplitude of displacement decreases significantly during the time when damping is
significant. As damping dimishes, the vibration amplitude seems to settle down to a constant

value.

t=0:0.01:3;

h=0.01;

N=300;
y1(1)=2;y2(1)=0;

for i=1:N
y1Gi+1)=y1()+h*y2(i);

y2(i+D=y2()+h*((pi/H)"2)*(t((1)*2) *y 1(1)-0.5%y2(1));

end

plot(t,y1)

xlabel('time (s)");
ylabel('radial position (cm)');

title('Chapter 6.9 problem 23 radial position vs time')

y1(301)



166 » Chapter 6 First Order Linear Systems

23 (c).
16 ?hapter 6.9' problem 2[3 radial polsilion Vs liryne
14 |
A12 F
8
§10F
:
4 |
2 1
0 0.5 1 1.5 2 2.5 3
time (s)
r(3)=15.2268..cm
Section 6.10
S - - o ) :
1. For A= 3 the characteristic polynomial is p(A)=A"— A —2. Eigenvalues are
o 1 2 ,
A, =-land A, =2.Corresponding eigenvectors are X, = ] and x, = Ll As in Example 1,
we can construct a diagonalizing matrix 7" from the eigenvectors of A, T = [1 J. The
. . : -1 0] . |
corresponding matrix of eigenvalues, D = 0 2l is such that 77 AT = D.
2. The characteristic polynomial is p(1) = A* —1. Eigenvalues are A, =—1and A,=1.
1 2 1 2
Corresponding eigenvectors are X, = [ J and x, = [ J. Therefore, T = { | J and
-1 0
D= .
0 1
11 - L ) :
3. For A= |1 the characteristic polynomial is p(A)=A"—2A . Eigenvalues are

-1 1
A, =0and A, =2.Corresponding eigenvectors are X, = [ ! } and x, = [J As in Example 1,

we can construct a diagonalizing matrix 7" from the eigenvectors of A, T = [ ] J. The

0 0
corresponding matrix of eigenvalues, D = {0 2}, is such that T"'AT = D.
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The characteristic polynomial is p(A)= A’ —5A . Eigenvalues are A, =0 and 4,=5.

3 1 3 1
Corresponding eigenvectors are X, = [ 2} and x, = [J Therefore, T = { } and

2 1
0 0
D= .

2 3
For A= L’ 2} the characteristic polynomial is p(1) = A*— 42— 5. Eigenvalues are

-1 1
A, =-land A, =5. Corresponding eigenvectors are X, = [ ! } and x, = [J As in Example 1,

we can construct a diagonalizing matrix 7" from the eigenvectors of A, T = {_1 J. The

-1 0| . |
,issuch that 77 AT =D.
0 5

The characteristic polynomial is p(1) = 1> =21 — 3= (A +1)(A— 3). Eigenvalues are
1

corresponding matrix of eigenvalues, D = {

1
A, =-land A, = 3. Corresponding eigenvectors are X, = [ J and x, = [J Therefore,

1 1 -1 0
T= and D= .
L fmen=3

2
For A:{

0
{ J the characteristic polynomial is p(A)= A’ — 31 +2. Eigenvalues are

0 1
A, =1land A, =2.Corresponding eigenvectors are X, = [J and x, = [J As in Example 1, we
can construct a diagonalizing matrix 7 from the eigenvectors of A, T = L J. The

1 0
corresponding matrix of eigenvalues, D = {0 2}, is such that T"'AT = D.
The characteristic polynomial is p(1)= A1 — A —6= (1 +2)(A - 3). Eigenvalues are

1 2
A, =-2and A, = 3. Corresponding eigenvectors are X, = [O} and x, = L} Therefore,

1 2 -2 0
T= and D= .
o 1 Jmeo=ly

25 -8 30
For A=| 24 -7 30 |, the eigenvalues are 4, =1and A, =2.From the characteristic
-12 4 -14

polynomial given, it follows that A, has algebraic multiplicity 2 and A, has algebraic
multiplicity 1.
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In order to find the eigenvectors corresponding to 4,, we solve (A—A,I)x =0 or

24 -8 30 | x, 0 12 -4 15| x, 0
24 -8 30 | x, |=|0]|. This systemreducesto |0 O O | x, |[=|0 |and hence
-12 4 -15|x,| |0 0 0 O |ux, 0

eigenvectors corresponding to A, all have the form

(4x,-15x,)/12] [x,/3] [-5x,/4
X = X, =l x, |+ 0 . Thus, we find two linearly independent
X, 0 X,
I -5
eigenvectors, X, =| 3 |and x, =| 0 | corresponding to A, and therefore, A, has geometric
0 4

multiplicity 2. Since A, has algeiaraic multiplicity 1, it also has geometric multiplicity 1. Thus,
A is not defective (that is, A is diagonalizable). In order to find the eigenvectors corresponding
23 -8 30 | x, 0
to A,,wesolve (A—A,)x=0o0r |24 -9 30 | x,|=|0]|.Solving this system, we obtain
-12 4 -16| x; 0

2 1 -5 2
an eigenvector corresponding to A,, x=| 2 |. Therefore,if 7={3 0 2 |, and
-1 0 4 -1
1 00
D=0 1 0] then T"'AT =D.
0 0 2
10. A, =—1 has algebraic multiplicity 1 and A, = 3 has algebraic multiplicity 2. The corresponding
1 1 1
eigenvectors are x=| 2 |for A, and x,=| 0 |andx, =|2 | for A,. Therefore, 4, has
-2 -2 0
geometric multiplicity 1 and A, has geometric multiplicity 2. A is diagonalizable and
I 1 1 -1 00
T={2 0 2f,and D={0 3 O0O].
-2 -2 0 0 0 3
1 0 1
11. ForA=|2 2 -3]|,theeigenvaluesare A, =1and A, =2.From the characteristic polynomial
0 0 1

given, it follows that A, has algebraic multiplicity 2 and A, has algebraic multiplicity 1.
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12.

13.

14.

15.

In order to find the eigenvectors corresponding to 4,, we solve (A—A,I)x =0 or

0 0 1]x 0 0 0 1fx 0
2 1 -3|x,|=|0]. Thissystemreducesto |2 1 O] x,|=]|0|and hence eigenvectors
0 0 0 |x 0 0 0 Ofx, 0
X, 1
corresponding to A, all have the form x=|—2x, |=x,| -2 |.
0 0

Thus, there is only one linearly independent eigenvector corresponding to A,. Therefore, 4,
has geometric multiplicity 1 and consequently A is defective (not diagonalizable).

A, =2 has algebraic multiplicity 2 and A, = 3 has algebraic multiplicity 1. The corresponding
1 0
eigenvectors are Xx=|4 |for A, and x=|1| for A,. Therefore, A, has geometric multiplicity
1 1
1 and A, has geometr_ic multiplicity] and A is not diagonalizable.
4 -1 1
For A=|10 -2 3|, the only eigenvalue is A, =1. From the characteristic polynomial given,
I 0 1
it follows that A, has algebraic multiplicity 3. In order to find the eigenvectors corresponding
3 -1 1|x 0
to A,,wesolve (A—ANx=0or [10 -3 3| x,|=|0|. This system reduces to
I 0 Ofux, 0

1 0 O]x 0
0 1 —1{x,|=|0]and hence eigenvectors corresponding to A, all have the form
0 0 0 |x, 0
0 0
X =| x; |= x5| 1 |. Thus, there is only one linearly independent eigenvector corresponding to
X, 1
A, . Therefore, A, has geometric multiplicity 1 and consequently A is defective (not

diagonalizable).

All four matrices are diagonalizable.

Matrices (a) and (d) have distinct eigenvalues.

Matrix (b) is a real, symmetric matrix.

Matrix (c) is lower triangular and has distinct eigenvalues.

FA6
or—2_1

} the eigenvalues are A, =2 and A, = 3 with corresponding eigenvectors

) 2 3 2
X, = [2} and x, = [J Make the substitution y = Tz = [2 Jz to obtain Tz’ = ATz +g().
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Multiplying by T~ gives z’ =T "'ATz+ T 'g(t) or

, » 2 0 -1 2 |4+3¢ 2 0 e
' =Dz+T g(t)= Z+ = Z+ . Thus, the system uncouples
0 3 2 -3[2+2€ 0 3 2

’ t
. Z 2z, +e ) . . .
nto [ 1 }: { ' } Solving these uncoupled first order equations, we obtain

2| | 3z,+2

[ —e' +ce”

—(2/3)+c,e”
|3 2] e 4 | 3¢ 2V || |3e'+4/3
Y212 1)@yt | 2e & o] 204273

2
16.  The eigenvalues are A, =—1and A, =2 with corresponding eigenvectors X, = [ } and

}. Finally, forming y = 7z, we obtain the general solution

-1

1 2 1
X, = [ J. Make the substitution y =7z = [ }z .

-1 -1
, » -1 0 1 1 ]e—2e —e'
z2’=Dz+T g(t):[o 2}z+[_1 —2}[—e2’+e’}:{e2’}'
: : : : —(1/2)e' +ce | :
Solving these first order equations, we obtain z = [ (e + 0,6 } Finally, forming y =17z,

) ) 2 1 |=(1/2)e" +ce” 2¢7 ¥ | ¢ —e' + te”
we obtain the solution y = 5 5 = 5 +, . |-
-1 —1| re* +c,e” —e' —e¥|c,| |3e' —te
11
17. For A= {2 2} the eigenvalues are 4, =0 and A, = 3 with corresponding eigenvectors

: ! I 1
X, = [ J and x, = [2} Make the substitution y =7z = [ 2}2 to obtain Tz’ = ATz +g().

-1

Multiplying by T~ gives z’ =T "'ATz+ T 'g(t) or

» 0 0 2/3 =1/3| ¢t 0 0 t—1
Z =Dz+T 'g(t)= Z+ = Z+ .
0 3 1/3 1/3 |3—-¢| |0 3 1
zy r—1
Thus, the system uncouples into [ 1}= [3 N J. Solving these uncoupled first order
2 2,
1/ —t+c,

~(1/3) +c,e

_{1 1} /) —t+¢ | |1 € [cl} 1/2)f —t—(1/3)
YZlar 2] —ai3)+ee |T=1 207 || |~/ 4 1-13) |

equations, we obtain z = [ } Finally, forming y = 7z, we obtain the solution
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18.

19.

20.

21.

2
The eigenvalues are 4, =2 and A, =5 with corresponding eigenvectors X, = [ J and

1 2 1
X, = L} Make the substitution y =7z = [ }z.

-1 1
/- Da+ T g(s) 2 0 1 —1l4r+4 2t+1
7’ =Dz+ H= Z+| | ] = .
89%0 5" |1 2 a1 2
: : —t—1+ce”
Solving these first order equations, we obtain z = ) 5, | Finally, forming y =7z, we
—35tcC,e
2 1|=t=1+ce*| [2¢* €' |c —2r—12
obtain the solution y = le = e2 es Y+ > .
-1 1] =2+ce” - e'|c, t+2
-9 -5 )
For A= g 4 the eigenvalues are A, =—1 and A, =—4 with corresponding eigenvectors

5 1 5 1
X, = [—8} and x, = [_J. Make the substitution y =7z = [—8 -1

}z to obtain 72" = ATxz.

-1 0
Multiplying by T~ gives z” =T 'ATz or " = Dz = [ 0 4}2 . Thus, the system uncouples

NN 4 I B
mto | ,,|= .

LJ L‘LZJ

. ) ) c,cost+d,sint ) )
Solving these uncoupled equations, we obtain z = . Finally, forming

¢, 082t +d,sin2t
y =Tz, we obtain the solution

5 1| ccost+dsint 5(c,cost+d, sint) + ¢, cos2t + d, sin2t
y= {—8 —1}{% cos2t+d, sin2t} B [_8(01 cost+d,sint)—c,cos2t—d, sin2t} '
The eigenvalues are 4, =-9 and A, =—1 with corresponding eigenvectors

7 1 7
X, = [ 15} and x, = [ J. Make the substitution x =7z = [ 5 JZ to obtain

” -9 0 . . . C1€73t + C2€3t
" + 0 | z=0. Solving the equations, we obtain z =

1

B . Finally, we obtain

ke™ +kye

the solution x = 7ot Cleii ’ c2ej’ = 7(6167_33’,-% cze33’) the +he .
=15 -1 ke +kpe —15(c,e™ +c,e)— (ke  + k,e')

-2 -1
For A= { ) } the eigenvalues are A, =—1and A, =1 with corresponding eigenvectors

1 1 1
X, = [ } and x, = [ 3}. Make the substitution y =7z = [

1
{ }z to obtain 72" = ATz.

-1 -3
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22.

27 (a).

27 (b).

27 (¢).

-1 0
Multiplying by T~ gives z” =T 'ATz or " = Dz = [ 0 Jz . Thus, the system uncouples

44
. - —%
mnto | ,,|= .
2 2

. ) ) c,cost+dsint| )
Solving these uncoupled equations, we obtain z = . Finally, forming y =7z,

-t t
c,e +de

we obtain the solution y = » . ) » ,
-1 3| ce’ +de —(c,cost+d,sint)—3(c,e” +d,e')

The eigenvalues are 4, =0 and A, =5 with corresponding eigenvectors

1 1}{clcost+dlsint} [ c,cost+d sint+c,e”’ +dye' }

1 2 o 1 2 _ 00
X =|_, and x, = 1 . Make the substitution x =7z = 5 1 to obtain z” + 0 s z=0

ct+c,
k, cos(+/51) + k, sin(+/57)
1 2 et+e, (e, +¢,) +2[k cos(V/50) + ky sin(\'51)|
T [—2 ILI cos(v51) + k, sin(v'S t)} ) {—2@1: +¢,)+ [k cos(v50) + &, sin(V5 t)]]'

Solving the equations, we obtain z = . Finally, we obtain the solution

500 =200
For A= [_200 200 } the eigenvalues are A, =100 and A, =600 with corresponding
. 1 2
eigenvectors X, = ) and x, = Ll
2

1
Make the substitution y =7z = [2 Jz to obtain 72"’ + ATz = 0. Multiplying by

T gi "+T'ATz=0or 2" + 1000 0 Thus, the syst les int
= VA 7= .
gives z Z or 0 600 0 us, the system uncouples into
z/+100z, 0 o o » 02 04 | 0.1 0.08
) =| |. The initial condition is z(0)=T"y(0) = = .
25+ 600z, 0 04 -02]0.15 0.01

¢,cos10z + d, sin10¢ }

Solving the uncoupled equations z’’ + Dz =0, we obtain z = Lz cos10/6+ 4, 5in10 Jot

0.08cos10¢

0.01cos10+/6¢
obtain the solution of the initial value problem:

1 27T 0.08coslOr O.OSColet+O.OZCos(10«@t)
Y72 -1]001cos10v6r ] | 0.16c0510-0.01cos(10467) |

Imposing the initial condition, we find z = [ } Finally, forming y =7z, we
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Section 6.11

5
1 (a). We proceed as in Example 2. For A= [5 4

}, the characteristic polynomial is p(A)=A"- 4.

4 1
Eigenvalues are A, =0 and A, =1 with corresponding eigenvectors X, = [5} and x, = [J

Since A is diagonalizable, we obtain from equation (7) e = TA(f)T~' where

4 1 et 1 0
T=[x,Xx,]= 5 1 and A(r) = 0 o = 0 o . Thus,
L[4 11 0T-1 1] [4+5" 4-4¢
D(H=e" = . = .
5 1]0 |5 -4 —5+5¢" 5-4¢

(t+D)A

1 (b). The solution of y’ = Ay,y(—1)=Yy, is given by y(¢) =€y, . Therefore,

(2) = ™4 sl ! [—4+5¢° 4-4e1 —4 +5¢°
=e =e — — '
! Yo 0] |-5+5¢° 5-4¢ |0] |-5+5¢°

2 (a). The characteristic polynomial is p(1) = (A —2)*. Eigenvalues are A=A, =2 with

1
corresponding eigenvector X, = [O} Therefore,

e 2 1 0 2| !
y«r){ i } Let y,(1)= e (1€ +7), 5:[0} <A—2I)n=§én=[l}iy2<r)=e H

2t 2t

e te )
Y() = { 5 }: ®d(7) since Y(0)=1
0 e

2.y =dmym=|¢ H— 3
A y_0e22_2€2'

6 5
3 (a). We proceed as in Example 2. For A= L 2} , the characteristic polynomial is
p(A)=A> -84 +7.Eigenvalues are A, =1and A, = 7 with corresponding eigenvectors

1 5
X, = [ } and x, = L} Since A is diagonalizable, we obtain from equation (7) e”* = TA()T ™'
here T=[x.x.]=| . | and A() 0 et 0
where T =[x,,X,]= an = = . Thus,
12 -1 1 0 e/’Lzz 0 e7t

1 sTe oTue —si6 ¢ +5¢"  —5¢' +5¢"
D(1)=e" = ' =(1/6) ; °l
-1 1|0 e"|1/6 1/6 —e'+e’" S5 +e”

3 (b). The solution of y’ = Ay,y(0) =y, is given by y(¢) = e"y,. Therefore,

(-h=e™ ) (1/6) ¢ F3e” e el ] (1/6) ~4e 4107
Dee _ _ |
’ I —e e’ Sel+e’ |1 4e”' +2e7
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4 (a). The characteristic polynomial is p(A)=(1—A1)(2—A)(-1— A). Eigenvalues are

1 1 1
A =-1, A, =1, A, =2 with corresponding eigenvectors x,=| 1 |, x,=(0], x,=|1
-3 0 0
e’ e e 1 11 0 0 -3
Therefore, W(r)=| ¢’ 0 €| ¥YO)=|1 0 1|=¥'0)=|1 -1 0
-3¢ 0 0 -3 0 0 0 1 3
e’ e o o -1 —e'+e” t(=e'+e)

0 e'
and ®(H)=| ¢’ 0 |1 -1 0 |=]|0 e L(—e" +e™)
0 0

3¢ 0 00 1 3 0 e’
1 _ez
4 (). y)=dDy0)=dD)|1|=|e*|.
ol |0

t 25" —1
5 (a). From Theorem 6.15, ®(t,5)= ¥ ()¥ '(s) = [1 }[ > }, and thus

2t =572 7!

2s't— s —t+ 157" _ ‘
O(r,5)=| . | 5 _, | @(2,5) is not a function of 7—s.
25 =258t —1+2ts
5(b). From Th 615,y =oGnym=|""" 2 T
(b). From Theorem 6.15, y(3) = ®(3,)y(l) = 6 —1461-11719 "
6. B=T'p(A)T=T"'QA -~ A+3NT =2T"'A’T-T'AT +3T"'T=2D>-D+3I.

20— A +3 0
Therefore, B = .

0 20—, +3
9 (a). As we saw in equation (6), if T'AT = D then A" = TD"T™". (For this present case,

3 2 1 0 _ 1 ol | ' 1 0] '
T= and D= ) Since A"=T T~ and since =1 whennis
4 3 0 -1 0 -1 0 -1
even, it follows that A" =1.
1 of
9(). A"=TD'T'= TL) J T'=TDT' = A when n is odd.
9 (c). Asin parts (a) and (b), we see that A™" =1 when nis even and A™" = A when n is odd.

1 0 | ] 1 0
10. A=T T~ . The four matrices are: D= )
0 -1 0 =i

1 0 -1 0 1 0 -1 0
D1: ‘,Dzz .’D3: .aD4: NE
0 i 0 i 0 —i 0 —i

11. For the given matrix, A= A.Thus,if B=A"?,then B>=A=A"as requested. Exercise 10

asks for four different square roots of A and any one of these will serve as B.

2 1 -1 142 1 44 . 2 1 O il 0
12. A"+A*=TBT = B=T AT+T AT .Since A°=1, B=1+D= 0 1 + 0 +i
T
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13.

14.

15.

16.

17.

1 172 oT[-1 17 [24 -16
Since A=TDT™, it follows that A> =TD’T™" = [ }{ } { }: [ }

2 110 22 -1 32 24
f(A)—cos(nA)—TCOS(M‘) T L R
nee B 0 cos(md,) | " |5 3] =5 2
cos(mA,) = cos(%j = %, cos(l,) = cos(%) =0. Therefore,
2 1TL o3 -1] [3v2 -2
secon T2 4L 52 53]

)= Sin(%) B %’ sin(7A,) = sin(%) =1. Therefore,
2 L 3 _ ) )
sewr=sman=[3 1] IH a5 142 }

5 3/0 1]-5 2 [8V2-15 -342+6
cosA,t 0

0  cosA,t
diagonalizable matrix with eigenvalues A, and A,. Thus, with =7 and the given eigenvalues,

cos(m /3) 0 Lo Juz 0
T'=T T
0  cos(7n/3) 0 1/2

As we saw following Theorem 6.16, cos(tA) = T[ }Tl when Aisa (2X2)

cos(mA) = T[
we have
1 0

=(1/ 2)T{O JT‘I =(1/2)]I.

Similarly, we find sin(zA) = (/3 /2)1.
2 -1
=t Maves 274 pz=7" =] 7' p=|" | The solution

= P 1 gives Z Z = 0 = ) . = 0 1 . € solution 18

ce +ce +1 , .. . :
Z(t) = . . Converting to the original variables, we obtain
k,cost+k,sint+2

1 1
Let T = { } Make the substitution y = 7z . Premultiplying by

11 ce ' +cee +1 ce +c,e' +kcost+k,sinr+3
y(0) =Tz(1)= =

—2 1] kcost+k,sint+2| |-2ce” —2c,e' —kcost—k,sint—4 |

1 1 1
Let T = { 5 J. Making the substitution y = 7z, the system becomes ATz’ + Tz = [J

. . -1 _1 _1 . 1 _2 _1 O _2
Premultiplying by 7™ = 5 1 |8lVes T ATz +z= 31 o 1 7 +z= 3 . Thus, the

ce —2

-t
c,e +

. : : L 1| ce -2 ce' +ce’ +1
original variables, we obtain y =7z = » = , » .
-2 1] c,e"+3] |2ce —ce’ +1

’

. _ZI’ Tz -2 ..
system uncouples into = . The solution is z(7) =
5 +2, 3

}. Converting to the
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18.  Make the substitution y=Tz. z”’+2z + Dz=0.. The solution is

1 x/?)

ce( : V;)t+c e( :?

Z(t) = . Converting to the original variables, we obtain
ke * cos( )+ ke ? sm(% )
L5, —1445); _1 3 _t
cle(_E ?) +cze( H) +ke 2cos(% )+k e 2sm(ﬁt)
y(O=Tx(t)= (-4-%)r -4+ 7 sl
—2ce' * 7 =2c,e ) —ke COS(T ) ke ? sm(— t)

1 1
19. LetT= { ) J. Making the substitution y = 7z, the system becomes 72"’ +2ATz’ = 0.

-1 -1

2 1 0
¢, +ce”

d +de™

-1 0 0
Premultiplying by 7' =[ } gives 2z’ +2T'ATz’ =0 or z”’ + 2[ Jz’ = [O} Thus, the

2z
system uncouples into | ,, ], =
2 +22;

original variables, we obtain
1 1| ¢ +c,e” c,+ce’ +d +de™
y(©) =Tz(t) = o |7 2 ENE
-2 —ljd+de™ | |20c, +c,e”)—(d +dye™)
20 (@). mx)=k,(x,— x,); myxy=k,(x;—x,)—k;(x, — x,); myxy=—k,(x;— x,). Therefore,
mx;+ k,(x, — x,) =0; myx)—kx, +(k +ky)x, —k,x; =0; myxy—k,x, +k,x,=0.
The result follows.

0
O}' The solution is z(¢) = {

}. Converting to the

1 1
20 (b). Kv, =0, where v, is any nonzero multiple of |1 |. Therefore, O, |1 | is an eigenpair.
1 1

20 (c). Letx= f(H)v,. Mx”" +Kx= M(f"(t)v,) +Kf (t)v, = 0. Therefore, since
K(f(t)vy) = f(OKv,=0, Mf"(t)v,=0 or m,;f”(t)=0, j=1.2,3= f”(¢)=0. Therefore,
f(=ct+ec, and x()=(c,t+¢,)vy. X(0)=c,v,=0=¢,=0, x()=c,v,=V, = ¢, =1.
Therefore, x(#) = tv,,. The system is executing motion at constant velocity v,. There is no
relative motion; the three-mass system is translating like a rigid body.

1 -1 0
21 (a).For this case, we have A= M 'K = £ -1 2 —1|.Using MATLAB, we find the
"o -1
1 -1 O
eigenvaluesof B=|—-1 2 -—1|are y,=0,7,=1,and ¥, =3 with corresponding
0 -1 1
1 1 1
eigenvectors w, =|1fu,=| 0 [,andu,=|-2|. Since A= (k/m)B, the eigenvalues of A are
1 -1 1

multiples of k/m times the eigenvalues of B while corresponding eigenvectors can be chosen to
be the same as those of B.
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21 (b). Making the substitution x = 7z, the system becomes 7z"" + ATz = 0. Premultiplying by

0 O 0 0
gives 2/ +T'ATz=0or 2 +|0 km™ 0 |z=|0|. Thus, the system uncouples into
0 0 3km 0
z’ 0 ct+c,
Z/+km™'z, |=|0|. The solutionis z(r)=| d,coswt+d,sinat |, where @= Nim™ .
'+ 3km™'z, | |0 e, cos~/ 3@t + e, sin/ 301
Converting to the original variables, we obtain
I 1 1 ot+c,

x(?)

I 0 -2 d,cosax + d, sinwt

I -1 1 |ecos V3ar + e, sin~/ 301
ct+c,+dcoswx+d,sinwx+e, cos~/ 3ot + e, sin+/3ar

= ¢ t+c,—2(e cos V3ot + e, sin \3ar)

¢t +c,—(d cosax +d,sinwr) + ¢, cos~/3or + e, sin~/3r



Chapter 7
Laplace Transforms

Section 7.1
r s 1 1
. L{=lim| l-e¥di=lim—— =lim-(1-¢™")=~, §>0
T—od0 Toeo § T—eo g Ky
31y _ 1: LY St T T (=3t 3, 1 _ 1 =3l _ 4. 1 _—s=3)T
2. rfe }_}ggfoe e di=lim [ oV dr= lim-——e 0_}53s—3(1 e )
1
= , §> 3.
s—3
T T
3. L{te"}= }im JO te” e dt= }im . te"“*V'dt . For integration by parts, we will use
—(s+1)t
u=t du=dt, dv=e"""dt andv=— . Then we have
s+1
—(s+1)e |7 —(s+1)T
T —t 1 ¢ . =T 1 <
i [t = o] =] [Pt ary = lim{ =+ ——— (1)
T—e 90 Toe|  s+1 |0 s+17 Tl 541 (s+1)
1
= , s>—1.
(s+1)°
T
4. L{t-5}= }im JO (t—5)-e "dt. For integration by parts, we will use
u=t-5, du=dt, dv=e"dt, and v =— ©  Then we have
s
r (=5 1 (T-5eT+5 e[
lim | (1= 5)e™"dr=lim{ ————| +=[ ¢™dr{=lim -
T—9v0 T—oo Ky §s9Y0 T—e Ky Ky |0
1 5
=, 5> 0.
s s
5. L{f(1)} does not exist because lim te"V'e™ = oo forall s>0.
6. L{f(1)} does not exist because lime" ™ e™ = oo forall s> 0.

[—>00
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L{t-1}= J; (1= ) dr+ [ (1=1)e"dr .

) (2)

—st

(D): u=1—t, du=-dt, dv=e"dt, v=-%_ Then we have

S

—st 1 lefsf 1 1

- J dt=—+—e™"
(U s S

e

H=—(1-1)

5o

—st

(2): u=t-1, du=dt, dv=edt, v=— € Then we have

S
t—1 _ |7 1¢= e’
N=——e" +—| e Vdt=
@ s ' s'[l s
1 1 2
D+2)=—=—+—e", s>0.
S S S

£{(t=2)*y = lim [ (t=2)*-e™'dt. Using
T— 90

—st

u=(t—2)%, du=2(t—2)dt, dv=eds, and v =—°

, we have
s

‘ _ t_z 2 —st
tim [ (1-2)% ¢ di = 1im{%
T—0v0 T —co Ky

T
2 | 4 2 . ,
+ —jT(z— 2)e_”dt} ==+Zlim | (1—2)™"dr. Using
0o S 0 s  §T—>=J0

—st

parts with u=1t-2, du=dt, dv=e"dt, andv=—e , we have
)
4 2 e 1 Y| 4 4 2
T —(t—
lim (t2)2-6”dt:—+—lim{[l+—2e”j }:——2+—3, s> 0.
T—ee 0 S §Toe s Ky 0 s S s
T fstT 1 —S
1 L8t I B —€ 1 (o5 _ *ST:e
L{f ()} =lim | 1-¢™dr = lim —| =lim (" -eT)="—. 5>0.
L{f(D)}=
r —(=De[ 17 (T-De™" e —e™
lim| (t=1)-edt= lim{——— +—j e dt :lim{— + > }
T—oo 1 T—oo Ky . K T—oo Ky Ky
= e2 , §>0.
S
2 _ —st 1
Ly =1 edr=—"— ==(e"=e™), s£0; =1, 5=0.
S | S
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2
2 _ t—l —st 1 P 25 1 ‘
12, £{f(O}= Jl (t—1)-edt= —t=De” + —Jl e dr=—5—+ — (e’”‘ - e’“), s#0.

s | S s §

—st

13. j feldt u=1", du=nt""dr, dv=e"dr, and v =—— Then we have

S
Z,ne—st

S

n -1 _-s
+—jt” le™dt, s>0.
s

14 (a). Since lim " =0 and lime™ =1, limt"e™" =0.

t—0* t—0" t—0"
14 (b). Using L’Hopital’s rule:

n n-1

nt
: n_—st __ 13 . _ 1
limt"e™ =lim— =lim—_-=..= lim—,

f—>o0 o0 @ >0 g§@ t—o g" "

15 (a). Using 13 and 14,

net . n .. T 4 n n—
+—J.0 " e ’dt}:0+—hm J ! e™dt=—L{t""}, §>0.
s s

S T—oo

T
_tﬂ —st
L{") = lim{ ¢
§ 0

T—oo

15 (b).

2 2 3 3| 4 41
L{Yy=="L{ty==, L{y=—L{}y =, L{"}Y=—L{}=—,
S S | S ) S S
L{zs}zéz{f‘}:%, 5>0.
S S
m!

15 (¢). L{lm}zm, s>0.
S

16.  £{f(t)}= }irg{e-”(

—sCOSIt — a)sina)tj

T
s
= , s>0.
s+ oot

! ()
=———, s>0.
s+

0

s* + w*

17.  L{f()}= }irg{e-”(

—ssinwrt — a)coswtj

18. f(#)=cos(w(t—2)) = cos(wt)cos(2w) + sin(wt)sin(2w) . Using 16 and 17,

scos(2m) + wsin(2w)
s°+

L{f(O}= , 5>0.

19.  f(#)=sin(w(t—2)) = sinwrcos2w— coswtsin2w. Then we have

WCcoS2m— sSin2@
st + o’

, §>0.

L{f(D}=

s—3)sint—cost
(s=3)7+1

T—oo

T —
20.  £L{f®O}=lim JO e sintdr= lim{e(”)’( (

T
1 >3
=, S
(=37 +1
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T

21 L{ —1: T 7(S+2)t — 1
. f(}= }LIEJO e cosdtdt=1limse

T—oo

e[ —(s+2)cos4t+4sindt
(s+2)° +16

s+2

= §>-2.
(s+2)* +16
s 2 6 2 6
22. L{2e7'} = , §>=5. £{6ty=—, s>0.Then L{r(t)}=——+—, s>0.
s+5 S s+5 s
1 2
23. L{5e"} = ,s>=7. L{}=—, s>0,and L{2"}= , s>2.Then
s+7 Ky -2
5 1 2
Lr)y=——+—5+——, s>2.
s+7 s S—

24 (a). The function is discontinuous on 0 < ¢ < o because the one-sided limits do not exist at the
vertical asymptotes.
24 (b). The function is not exponentially bounded on 0 < f < oo.
25 (a). The function is continuous on 0 < 7 < oo,
25 (b). The function is exponentially bounded on 0 < 7 < co. | f (t)| <e',sowecantake M =1, a=1.
26 (a). The function is continuous on 0 < 7 < oo,
26 (b). The function is exponentially bounded on 0 < f < oo.
If f(t)=te”, then f’(t) = (2t—t*)e” =0 = t= 2, is a maximum point, so we can take
M= f(2)=4e”, a=0.

27 (a). The function is continuous on 0 < 7 < oo,

2t 1
<e*on 0< 1< oo,

27 (b). The function is exponentially bounded on 0 < 7 < oo, since cosh2¢ <

sowe cantake M =1, a=2.
28 (a). The function is piecewise continuous on 0 < ¢ < oo,
28 (b). Consider g(r)=te™', g()=1-1e'=0=t=1. .. t=1 is a maximum and
gi)<e ' = t<e’e’, 0< 1< oo, Since [[t]] <t, 0 < t< oo, the function is exponentially

bounded on 0 < ¢ < oo, taking M =e¢™'

,a=1.
29 (a). The function is piecewise continuous on 0 < ¢ < oo,
29 (b). | f (t)| <e”, and so the function is exponentially bounded on 0 < 7 < oo, taking M =1, a=2.

30 (a). The function is continuous on 0 < < oo,
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30 (b). The function is not exponentially bounded on 0 < 7 < oo because
f= e’ = letz’z’ and e ¥ > e% >4
e 4er 2 ’ '
31 (a). The function is discontinuous and not piecewise continuous on 0 <7< oo,
31 (b). The function is not exponentially bounded on 0 < # < co.
32 lim i dt= lim(tan_1 t‘T) = lim(tan_1 T) _r so the improper integral converges
' T—=d0 14+ £ Toseo 0] 15w 2’ prop g ges.
33 JT ! dt= lln(l + tz) ' = lln(l + T2) Since lim lln(l + T2) = oo, the improper integral
' 01+ 2 0 2 ' T—e ’
diverges.
34. }me OTe" cos(—e dt = }52 J‘lf —cos(u)du =J‘; cosudu = sin u|1) =sin(1), so the improper
integral converges.
o T, T2 1 1 ¢1? 1 2 1
35. j te” dt= lim_[ te” dt= lim e_”(— du) =lim—| e“du = lim—(l— e’ ) =—, so the
0 T—o0d0 T—e0d0 2 T—e D J0 Y 2
. 1
integral converges to 5
-1 1 2t
36. f(H=3Z {—2}:36 , t20.
1 1 -1 1 ~t
37. fO)=="2L" ¢+ L ——¢="2t+e "', t20.
s s+1
-1 | -1 1 =2t 2t
38. f(O=2L"——=¢+2L =2e¢ " +2¢” =4cosh(21), t=20.
s+2 s—2
q) 1 q) 1 (e
39. fO=Ly——¢—L {——r=¢€ —e ' =2sinht, 120.
s—1 s+1
Section 7.2
2 2 1 6 2 1
1. ,L{f(l‘)}:3(—3)+—2+—:—3+—2+—,S>O
s s s s s s
2 5
2. L{f(O)}=—-+—, s>1
s—1 s
3 L{f ()} ! + 3 >0
. =- , S
s $°+9
4 L{fy=eTLie" =", 5>3

3

S
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10.

11.

12.

13.

14.
15.

16.

17.
18.

19.

20.

21.

2e¢”°
3

N

L{f(Dy=e"L{’}=

, >0

. 11 11 1 S 1(1 Ky
L{Slnzwl}Z£{2—2cos(2wt)}=—-———'— —(;—m), s>0

2
= s>
s—5+2 (S+2)2

L{f(D}=L{25

>0

. 1.
L{sin3rcos3t} = L{Zsmét} = EEYE S

L{f(Oy=L{2(t=2)h(t-2) + 4h(t—2)}
= e_zs[l: {2t} + L{4}] = e_z‘{% + i}, s>0
5T s
£{e* cos3t} = L£{cos3r}| =2 >2
e’ co = L{cos3t 2T G710’ s

3-s

LUy = L{e (-1 = e fey =, s>3

S_ b
2 3 5

= >+ >+ , §>4
sos=4 - (s—4)" (s—4) (s—4)

L{f ()} = £{P+3145]

24
LYF(s)}= 3+§z3 =3+47, >0

L7YF(s)}=2sin5t+4e™, 120
£ HF(s)}=2e*cos3t, =0

L7Y{F(s)} = 5¢" % = %e”ﬁ, 120
L7Y{F(s)}=sin(3(t—2))h(t-2), 20

LHF$)}Y=e""Ph(t-2), 120

LHF(s)}=L l(%] = e’(4cos 3t— %sin3t), t=>0

L7{F(s)}= {2005(40— 3)+ %sin(4(t— 3))}h(t— 3), t=20

L7F(s)} = %((t— 3)"h(t—3)+2(t-5)" h(r-5))

4

=2(t=3)*h(r=3)+4(t=5)"n(r=5), =0



184 » Chapter 7 Laplace Transforms

-5 —3s

2. L{f(t)}=%, §>0

1.5
1.25

0.5
0.25

i
]
]
]
]
]
]
|

1 2 3 4 5

23, L{f(n}=e""

24.  f()=(t=1)h

, >0
+1

+h(t—1)—(t—3)h(t—3) - 3h(t— 3), and so

(
L{f(}=e (iz —)— (iz+%), s20 (=4,5=0)

S

[\S)

[T R
N

25, r{f(n}=

3(6_3—6_45)
26. L{f()}=——=, 520 (=9,5=0)
s

[ T
1 I S Sy R .
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27.

28.

29.

30.

31.

32.

f(O)==(t=1D)h(t=1)+ h(t—1) + (= 3)h(t— 3) + h(t— 3), and so

e e e e
—+ + + , 520 (=0,5=0)
S S S

L{f(O}=-
f(O)==(t=Dh(t=1)+h(t=1) + (t—=2)h(t—2) + (t—=2)h(t = 2) = (t— 3)h(t— 3) — h(t— 3), and

-5 -5 -2s —3s —3s
e e 2e e e

—+ +t— 5= , 520 (=1,s=0)
s S Ky K S

2
S

so L{f(D}=-

I
I
I
I
I
I
I
I
I
I
I
I
I
I
|

3

N

2

—s_2 —2s+ —3s
L= 520 (=0,5=0)
S

2
—_ 72v
e 1+e™*

S 0 S

Note: f(#)=1—h(¢—2) for all t except t=2.

Yy
1

L{f (= [ e di=- L 5#0 (=2,5=0)

0.8

t

[N P U UG U

1 3 4 5

o521 |‘ 1= o2

s+2 |o_ s+2

L{f(D}= J;e""’”’dt =— , s#22 (=1,5=-2)

l+e —e™

ﬁ{f(f)}=f, s>0

Note: f(f)=1+[h(t—1)— h(t—4)] for all t except t=4.
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33.

34.

35.

36.

37.

38.

39.

Y
2

1.75
1.5
1.25

0.5

1 2 3 4 5 6

—st 2

L{fOy==[ e di+ [ evdi=°

o
F(0)=(t=2)[h(t=2)= h(t=3)]+[A(t— 3) - h(t—4)]
= (t=2)h(t=2)=[(t=3) + 1]h(t = 3) + [h(t = 3) — h(t— 4)]

N

= (1= 2)h(t-2)~ (1= 3)h(t=3) - h(r—4) and z:{f(r)}=e_s_f_s—e 550
S S
£(0)= h(t=1)+ h(t—=2)=2h(r—3) and L{f(D)}= etem2e L0 =3 5=0
S

f(@0)=(e=1[a(r=1)= h(r=2)]+ G=[h(1-2)~ h(1-3)]
=(t—Dh(t—1)—[(t=2) +1]h(t=2) +[~(t=2) +1]h(t—2) + (t— 3)h(t— 3)

- —2s 25 25 -2s —3s -5 —2s —3s
e’ e e e e e e’'—2e " +e
and £L{f()}=—F——F5~— -—+ +—= 5 , 520 (=1s5s=0)
) Ky S Ky S Ky S

f(6)=1=0)[h() = h(t=1)]+2-1)[n(t=1) = h(t=2)] =1—t+h(t=1)+(t=2)h(-2), >0

1 1 - —2s
and L{f(t)}=———2+e +—, 520, =1, s=0
s s s s
Al AZ
F(s):s_3+s+1,andso A(s+1)+A,(s—3)=12and A, + A, =0, A —3A,=12. Thus
3 3 -t 3t
A =3, A,=-3,and F(s)= ———,andso f(f)=-3e"+3e”, t=0.
s—3 s+1
Al AZ
F(s)=—+ +2,andso A(s+2)+As=4and A + A, =0, 2A = 4. Thus
s s
2

A =2, A =-2,and F(s)=—-—

,and so f(t)=2-2¢", t>0.
s s+
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40.

41.

42.

43.

A A
F(s)= 24e‘55(§+ s+23)’ and so A(s+3)+A,(s—3)=1and A + A, =0, 3A —34A,=1.

1 1 1 1
Thus A = 3 A, == and F(s) = 4e‘55(——

),andso
s—3 s5+3

f(0)=4[e™ = ]nt-5), t20.

From (6), Table 7.1: £ {F(s)}= £ _1(52 3_ 9) =sinh 3t = f(¢)=8sinh(3(t—5))h(t—5), t=0.

3(1-5) _ _-3(1-5)

Answers agree since sinh(3(7—5)) = ¢ >
Al AZ -5
F(s)= + 10e™ and so A(s—3)+ A,(s—2)=1and A + A, =0, — 34 —2A, =1.
(s—=2) (s-3)
— 1
Thus A =-1, A, =1, and F(s)= 106‘{ + }, and so
s—2 s-3

f(r)=10(*" =™ )n(1-1), £20.

12
g(t)=12[h(t—1)~ h(t—3)],and so sY(s)— y(0) +4Y = — (e~ — ™). Therefore,
h)

Y= 2 12 (e‘s - e““), and so

. A A
Cs+4 s(s+4)

=— +—2_Thus
s(s+4) s s+4

A(s+4)+A,s=1and A + A, =0, 4A =1.Solving these simultaneous equations yields

+3(e_5—e"3s) l— ! . Thus
s s+4

1
A,=——, andsoY =

1
A=—,
4 4 s+4

y(t)=2e™ +3[h(t—1)— h(t=3)]-3[e™*“Ph(t—1)— e Ph(t-3)], 120.

—4s
g(t)= ¥ h(t—4) = %X (1 —4), and so sY — 1Y = ¢ <— . Therefore,
o

12 _—4s
Y= ! ;e ,and so ! = al + A, . Thus
s—1 (s=1)(s=3) (s—1)(s=3) s-1 s-3

A(s=3)+A(s—1)=1and A + A, =0, — 34, — A, =1. Solving these simultaneous equations

1 1 1 12 -1 1
yields A =——, A,=—, andso Y:—+e—e"4{—+ }.Thus
2 2 s—1 2 s—1 s-3

1
y()=e"+ 5612(—6’_4 + e3(t_4))h(t— 4), t>0.
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1
(s=3)(s=2)(s+2)

1
44. s°Y —5y(0)— y’(0)—4Y = 3 Therefore, Y = ,and so
S—

1 A N A, N A,
(s—3)(s+2)(s—2)_s—3 s+2 s=2

. Thus,

1 1 1 1 1 1
A=———— =—, A)=————— =—, A,=—————| =——_Therefore,
(s=2)(s+2)|_, 5 (s=3)(s-2)|_, 20 (s=3)(s+2)|_, 4
1 3t 1 =2t 1 2t
=ce’+-—e——e¥, 120
y() S¢ ¢ e

1
45. 5Y —5(0)—1-2(sY —0)—8Y = 1 Therefore,

S —

Y(s2—2s—8)—1=L:>Y(s2—2s—8):L+1:L,whichmeans that
1 1

§— s—1 §—
Y= il ,and so il = A + 4 + 4, . Thus
(s—1)(s+2)(s—4) (s—1D(s+2)(s—4) s—1 s+2 s—4
A1(52—2s—8)+A2(s2—5s+4)+A3(s2+s—2):s,and SO Alz—é, Azz—é, A3:%.
Finally, we have Y:l[ -1 + -1 + 2 },and S0 y(t)z—let—le_2’+ze4’, t>0.
Ols—1 s+2 s—4 9 9 9

d (] d — oo — oo —
46 (2). —F(9)=J3*~ (™) f(dr=[5~1e™* f (ndt =[5°e™ (tf (1) dr ==L {5 0}.

46 (b). L{f(r)}zL{tsmwt}:—i%z{sinwz}:—ii( @ 2)

20
1 -2 s
:—5(—1)(s2+a)2) QS)ZW’ §>0.
1

47. L U{: [J.: f(O')dG}dl) = L(J;f(o)da) = s_le(S), s> max{a,0}

8. o] rar}= o[ ryar- [ rart = EF(S) 3= %[F(s) ~3), s> max{a0}

1, 0<¢t<3 1,0<t<3
, and so the two

49 (a). f(t):h(t)h(?)—t):{ 0. 3<t ,and g(t)=h(t)—h(t-3)=

Py =

functions are equal for all 7# 3 and hence not identical.

3s

l— e
49 (b). L{f()}=L{g(t)}= Jj edt= Se , s#0; =3, s=0, and so the transformed functions

are identical.
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Section 7.3
L F)=2s B B
s—=1 (s=2)" s-2
2 F(S): 4 3 4 2 4 5 7t b
(s—=1)° (s=1)° s-1 (s-2)° s-2
3.0 F()=zyty B5tC
s s (s+1)"+9
A B
4 F(s): 2s+C
s—2 s +16
A A B B
5 F(s)=—5+——+——5+—
S (s—=3)" s=3 (s+3)° s+3
6. F(s)z A, i A +BZS+C22+BI‘§+CI
(s+4)" s+4 (324_1) s +1
7 F(s)z Bs+2C 4 Ds+2E
(s+4)" +1 (s+3) +4
s, Fl)e_ A, BstC | Bs+G

(=2 s=2 ((s+4)°+1) G+’ +1
9. f()=2¢", t=0

10.  f(t)==rt", t=0

3
11. F(s):4( - )+§( 2+9),andso f(t)=4cos3t+§sin3t, 120.
s

A B 25— 3 25— 3
2. Fs)=——+——. A== | Ciand B=2 = 1. Therefore, f()=e¢'+e”, 120.

s—=1 s-2 s=2|_ s=11_,

A B 3s+7 -2 3s+7 4
13, F(s)=———+—. A=— =—Z=land B=" =~ =2.Thus

s+3 s+1 s+1|_, -2 s+3|_, 2

F(s)= ! +Landso fl)=e " +2¢7", t20.

s+3 s+1

A Bs+C As+A+Bs’+C
14, Fl)=2+2—=22T272 T2 Thenwehave A+B=4, C=1,A=1, B=3.

s s +1 s(s”+1)

1 3s

Therefore, F(s)=—+ +———and so f(#)=1+3cost+sint, t>0.

s st+1 s7+1
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15.

16.

17.

18.

19.

A Bs+C
F(s)=—+ s+ .Then we have A+ B=3, C=1, and 4A=8,s0 A=2, B=1, C=1.Thus
s s
2 +1 1
F(s)==+ i and so f(1)=2+cos2t+—sin2¢, t>0.
s s +4 2
B,s+ Bs+
F(s)=—2 sz + 1; €I Then we have B, =0, C,=1, B,=6, C,=4.Therefore,
(s2+4) (S +4)
6s+4 1
F(s)=— + and so

(sz + 4)2 s +4
r . L. 1. 3 . 3. 1
f(t)=6[ —sin2¢ |+ 4| —[sin2¢—2tcos2t] |+ —sin2¢ = =tsin2¢ + —sin2¢— —tcos2t, t>0.
4 16 2 2 4 2

s (s=D+1_ 1 1

=17 (=1 (=17 (s—1)

1
F(s)= 7,80 f()—te’+5tze’,t20.

3 3 3
sY—3+2Y=26( 3 j,andthus Y= +26 > .
s> +9 s+2 7 (s+2)(s+9)
1 A B 1
> = + f+c,andso A= 2s =—.
(s+2)(s*+9) s+2 §+9 s2+9|_, 13
1 _ M 1-43(s* +9) _ —Ms(s*—4) _—M3(s=2) Bs+C Then
(5+2)(s*+9) s+2 (+2)("+9) (s+2(s*+9) (s°+9) sS49° ’
B:—i C—g and so
13’ 13

Y=

3126 (/3 JLos 2 ] j: 2 —6(23 j+4(23 j.Finally,we
s+2 s+2 13 549 13 s5+9) s+4+2 s°+9 s +9

have y(f)=9¢™ —6cos3t+ 4sin3t.

1
sY—1-3Y = 13( j,andthus Y=——+13—
s°+4 s—3 (s—3)(s +4)
A  Bs+ 3
52 — + ‘; C,andso A= 2S =—. Setting s=0 gives us
(s—3)(s +4) s—3 s +4 s*+4|_, 13
4
B+ —
1 4 1 1 3
O=——+ g C =—.Setting s=1 gives us —-— )+ 13.Solving for B yields
13 4° 13 2.5 5
—3 4
3 1 13° 13 2
B=—— andso Y= +13 13 —|— 13 )+2( 2 ).Finally,we
13 s=3 s=3 s°+4 s +4 s°+4

have y(t)=4e” —3cos2t+2sin2t.
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4 35°+4

4 A B
sY—-3+2Y=—,and thus Y = +— =— =—+— ,and so
s s+2 s(s+2) s(s+2) s s s+2
144 ‘44 4
C=3s 5 =4, A=3S = 2. Setting s=1 gives us z:2+B+—:>B:—1.
T, s+2 |, 3 3
2 1 . 21
Therefore, ¥ =———+ . Finally, we have y(t)=4e™ +2t-1.
s© s s+2
1 1 SR
sY—-1-3y = ,80 Y = +——— and thus y(t)=¢e” +te’'.
s—3 s—3 (s—3
+5 6
SY —s()—=2+3(sY —1)4+2¥ =—O— and thus ¥ = — + - :
s+1 (s+D(s+2) (s+D(s+2)
s +6s+11 A B C
> = + + 5, and so
(s+D7(s+2) s+2 s+1 (s+1)
+65+11 +6s+11
=% =3, C=¢ =6. Setting s=0 gives us
(s+D° | _, s+2 |,
11 3 3 2

E=5+B+6:> B=-2.Therefore, Y= 7 - Finally, we have

- -
s+2 s+1 (s+1

y(t)=3e" —2¢™" +6te".

8 25+6 8
Y-5(2)-6+4Y=—,s0 ¥ = + .
sY —5(2) 5:80 =4 SZ(S2+4)
8 A B Cs+D A(s* +4)+Bs(s* +4) + Cs’ + Ds’ 8
12 =S5t +t—a—> Y == ,and so
S(S+4) s s s +4 s (s +4) s(s +4)

we have B+ C=0, A+ D=0, 4B=0, 4A =8, which means that B=C=0, A=2, D=-2.

2 ) 2 ( 2
Then Y:Z( - j+3( . j+—2—( . )and y(f)=2cos2t +2sin2¢ + 2¢.
s +4 s“+4) s s +4

s s+1 s
5 ,80 Y = + 5. Therefore,

5?44 244 (s> +4)

Y —s(1)—1+4Y =

1 t
y(t) = cos2t + EsinZt + Zsin2t.

2
5 ,80 Y = S 5. Therefore,

s°+4 s°+4 (s +4)

s°Y —s(1)=0+4Y =

2 1 t
y(#) = cos2t + ﬁ(sinZI— 2tcos2t) = cos2t + gsin2t— Zcos2t.
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26.

27.

28.

29.

30.

31.

,and thus Y = ! = A + B + ¢ and

sY—S(O)—O—2(SY—0)"‘Y:S_2 (s=2)(s—1)7 s-2 s—1 (s=1)*’

1
(s=1)°

1
s—2|_,

1

1
so A= =—1. Setting s=0 gives us —5:—5—8—1:>B:—1.

=1, C=

s=2

1 1 1
Therefore, Y = - - ~. Finally, we have y(f)=e* —e¢' —te'.
s—2 s—-1 (-1

2
szY—1+2sY—0+Y:L, so Y= ! -+ ! ~. Therefore, y(t)=te™ Lo,
s+1 (s+1)° (s+1) 2

()= 6[h(t)— h(t— )|, and then we have s’ —s(1)— 3+9Y = é(1 —e™),s0
S

s+3 6

Y="—+—; )(l—e

s +9 s(s +9

m) 6 A Bs+C As"+9A+Bs>+Cs

s(s2+9)=?+ s 49 B s(s2+9) - Thus

2 2 3 2
A+B=0,C=0, A==, B=——,andso Y = 2S +— +(/——- 5 j(l—e_m).Then,
3 3 s+9 §s°+9 s 3 s°+9
. 2 2
y(t)zcos3t+s1n3t+5(1—cos3t)—5(1—0053(t—7r))h(t—7r)
2 2
:cos3t+sin3t+§(l—0053t)—§(1+0053t)h(t—7t).

g(t) = t[l —h(t- 2)] =t—(t—2)h(t—2)—2h(t—2), and then we have

2 11 —23_% -2 __ S 1 s\ 2 -2

sY—s(l)—O+Y—S2 e ,s0 Y s2+1+s2(s2+1)(1 e™) S(S2+l)e :
L S B _é+Bs+C_As2+A+Bs2+Cs ™

s2(52+1)_52 s°+1 . s(s2+l)_ S s(s2+1) S

A+B=0,C=0, A=—2 = B=2,andso

s 1 1
Y= +| - 1-e¢™)
s*+1 (sz s2+1)( ¢ [

y(t)=cost+t—(t—2)h(t— 2)—smt+sm(t— 2)h(t—2)—2h(t—2)+2cos(t—2)h(t—2)
=cost—sint + ¢ +[~(t—2) +sin(t - 2) - 2 + 2cos(t - 2)|a(t - 2)

j ~*. The inverse Laplace transform yields

=cost—sint + ¢+ [~ +sin(r—2) + 2cos(t—2)]h(r-2).

, , sy0+(y(’)+ocyo) 2s—1
Y—sy,—y,+a(sY—y)+pY=0=>Y= = ,
Y =80 = Yo + oY = o) ss+os+ Srst2 0

=1, B=2, y,=2, yi+ay, =y, +12)=-1= y; =-3.

S)’o+(y(’)+ayo) 3 ’
= ,SO a:09 :_4, :O, :3.
sS+as+ s°—4 P Yo Yo
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sy, t (y6 + ayo) ’
32. = ,soa=2, p=1, y, =1, y, =-2.
s’ +os+ B (s+1)? p Yo Yo
Section 7.4
2 4 —st 2 —st 4 3
1. T=4. 3] e dr— 3j e dr = 3[6 _ ]— l—e® et -] =2 (1-¢)
0 2 -s|, S S

3 (1 - e_zs)2 3(1-e™
Therefore, L{f}=— =— 25 |-

s 1—e™

1
! —st 2 —st eisr eis’ S —z8 - —Z8
2. T=2.3[ edi+] e dr:3_s0+_sl S(3-3e7wer—e™) =(3-2 )
3—2¢F—e® 3+4¢°
Therefore, £{f}= sl—e®) = si—e ™)’
2 4 3 ., 2734 3, 20 4 oy
3. T=4.-3] edi+2f e di==e ~ e tz ==(e™-1)= (=)

e +5eF -3 342

1
=—(-2¢™* +5¢™ - 3). Therefore, L{f}=

s ’ s(l - e“”) - s(l + e_zx) '
1 3 - —st|? 1 1
4. T=42f i+ [ edr=2"— +—{ ==(2-2e"+e e ™) ==(2-¢" =),
0 ! =S|, =S| S s
2—eF—e™ 2+et+e™
Therefore, = = .
erefore, LU = i Ze™) " e e it
1 2 2
5. T=2. _[1 te™dt + _[2(2 —t)e Vdt= —%(st +1)e™™| + lz(st +1)e™™| + ie’”
0 ! § o § TS

= —siz[(s+1)e_5 —1] +s—12[(2s+l)e (s+1)e ] [e_s B S] = iz(l—e_s)z. Therefore,

(=) e
2

L{f}=

2 —st b s Y L —e”’
6. T=2. _[1 (t—1)e dt:Joue “Ddu=e '[Oue du= 5

1]

e_s[l —(s+ l)e"s]

s (1 — e_zs)

Therefore, £{f}=
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1

7. T=2. J: (1 - tz)e’”dt = %[szf +2st+2— sz]e’” O
= s—13[(s2 +25+2— sz)e"s -2+ sz] = S—IS[(ZS +2)e "+ — 2] . Therefore,

_ [(2s +2)e™ + (s2 — 2)]
L= S3(1—€_2S) '

2

? ted = T -1 1-2s+Dhe™
8. T=2. [ te™dr=—5(st+De™| =—[@s+1)e ™ ~1]. Therefore, £{ f}:%,
’ § o s (l—e A)
n 242¢ 2
9. T==, L{f}= S
2 , 3
(s +4)(1—e zj
1+e™

10. T =2, L{f}z (sz +1)(1_e—27m) = (S2 +1)(1—e_7rs)

NN

Tt 27 371 471 b

11 T=1, [ e'edt= ei(m)tr_ 1 IRty _ 1—e
- T ferertae =t ==t s S
12 _y 2 l— e df = e 2 o (s 2 ~ 1 = o2 1 )
- TI= ’Jo( —e e dt= _S0+ T O_;( —e )—m( — )
1 1_6—2(s+1)
L{f}—;_m.
y
1
0.8
0.6
0.4
2 4 5 =
o L_{s(f_e—m)j:[1[67(“8_‘”+e‘2"“+e‘3“"+...)]

—ois =201 =3as
:Ll[e + + +...th(t—a)+h(t—2a)+...,
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14.

15.

16.

17 (a).

17 (b).

and so f(t) =1—t+ h(t=1)+ h(t—2) + h(t—3) + ...=1—t+ih(t—n).

n=1

y

1
0.8
0.6
0.4
0.2

T 2 3 4 5t
3 3¢ &
F(s)=5——"—— and sof(t) = 3[t—h(t—2) = h(t—4) = h(1—6)..]= 3| 1= > h(t—2n) |.
s© s(—e) —
1 1 e -2s l e —2s 1 oo e —2ns

Fls)=—-———=—— l—e X +e*—e®+e™+ . )=—+ > (-1

(S) 257 s 14+e™ 287§ ( ¢ ¢ ¢ ¢ ) 2s? ,12_}( ) 52
and so f(¢) = é— (t=2Dh(t=2)+(t—4)h(t—4)—(t—6)h(t—6)+ ...
= 24 D) (1= 2kt 2m).

n=l1

v

1
0.8
0.6
0.4
0.2

> 4 6 8 10 12°
5(10° 5(10°

% =rC,(t)- Sq. With g in kg and ¢ in days, we have % + 50((106)) q= (106 ) C.(t), where

' 0, L<t<1

LOSt<1 1
(1) = 2 c(t+1)=c,(1).Then 4+ L o—5¢(1), 0)=0.
5 dr 10

0.5 s
edt| 51— 2 5
sQ+0.10=5 JO =— =

I-e s
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17 (¢).

18 (a).

18 (b).

19.

20 (a).

1 1 -5 3 1 1
=50 —— l—e 2+e*—e 2 +e > +...|. Noting that L’l(—— j: 1—e ),
0 (S S+O.l)[ ] & s s+0.1 ( ¢ )
1

—0af r—
we have ¢(1) = 50[1 —e M~ [1 —e 1( 2JJh[I— l) + (1 — e_o'l(’_l))h(t— 1)- ] Thus for

2

1

50|:1—e_0'“ +e—0.1[t—5) _e—O.l(z—l)]’ 1< t<§

1<t<2, glt)= .
Q( ) _0.1[1_1) 3
50 _640-“ +e 2 _ e%).l(tfl) , — S t< 2
2
fo| e 1= 11
ms*X(s) = O'[— fo —° = X( )_L,_3. —= and
1 e 1_ m s 1+e 52

1 1 1 T , _aT
V(S)=SX(S)=&‘—2' »,~=&-—2(1—e”+.e_”—eé2 +)
m s l+e? m

AR WEWENE VR 1

L5l TH-T)

s = 2 Efe T (T )
R

2
m=1, f,=1, T=1, :—:M{ )z t—(t— 1)+ (-
]

5) 1y, B2l
x(Z)_E[t G e (16 16+16)_32 N

We know that ay+ by, +cy, = f.(t), i=1, 2. Therefore,

3
—(l—%)L:;:Z m /s and

”

a(cl)’1 +C2y2) +b(c1y1 +Czy2), +C(C1y1 +C2)’2) = Cl[ayf,'i' by1,+cy1] +c [a)’2 +by; +Cyz]
=cfitc,f,.
£{ay” +by’ +cy}=£{f}. Since

1
as’ +bs+c 25 +5s5+2

y(0)=0, y"(0)=0, (asz +bs+c)Y =F = ®(s)= . Comparing:

a=2,b=5,c=2.
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1 1
2000).If f(H=e', F(s)=—, Y(s)= . Since
(®). I £ ©= Y (25 +55+2)(s+1)
1 1 1| A B C
25" +55+2=2(s+2)(s+ %), Y(s)=— == + + . Then
2| (s+2)(s+D(s+ )| 2|s+2 s+1 s+4
1 2 1 1 4
A:— =—’B=— =—’C=— = — and
(s+D(s+)|_, 3 (s+2)(s+ )| _, (s+2)(s+1) - 3
1 -2t —t 2
N=—e—e'+=e .
y(1) 3e e 3e
1
21, f()=t,F(s)=—, y()=2(e" - 1)+ 1(e” +1),
s
2 2 1 1 2s+s)+257+2s+1 1
Y(s)=—"-"—"F+——F+—5= = . Since Y(s)=DP(s)F(s),
(s) s+1 s (s+1)2 s s2(s+1)2 sz(s+1)2 (5) (5)F(s)
1
d(s)=
(5) (s+1)°
1 1 1 A B C
22. From 21, ®(s)=—=.If f(1)=h(r), F(s)=— and Y(s)= =—+—H4
(5 (ary /@O, FO= O = G s Tse1 D)y
1 1 1 B 1
= 51 =1, C=- =-1. Setting s=1, —=1+———= B=-1. Therefore,
(s+D7|_, Sl 4 2 4
Y(s) ! ! = yH)=l-e'—te”’
§)=————— =l-e'—te.
s+l (s+D? 7
1
23 (a). s’Y+4Y=F,s0 ®=- )
(s +4)
2 2
23(b). F=—,s0Y=—/—77—=.
®) s s3(s2+4)
1
24 (a). s’Y+sY+Y=F ,s0o O=7—F5—.
(s +s+1)
2 o S T A DR T [
24.(b). | e fndr=[ e di-[ e dr="—| ~=—| ==(1-e) +=(e ¥ —e)==(1-e")".
0 0 1 =S|, s S s s
1— —5\2 1_ -5 1_ -5
Therefore,F:( €72)Y :( eﬂ), = (4 e2) .
sd—e™) s(l+e) sd+e (s +s+1)
1 1

2 _ — —
25(a). sY+4sY+4Y=F ,so q)_(s2+4s+4)_(s+2)2'
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Ly 1 ,Stl 1 o 1-(s+1)e™ 1-(s+1)e”
25 (b) j()te dt——F(Sl-i-l)e 0—?[1—(5‘4-1)8 ],SO F—m and Y = 52(1_6‘5)(S+2)
1
26 (a). sY—4Y=F,so D=7+—.
@ (s3—4)
1 s’+s-1 s +5—1

1
26(b). F=——+—=———_s0Y= )
®) s—1 8% s'(s—1) s*(s=D(s’—4)

1
27 (a). Y +4sY=F ,s0 ®=7—5—.
(s +4s)

s S 1
27 (0). F=aig o= (s +4)(s* +4s) (s +4)2 '

28. y +by +cy=f = sY —sy(0)— y’(0) + b(sY — y(0)) + cY = F . Therefore,

Yo + Yo + by, n F(S)

(s S+ Y =80 = Yo = bYs s> +bs+c s +bs+c
1 Sy, + syl +by)+1  s7+2s+1
f)=h(), F(s)=—=Y(s) = —> 0 0 = . Therefore,
f() @) () S () S +bs*+cs S+ 357 +2s

b=3,c=2, y,=1,y,+by,=y,+3=2=y, =-1.

:sy0+y0+by0+ Fls) .Iff(t)=e_t,F(s)=—1 and

29. Y > >
s +bs+c s“+bs+c s+1

(s+1)(sy0+y(’)+by0)+1_ s +s+1
(s+1)(s2 +bs+c) - (s+1)(s2 +4)

. Therefore,

b=0, c=4, and (s+1)(sy, +y§) +1= 5"y, +5y] + sy, + ¥ =" +s+1.Finally, y, =1, y;=0.

Section 7.5
_ ) _
cost s21+1
1 L t = -
Ry
te' 1
[(s=1)" ]
. . [ s+l ] [ s(s+1) ~
J e ' cos2t 4 e ' cos2t 1 (s+1)2+4 1 (s+1)2+4
2. Ly— 0 =SLy— 0 —10|=s 0 —10|= 0
dt , dt . 1 1 I s
t+e t+e 1 - +— 1 —+—-1
s s—1 ] s s—1 ]
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z_e
20=h(t=2) || |
2h(1-2) 267
K
_ i _
1 1 s
: 1 1
L J A A =—L t = -
0 -A § —t §
e e 1
| s(s+1) |
. eis
. sin(z—1)h(t—1) | 9+
e =21t e’ 2
s—1 s
P
S 1
2 2 1 1 1
L 3 ; 3 :L{[2e_’sint]}; =————_ Therefore, | 2¢ 'sint |.
s +25+2 (s+D)"+1 s(s+1) s s+1 -
1 —e
sS4

(11
) [ty
2e° 2sin(t—1)h(t—1)
s +1

= e* +2sint

£7Y(s)}=| 27 +3sint

£ =2e* +sint

5s—4
5 s—5 4 5 1 |s+4 -4 |5 2
sY—| |=AY,so Y=| | . Thus Y= =| 5 =3 | and
6 -5 s+4 6 ss—s| 5 s=5|6] |6s-5
' —s
4 A B - 1 44
since 55 =—+——=A=4, B=1and 65 5:§+—,wehave y(1)= ‘|
sS—s s s—1 sS—s s s—1 5+¢
4
0 s=5 4 0 1 |s+4 -4 |0 s*(s—1)
Y-0=AY+ = Y + =Y= = ,and
' M [—5 s+4} M —[ 5 s—sM st |1
s°(s—1)
4 A B 4 4 4 4
since :—2+—+L:>A=4,B:4,C=—4.then ==+———"

s(s=1) s s s—1 s(s—=1) s s s—1



200 * Chapter 7 Laplace Transforms

5 5 1 1 5 4

+~-———+————=—5+————. Therefore,

s s—-1 s-1 s s s s—1

s—5 -5 1 5
and — == + =—
s(s=1) s (=1 s(s=1) =
4.4 4
Yy =|S s s—1|5 —
) 2,4 4 y() [5t+4—4et}
2
s s s—1
1

2 s—5 4
11. sY=AY+| 3 ,so[ }Yz
+2

1

e 1 —3s+2

1 ?(s=1)(s=2)| s> =5s+3]
s

—-5s5s+3 A B C D 3 1 3
= e C 4 =+ = A=2, B=-—,C=1,D=-" 50
sS(s=1)(s=2) s° s s—-1 s-2 2 4 4

3 1 3 t+e' —e
y,=—t——+e'—=¢” Finally,we have y(t)={3 1 , 3 , |
2 4 4 —l——4e ——¢
2 4 4
1 s+2 -4 |3 1 3s=2
12. From 11, Y=——"7—"— = .
(s=D(s=2)| 3 s=5]2] (s=1)(s=2)|2s-1
3s—2 A B
Y = al = + = A=-1, B=4,s0 y,=—¢' +4e”.
(s—1)(s=2) s-1 s-2
2s—1 A B
Y, = > = + = A=-1, B=3,50 y, =—¢' + 3¢”'. Finally, we have
(s—1D(s=2) s—-1 s-2

—e' +4e
t)= .
y(0) {—e' + 3e2’}

2 s—1 -4 2 1 s—=1 4 |2
13. sY=AY+| |,s0 Y=| |. Thus Y=——F— .
0 1 s—1 0 (s—l) +4| -1 s=1(0

2(s—1)

=

C(s=1)7 +4

,80 ¥, =2¢'cos2t. Y, =

()= 2e' cos2t
W= —e'sin2t |

— = S0y, =—e'sin2t. Finally, we have
(s—1)7+a d
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14.

15.

16.

wo

3 s—1 —4 0 1 s—1 47 0
sY—| |=AY+ , SO Y= 3 | Thus Y=——— 1 1 31
0 s—1 Ios=1 1 (s—=1)"+4[ -1 s-1)7

(s—1)+% 3(s-1) 12
2 = 2 + 2
(s=1)"+4  (s=1)"+4  (s-D[(s=1)*+4

Y = ].For

12 A B(s—-)+C
= + 3
(s—D[(s—1)°+4] s=1" (s=1)°+4

, A=3, B=-3, C=0. Therefore,

3(s=1) 3 3(s=1) 3 .
Y = + - = ,s0 yv,=3e".Y,=0,s0 y,=0. Finally, we have
o144 =1 (s—1) 44 s—1 0 : - Y

o= % |

. dy [6 -3 5 5
Letting 1=7+1; T=¢—1, we have — = y, y|1:o: 0 .Then sY =AY + ol

dt |8 -5
s—6 3 5 1 s+5 -3 |5
Y= .Thus Y=——"— .
-8 s+5 10 sT—s—6| 8 s—-6]10
y = 55s=5 _ A N B — A=3, B=2,50 y =3¢ 2%,
(s—=3)(s+2) s+2 s-3

105s—-20 A B
Y, = S = + = A=8, B=2,50 y, =8¢ +2¢" Finally, we have
(s=3)(s+2) s+2 s-3

_ 36—2(1—1)_'_263([—1)
y(t)_ 8e—2(z—1)+263(z—1) :

> 110 s$+3 2 s 1 |s*=-3 =2 |s
sY—s| |- =AY, so 5 Y = .Thus Y=—; ) .
0 1 -4 s -3 1 sT—1| 4 s+ 31

s°—3s-2 A B Cs+D
1= 2 = + T3
(s=D@s+D(s"+1D) s+1 s—-1 s +1

= A=0, B=-1, C=2, D=1,s0

=—e' +2cost+sint.
3

B st +4s+3 _ s+3 A +Bs+C
2 =Ds+D*+1) (s=D(s* 41D s—1  s2+1

= A=2, B=-2, C=-1,s0

, ) i —e' +2cost+sint
y, =2¢' —2cost—sint. Finally, we have y(f)=| L
2e’ —2cost—sint
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1 1 1
1 -1 2 ss—-1 1 ) 1{s°+1 -1 |2
2y s _|s _ S
17. sY—{1 _JY+ 1 ,so[_1 S2+JY— l . Thus Y—S4[ : 21 l .
Ky s Ky
1 11 1 1 1 £t 1(1 1)
Y=—F|l+5——|,s0oyy=—f+—F-——t'=—-—+—.Y,=—| 5+5——|,50
! s4( 5 sj NS T T e i e T
1 1 5 4 2
y, ==t +—t'——t* =t——t—+—.Fina11y,we have
5! 2! 4! 120 24 2
S A
()= 120 24 "6 | 1 [F£-5r+208
Y= £t 2 120) -5 +607 |
120 24 2
2 2
) o |1 -1 5 s -1 1 »
18. sY—=s| |= Y+| 3|, s0 , [Y=|,% | Thus
1 1 -1 1 -1 s +1 1
- —+s
s s
) 2
1s"+1 -1 o 1 2 1 1 4 2 4 2
Y:—4 ) § YIZT(ZS+————S):—3+—5,SO y1=t—+t—=t—+t—.
s s—11+s s s s s s 41 21 24 2
S
t2+t4
1(2 1 1 1 ¢ 5 Tha
Y2=—4(—+s——+s3—s):—+—5,so y2=1+t—.Fina11y,wehave y(=|2 24|
s s S s S 24 t
1+ —
24
s—6 =5 0 2
19. sY-y0)=AY,so| 7 s+6 0 (Y=|-4|.Thus
0 0 s+2 -1
[ 5+6 5 0 i [ 25-8 |
s -1 s°—1 2 s —1
-7 -6 —4s5+10
y=|—— 2 0 |-4|=|5"—
s—1 s -1 | s —1
1 - -1
0 0 -
L s+2 | s+2
2s—8 A B
= il = + = A=5, B=-3,s0 y,=5¢" —3e¢'.
(s+1)(s=1) s+1 s-—1
—45+10 A B
= il = = A=-7, B=3,s0 y,=—-T¢"' +3¢".
(s+1)(s—=1) s+1 s-1
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-1
= ,50 y, =—e ' Finally, we have y(t {7(3 + 3¢’
s+2
F T T
s—1 s—1 0 0 s—1
1 1
20. sY=AY+| — |,so| 0 s+1 -1 |Y=| — |.Thus
s s
2 0 0 s=2 2
5 5
o T 1
s—1 s—1
1 1 1 1
Y=| 0 - | Y= 5,80 y, =te'
s+1 (s+D(s=2)| s (s—1)
1 2
0 0 )
L s=2 1L s
-2)-2 A B D 1 1
22 ABLC D L
sS(s+1)(s=2) s* s s+1 s-2 2 3 6
t+1 -t 1 2t
=t+———e ——e.
2TITTEC T
-2 A B 1 1 1 1
=3 =—+—+ = A=1, B=—, C=-—,s0 y,=t+———¢"". Finally, we have
s(s=2) = s s—=2 2 2 2 2
te'
1 1. 1,
N=|t+-——e'——
Y=l -3e e
1 1,
t+—-——e
L 2 2 J

21 (a). s —9s+18=(5s-3)(s—6)=0=A1=3, 6.

N a2 ], a2 1
21 (b). sY-y(0)=AY=Y=(sI—A) y,. Then —A T = A T ,and

2
Lo18[7 -1] [7 -1
detA” =~ | 18= = Thus A=(a") "= = .
18 18 184 2| |4 2

22 (a). sY, =AY, +G(s), sY, =AY, +Y, = Y, =(s[- A)"'G, Y,=(s[- A)"Y, and
Y, = (s — A)7G(s) .. Q(s)=(s[—A)".
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s—1 1 - 11s+1 -1
22 (b). (sI—A)={ ! S+J:>(SI—A)1=—2{ J and
- K

. 1{s+1 —1:||:s+1 —1} 1|:s2+2s —2s}
Q(S)Z(SI—A) =7 1 =7 .

s s—=1] 1 s=1| s 25 §*—2s
1 2 2 1
- s+2—— -t t+t—=
G(s)= f = Y,(s)=— 5: $ 2S 3S Therefore,
= Sl2+1-= —S+ =
2 5 4
s s s s
2t 28 7 A
R IRV
v,n=| 4,3 2= .
(0) 2t 3¢ P
4! 3! 12 2
3 3 -15
_ _|s+2 s—3|_|(s+2)(s-3)
23. Y = . 3[1} =787 3T ss-30 | Therefore,
s+2 s-3 (s+2)(s—3)
1 -15 -1 5
s=3 (s+2)(s-3)|_ afl 3 2| 410
| 5530 =(sl—A) s ,and so .l . =-A s . Thus
s—=3 (s+2)(s—3) 3
s[5 S
105 2| s 2 |_[6 -3
L5zl 5 5120 25| |8 5]
3 3 6
1 1 1
(s+2)* ! 2 (s+2° s Ao 142
24 Y=Y L Vo= 5| G(9)=] s |- Therefore, 1 =(sI—A) s |»and so
0 0 0 10
s+2 s+2
1 1T I 1
0 s+2 | — 0 s+2 0 ——
(s[— A)= S +12) S| =—s(s+2) S . N
10 | L 10 |- .
s+2 1 os+2 (s+2)
11 ]
S N A L SV |
1 0 s+2 0 2] 0 -2
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1
25 (). —V,(s)+RI, +Lsl, + R,(I, - 1,)=0, R,(, - 1,) t o TR +V,(s)=0.
S

'R +R,+sL -R, I v
1 '}:{ 1 },so
-R, R, +R, + o [12 -V,

1] 1 R +R +— R, v
I - 1 s Cs Vv .
2 (R+R,+sL)| R, +R, + - |-R, R, R +R,+sL] "2

Cs
1
1, 1 2-|-l 1| (s+1)° (s+1)~ s+l s st
25 (b). i = 1 s -1 =7 5 N = ) 1 S
2 (2+s)(2+)—1 1 2+s S aras+ ()] 2D [ (s)
K s+1 S
I(s)= ;3 =i(1)= ﬁe’t and
2(s+1) 4
-5 —(s+1)+1 -1 1 _ t .,
L(s)= = = + =>,lH)=——e +—e .
:(5) 2(s+l)3 2(s+l)3 2(s+1)2 2(s+1)3 (1) 4
Section 7.6
1. First, let o = t— A, and differentiation yields do =—dA . Then,

frg=] 1= 2gA)dr= [ f(0)s(i-0)-do)= [ st~ 0)f(0)do=g* .

2(). frg= jo’h(z— A)h(A)dA = jotldl -

1 1
2 (b). F:G=—,sof*g=f{—zj:t
R S

‘ 2o\ 11y ¢

3 . * = —_ 2 = —_——— = 4 —_—— | = —

(@. frg=] (t-A)2dA (t3 4]0 z(3 4] >
_1 A o2 2t
S N A {_5}_7‘6

‘ 31
4(a). frg= Oe(’_’”e‘”dﬂ. = (e’ € )

1 %o el 1 _*llL_ 1 _l -2
e T M g“‘{(s—1><s+2>}‘£{3(s—l s+2)}_3(6 )
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5@. f*g= j;(t— A)sinAdA = —tcos Af, — j;lsinﬂdl

=—t(cost—1)—(—AcosA + sini)|; =—fCcost+t+tcost—sint=t—sint

1 1 1 1 1
b)., F=—,G= ) SR S W) L s
6 (a). f*g=Jtsin(zf—/l)cosﬂdﬂuzljl[sint+sin(t—2/l)]a,’)u:l tsint+'|._r(sin6)(—ldo)
0 2Jo 2 t 2

t

) 1 t .
:—{tsmt+—0050' }:Esmt, where o =1t-2A.

2

—t

1 t
6(b). F=——, G=— ,sof*gzjjl{;}z—sint
S

s°+1 +1 (S2+1)2 2
t — 2[f 2
[[(e=2) =l 2’1) =%, 0<t<1
7(3) f>kg:J‘o(l‘_ﬂ’)[h(ﬂ’)_h(ﬂ’_l)]d;L = : (t_l)zl 1‘2 (t—1)2
_[(t—/l)dﬂ,—— — ,1<t<o0
0 2 . 2 2
l-¢”’ - 2 -1)°
7 (b). F=%,G=( ),sof*g=z:‘ I SO Gl PP
s s s s 2 2
11 1 1 1
s =1 s L Al T emne e
8 Pr*y=1"r , L1 =L 1
st Ls+1 sS(s+1)
;zl( ! — ! ; 21 =%+§+L:>A:1,B=—1,C:1.Theref0re,
(s—=D(s+1) 2\s—-1 s+1) s(s+1) = s s+1
t+l ——e
Pry= 2e 2e
t—1+e”’
1
t = 3
9. t*{ }=£_1 ss . L_l{%}=t—.Then we have
cost > s 6
sz(s2+1)
21 :é+Bi+C:>A:1,B:—1,C=0.£_1{1— 2S }zl—cost,
s(s +1) s sT+1 s s2+1
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3

t
SO t*{ ! }z 6 |
cost 1—cost

g(t) = th(H)— (t—2)h(t—2) - 2h(t-2), F(s):l’ G(S):iz e 2e*
S

2 b

S S S
1 -2s 2 -2s t2 t—22
0FG=2-" 2" Then frg=" "D 40 ) _a(1-2)n(1-2).
S s S 2 2
y
2
1.5
1
0.5
1 > 3 7t
-5 _ —2s —25_2 —3s+ —4s
F=G="% s0FG=5-""°_""%_ Then
S S

frg=(t=2)h(t=2)=2(t—3)h(t=3)+(t—4)h(t-4).

1_ —s —5_2 -2s —5_3 —2s+2 —3s
)= 50 FG=2""_"""°  Then
S S

F(s)=

frg=(t-Dh(t—1)-3(t=2)h(t—2)+2(t-3)h(t-3).

y
1
0.5
7 5 3 1 5t
0.5
1
1y 1 £r
LAy{t*¥t* 1y =| = | =—F,s0 t*t¥t=—=—0!
{ ; (sz) s° 51 120
1 A B 1 1
hrerey=— AL B L C usa=i =1 c=Land
s(s+1)(s+2) s s+1 s+2 2 2

IR _
h(f)*e ' *e?' =——e' +—¢

1
2 2
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1 A B D
= _+L+_Thus A:_laBZO’ C=

15. t¥e ' ¥y = < =—
e wed sS(s+1)(s=1) s s s—1 s+1

1 1

_ N 2 1 B

and t¥e " *e'= LN —4 4= t=_f4—(e'—e7").
s s—1 s+1 2( )

16. LLh(D) * h() * .. ¥ h(f)} :si" and L_l{;} _ (ntn__l)‘ .

n—1

=Ct* =>n=9, c=l .
(n—1)! 8!

n-1
17. Lie'*e'*. *e't= ! ~ L™ 1 —r= L =Cr'e™ . Thus
(s+1) (s+1"] (n=1)

n times

1
n=5 C=—, a=-1.
41

Therefore,

18. j(: sin(t— A)y(A)dA =t = sint* y. Therefore,
2 1 20s*+1) 2 2
—3=—Y:>Y:u:—+—3:>y(t)=2+t2.

s S

Ky s2+1 s

19. fe' = J; cos(t—A)y(A)dA = cost* y. Therefore,

(s+1)° s +1 s(s+1)° s s+l (s+1)° (s+1)

2 2
A=2, B=-2,C=0, D=—4,andsowe have Y =—— ——— T
s s+l (s+1)

5. Thus

Finally,
y()=2-2¢"—2¢%".

t 1 1
20. y(O- IO e yA)dA=t=y—e xy=1t Y- —1Y = — . Therefore,

§— S

1
5 Y=Y=— =—+—+ . -
s s—1 s(s=2) s s s=2 4 2

-hoh AL 1 ¢t 1,
Y=—"-+>=+—"—_ Finally, y(t)=—+—+—¢"".
y Tty Fmally, y())=-p 4o+ e

1_s—2 s—1 A B
- — 2

21. f;y("’”yu)dl:6f3=y*y=>Y2=(6)s—;=S—4=>Y:iS% and y(7) = 461,

1
—, D=—=
2 2
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1 2 2 2 25
2. SY=S-— _oy=:__=
s s (s+1) s (s+1)
=" +2s+ D)= Q2s+D)=(s+1)> = 2s+2-1)=(s+1)> = 2(s+1) + 1. Therefore,
£ r
Y:g—2 L2 =+ ! s l,s0 y()=2-2l " —2te” + —e” |=2-2{1-2t+— |e
s s+1 (s+1)° (s+1) 2 2
23. sY -0+ ! Y=1:>Y:l LZZ =é+i+%.Thus A=2, B=-2,C=-1, and
s+2° s s{ (s+1) s s+l (s+1)
2 2 1
Y=—"-———— ,80 y(t)=2—-2e¢" —te”".
s S+1 (S+1)2 y() e e
Ll 1 1 1 Ll 11 1 )1
24, sY- =—Y:>(s——)Y: =>Y=— :—(—+—) 50
21 s s 2 sc=112 2\s—1 s+1)2
1 1 1
1)=—(e'+e')| . |=coshy
y()==(e' +e )[2} cos {2}
11 11 tt t*
25. Y-l==F 5=2Y=-+==yt)=1+—=1+—
g st s s 8 y() 4! 24
1 1 1 -1 1
26. sY—(-D-Y=—=206-D=-1l+—-—-=YV= +— 5.
s” s—1 s7(s—1) s—1 s7(s—1)
1 A B D
3 2:—+—2+L+ >s=>A=2, B=1, C=-2, D=1.Thus,
ss=D° s s s=1 (s—1)
1 2 1 2 1 2 1 3 1
Y=+ "+ 55—+ =—4+S5-———+—=,% y(t)=2+1-3e" +1e".
s—1 s & s-1 (5—1)2 s s s—1 (s—l)2 () e T
Section 7.7
1 (a). j( +e)(t-2)di=1+¢
1 (b). j(1+e ’)5 2)dt =0 since =2 lies outside the integration interval.
2 cos2t
6(t+2) et -2
2
2
1(d). L(e +1) 8(1—1) [dr=] &> +1
6(t—3) 0
2. From Equation 7b, f #6= f(¢).
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1, 1 ) 1 3 ) 1 3
3. jo sin?[ (- to)]5(t— Ejdt = smz[n(E— toﬂ =7 sm{n(a— IOH =
1 T 1 1 1
0] ible t;: | ——t, |[=—=>-—-t,===1t,=—.
ne possible £, n(z 0) 375 h=3 0=y
5
4. [reu-2di=2"=8=n=3.
5. f()=1=h(1—1t)= h(t—1) for all t except t=1.
' , 1
6. g(t):J0 h(/l—l)d/lz{t_l’ > Therefore, g(r) = (t—1)h(t—1).
7. k=h(2—1t)—h(1—1t)=h(t—1)— h(t—2) for all ¢ except t=1, 2.
' 0, 0<t=<t, e 5
8. g(t):JOe o(t—t,))dt= e, p<t<on Therefore, 1, =2, e =¢~” = a=-1.

9 (a). (e_’y) =¢' = e'y=—¢'+C= y=-1+Ce'. From the initial condition, we have

y(0)=0=-1+C.Thus C=l and y=—1+¢".

1
9(b). s®-D=1= d=——.Therefore, ¢(t)=e¢".

S —

9(c). Prg= '[;e(”’”h(l)d/l =J e ar=e'(-e) =-1+¢'

10 (a). (e"y), =1=e'y=1t+C = y=te' +Ce'. From the initial condition, we have y(0)=0=C.
Thus y=te'.
10 (b). From 9b, ¢(¢)=¢".

*_’(t—/l)/l _zt ot
10 (c). ¢ g_joe ed/l_ejod/l_re.

11 (a). (e"’y) =te' =e'y=—te"' —e'+C= y=—(t+1)+ Ce'. From the initial condition, we have

y(0)=0=-1+C.Thus C=1 and y=e¢'—(t+1).

1
11 (b). s®—-®=1= ®=——. Therefore, ¢(t)=¢".

G—
11 (c). ¢p*g= J;e(’f’l)/’{dl:et(—ﬂe”l —e”l)‘; =e' —t-1

12. sY+Y:z+e"S:>Y: 2 +€ , 2 :é+i=>A:2,B:—2.Therefore,
s s(s+1) s+1 s(s+1) s s+1

y(t)=2-2¢"+e " Ph(t-1).
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13.

14.

15.

16.

o
|
|
|
1 5 3 t

4 5 6
-5 —2s
_ e
2S:>Y:

s+1 s+1

sY+Y=e"—e . Therefore, y(r)=e " h(t—1)— e n(r-2).

—s —3s
sY=e'—e™ = Y= Therefore, y(t)= (t— Dh(t—1)— (t— 3)h(t—3).
N N

Yy
3

2.5

1 2 3 4 5 6 ¢

21
s*+4n’
s—2 e’ 1 e’

+ =—+ :
s(s—2) s(s=2) s s(s—2)

(s +4m’)y =2ne ™ =V = ™. Therefore, y(r)=sin(2n(t—2))h(t-2).

Y —s=2(sY-D=e’" =Y =

1 1 1
! =é+ B :>A:—l, le. Therefore, Y =—+e'| ——+ and
s(s—=2) s s-2 2 2 s 2s  s(s—2)

1 1
H=1-=h(t—=D+—e*"Phit-1).
y(1) S M= +5e* " h(r=1)

Y
5

4
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17. (s2 +2s5+ 2)Y =e'=>Y=¢"' —— . Therefore, y(f)=e " sin(r—1)ha(r-1).
(s+1)"+1
1 -2s
18. szY—1+2sY+Y=e’2“:>(s2+2s+1)Y=1+e’2S:>Y: 5>+ ¢ 5. Therefore,
(s+1)° (s+1)
y(t)=te™ +(t—2)e " Ph(t-2).
Y
1
0.8
0.6
0.4
0.2
12 3 4 5 &°
11 B 41 [s—1 —1]
19. sY=AY+e’'| |=Y=e"(sl-A) .sI—-A= , SO
0 -1 s—1]
1 |s—1 2 [s—1 1 |1 2 ls—1
(sI—A)l— 3 .Then Y= =—°
s =2s| 1 s-—1 s(s—=2) 1 s-1]0] s(s-2)] 1
bt 1
s—1 :1+ 1 ’ 1 __2..2 s—1 _2..2 50
s(s=2) s s(s—2) s(s-2) s  s-2  s(s=2) s s-2

1 1
y, ()= 5(1 + ez(’_l))h(t— 1) and y,(t) = 5(—1 + ez('_l))h(t— 1). Finally, we have

1
—(1+ ) h(r-1)
Y(t): 12( ) .

5(—1 +e* M )n(1-1)

y2(t)
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20.

sY = AY + H e-sm = Y=(sI- A)lu(l)] - e[éﬂ sI—A= [s; 2 :J, 50

. 1 s—1 1
(sI-A) =———— . Then
(s—D(s=-2)] 0 s-2
| ) e’
v | ) Gahe-2) T 6-2) ‘
(s=1(s-2) s—2 1
s s(s—1)

1 A B 1
—_—=—+—+ ¢ =A=—,B=-1,C=
s(s—D(s=2) s s-1 s-2 2

1 1
y, ()= E—et +5e2’ -’ "h(t-1) and y,(1) =-1+e".

Y
12
10
8
6
4
2
/ t

1
27

s(s—1) s s—1



Chapter 8
Nonlinear Systems

Section 8.1

1(a). For y’ +ty=siny’,y(0)=0,y’(0)=1, let y(t)=[yl(t)}=[y,(t)}. Thus,
».(0] [y

, | Y y’ ) »©O)| [ y©)| (O
Y= ,1=| ,|F .= ) , y(0)= =, A=,
Y y —ly +siny —ty, tsmy, y,(0) y'(0) 1

t’ b
1 (b). From part (a), f(r,y)= [fl( 7 )’2)}:[ yz_ } Therefore, the requested partial
fz(taylayz) —tyl+smy2
derivatives are % =0, % =1, % =—1, % =C0SY,.
9y, dy, ay, dy,
1 (c). There are no points in 3-dimensional space where the hypotheses of Theorem 8.1 fail to be
satisfied.

2(a). For y’+()’ +y"” =tan(¢/2),y(H=1,y’()=-2, let y(r):[y'(t)}:[y(t)}. Thus,

NOINELG)
, » _ Y2 _ 1
y= M‘ Lan(tu) -y - yi} Y= [—2}'

t’ 9
2 (). For f(t,y)=[f]( . yz)}, the requested  partial derivatives are
fz(t’ylayz)
ad e) 9 1 ;5 O
i:O, f\ =1,£=——y12/3, 2:—3)}5-
dy, ay, ay, 3 dy,

2 (c). The hypotheses of Theorem 8.1 are not satisfied at t=*2n+1)7r /2 and y, =0.
3(a). For y/+t'A+y+2y) " '=t"e",y(2)=2,y’2) =1, let

¥, (1) y(0)
= = .Th
Yo |:y2(t):| |:y,(t)j| *

, Iy Y y _ ¥,
y= vil |y’ [—'A+y+2y) " w1 | | A+ y, +2y)  + e |
2| [y@ | |2
2 = = = .
e [mz)} [y'(z)} m

_ H@y,Y,) _ Y2
3 (b). From part (@), £(1.y) = |:f2(ta)’1’y2)} - |:_t_l(1 +y+ 2)’2)_l + t_le_rj|'

Therefore, the requested partial derivatives are
%:0 %:1’ %: t_1(1+y1 +2y2)—2’ %

) =2t A+y, +2y,)7".
ayl ayz ayl ayz 1 ’
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3(c). The hypotheses of Theorem 8.1 are satisfied everywhere except on the planes 7=0 and

I+y +2y,=0.
4 (a). For y””’ +cos(ty’)=t(y""), y(0)=1,y’(0)=1,y”’(0) = -2, let
¥, (0 y(0) i s 1
y()=| YO |=| Y (®) |. Thus, y’ =| 5 |= Vs , y0)=| 1
ys(O | [0 yi ] |—cos(ty,) +y: -2
Ji(EY1.52,Y3)

4 (b). For f(1,y) =| /2(t:y1,¥,.5) |, the requested partial derivatives are
S3(831.52,¥3)

f O o A I
_:0,—: ,—:0,_:0,_:0,_:17
a9y, dy, day, o, 9y, 9;

of, oy . df;

=2 =0, == =tsin(ty,),=—=>=2

dy, Iy, gy, T

4 (c). The hypotheses of Theorem 8.1 are satisfied in all of #y,y,y, - space.
5(a). For y”’+2{"(y-2)"(y”+2)" =0,y(0)=0,y’(0)=2,y”(0)=2, let
y,(0) y(®)
y(O=|y,(0)|=] ¥ (1) |- Thus,
(O] [0

’

il |y y Y2
Y=y =1y |= y” = Y :
il 7] 2 0-97 07+ 200 (-2 (s + )
¥,(0) y©) | |0
y(©0)= yz(O)} y'(©0) |=]2].
y;(0) ] [Y'O)] [2
JiEY1,52,Y3) AR
5 (b). From part (a), £(2,y) =| f,(2,y,,,.¥3) |= A

f3(t,y1,y2,)73) _2t1/3(y1_2)_1(y2 +2)_1
Therefore, the requested partial derivatives are
Uy o, W,
9y, dy, dy,
Yoo Uy
ay, ay, dys

s

=1

s _o 9

—2=21"( =27 (3, +2) 7, =0, =207y, -2 (y,+2)7
ady, 9y, dy;

5(c). The hypotheses of Theorem 8.1 are satisfied everywhere except on the “hyperplanes” y, =2
and y, =-2.

6. Since y} =tcos’(y,)— 3y, +1*, it follows that the scalar problem is y”’ =tcos’(y’)—3y +1*,
y2)=1y'2)=-1.

7. Since y,=y,tany +e, it follows that the scalar problem is y”’=y’tany+e’,

y(©0)=0,y"0)=1.
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8. Since y,=y,y,+y;, it follows that the scalar problem is Y =yy +(")’,
yED ==Ly (-D)=2,y"(-)=—4.

9. Since y;=(y,y; +1’)"?, it follows that the scalar problem is y’”’=("y"+1)",
y) =1y 1)=1/2,y"1)=3.

11.  Laplace transforms cannot be productively used because the equation is nonlinear.

14 (a). Let a=m/(28). Then tanax = ax +(1/3)a’x’ +(2/15)a’x” +--- . Retaining the
first term of the Maclaurin series in equation (7), we have
mx”" + (2kd / m)tan(mx /20) = mx”’ + (2ko / w)(mx /1 20) = mx”” + kx .

14 (b). As in part (a), retaining the first two terms of the Maclaurin series in equation (7)
results in equation (8).

, i Y
14 (c). Equat 7b '= = .
(c). Equation (7) becomes y [yj {—(ZkS/mn)tan(n'yl /26)}
: Y Y
Equation (8) becomes y’ = [ , } = { }
Vol L=k Im)(y, + (x* 1126%)yy)

14 (d). The system version of equation (7) satisfies the hypotheses of Theorem 8.1
everywhere except along y, = +(2n +1)7 /2. The system version of equation (8)
satisfies the hypotheses of Theorem 8.1 everywhere in ty,y, - space

15 (a). Adding equations 3 and 4, we obtain % + % =0. Thus, using the linearity of differentiation,

+
d(cdt €) =0 and hence, c(¢) +e(?) = ¢, 1s a constant function.

15 (b). Substituting e(?) = e, — c(¢) in equations 1 and 3, we find
d d
?‘; = —ke,a(t) + ke(Ha(t) + ke(r) and ?j = kea(t) - ke(Da() — (K + k,)e(?).

15 (c). The hypotheses of Theorem 8.1 are satisfied for all points in (z,a,c) - space .

16 (a). At the instant shown in the figure,

(0) (1)
Vi = QIR + [ 7 dy =2 /3R’ + | m(R® ~ y*) dy
=(2/3)nR’ +7[R*y(1)— (1/3)(y(1)’].

16 (b). Equation (10) is physically relevant as long as —R< y(#) < R.

Section 8.2

1. For

x'=x(-1+y)
y'=y(l-x),

we see that x"=0 if (a) x=0or (b) y=1.1In Case (a), we have y’=0 only if y=0, yielding
the equilibrium point (x,y)=(0,0). In Case (b), we have y’=0 only if x=1, yielding the
equilibrium point (x,y) = (L,1).
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For

x'=y(x+3)

y=(x-D(y-2),
we see that x’=0 if (a) x=-3or(b) y=0. In Case (a), we have y'=0 only if y=2,
yielding the equilibrium point (x,y)=(-3,2). In Case (b), we have y’=0 only if x=1,
yielding the equilibrium point (x,y) = (1,0).
For

X'=(x-2)(y+1)

y=x’—4x+3,
we see that x’=0 if (a) x=2 or(b) y=—1.1In Case (a), we cannot have y’=0. In Case (b),
we have y'=0 only if x=lor x=3, yielding the equilibrium points
(x,y)=(1,=1) and (x,y) = (3,~1).
For

X'=(x-D)(y+1)

y'=(x-2)y,
we see that x’=0 if (a) x=1or(b) y=-1. In Case (a), we have y’=0 only if y=0,
yielding the equilibrium point (x,y) = (1,0). In Case (b), we have y’ =0 only if x =2, yielding
the equilibrium point (x,y)=(2,—1).
For

x'=x(x-2y)

Y =yBx-y),
we see that x"=0 if (a) x=0or(b) x=2y. In Case (a), we have y’=0 only if y=0,
yielding the equilibrium point (x,y)=(0,0). In Case (b), we have y’ =0 only if y =0, yielding
the same equilibrium point as in Case (a), (x,y)=(0,0).
For

xX'=y(y-x)

Y =x(x+2y),
we see that x" =0 if (a) y=0 or (b) y = x.In Case (a), we have y’ =0 only if x =0, yielding
the equilibrium point (x,y)=(0,0). In Case (b), we have y’=0 only if x=0, yielding the
same equilibrium point (x,y)=(0,0).
For

X =x+y>-8

y/ — x2 _ y2 ,
we see that y’ =0 if x*= yz. Using this requirement in the first equation, we see that x" =0
requires 2x*—8=0 or x=22. Since y==xx, we find 4 equilibrium points,
(2,2),(2,-2),(—2,-2),and (-2,2).
For

X' =x>+2y*-3

y =2x>+y* =3,
we see that x” =0 if x> =3—2y’. In this event, we have y’ =0 only if 2(3—2y*)+y*—-3=0.
Solving for y we obtain y=#*1. Then, since x> =3-2y”, we see that x =1 for each choice
of y. The equilibrium points are

(x,y)=(@LD,(=LD),d,=1),(=1,=1D.
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9.

10.

11.

12.

13.

14.

For
x'=y-1
V' =x(y+x)
Z,=y(2_z)7

we see that x” =0 requires y =1. Using this requirement in the second equation, we see that
y"=0 requires x(1+ x)=0. Thus, we need in Case (a) x =0 or in Case (b), x =—1. Finally,
7’=0 requires z=2 since y is nonzero. We obtain 2 equilibrium points,
(x,y,2)=(0,1,2) and (x,y,z) = (—1,1,2).
For

x'=z7"-1

y=z(1-2x+y)

Z==(l-x-y),
we see that x” =0 requires z = %1. Using this requirement in the second equation, we see that
y’ =0 requires 1-2x+ y=0 while z'=0 requires 1— x—y =0. Satisfying y’=0 and z'=0
therefore requires x =2/3 and y =1/3. Combining this requirement with z= %1, we obtain 2
equilibrium points,
(x,y,2)=(2/3,1/3,1) and (x,y,z)=(2/3,1/3,-1).
Making the substitution y, =y and y, =y’ the scalar equation can be expressed
as the system

V=Y,

Vi==n— W
Since y,=-y,(1+y,), we cannot have y;, =0 unless y, =0. Similarly, from the first equation,
y; =0 requires y, =0. Thus, the only equilibrium point is (y,,y,) = (y,y") =(0,0).
Making the substitution y, =y and y, =y’ the scalar equation can be expressed
as the system

V=Y,

y;=1=e"y,—sin’(ny,)
Thus, the equilibrium points are (y,,y,)=(y,y)=(n+0.5,0),n=0,£1,12,....
Making the substitution y, =y and y, =y’ the scalar equation can be expressed
as the system

V=Y,

yi=l=y/=20+y)"y,
From the first equation, y; =0 requires y, =0. Thus, in the second equation, y, =0 requires
1-y/ =0 or y,=%1. There are two equilibrium points
(>y2) = (3, =(1,0) and (y;,y,) = (y,y") = (=10).
Making the substitution y, =y, y,=y’, and y,=y" the scalar equation can be expressed as

the system
V=Y,
Y2 =5

y; =1+ y;—2siny,
Thus, the equilibrium points are
(¥1>¥2:¥3) = ((w /6) +2nm,0,0) and

(315Y,,¥3) = (57 /6)+2n1,0,0),n=0,£1,£2.... .
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15.

16.

17.

18.

19.

20.

21.

22 (a).
22 (b).
22 (a).

24.

Making the substitution y,=y,y,=y" and y,=y"", the scalar equation can be expressed as

the system
V=Y,
Yy =Ys

Yi=yy O —H2+yy)
From the first equation, y; =0 requires y, =0 while (by the second equation) y, =0 requires
v, =0. Having these requirements, the third equation tells us that y; =0 only if y =12.
Hence, There are two equilibrium points
G1sY2sy3) = (0553 = (2,0,0) and (,,y5,33) = (0,Y5y") = (<2,0,0).
Since (0,0) is an equilibrium point, we know =0 and 6=0. Similarly, since (2,1) is an
equilibrium point, we know 20t +2=0and y—-6=0.Thus, «=-1and y=6.
Since (1,1) is an equilibrium point, we know o+ f3+2=0and y+J—1=0. Similarly, since
(2,0) is an equilibrium point, we know 2a¢+2=0and 2y—-1=0. Thus, ¢=-1and y=1/2.
Using the equations derived from the equilibrium point (1,1), we have
—1+B+2=0and (1/2)+6—-1=0. Therefore, B=—1 and 6=1/2.
The slope of a phase plane trajectory is given by y’/x" = g(x,y)/ f(x,y), see equation (9). As
given, g2,1)/ f2,)=1 and g(,—-1)/f({1,—1)=0. Therefore, g(1,—1)=0 and so B=2.
Knowing B=2 and g(2,1)/ f(2,1)=1, we obtain (3+8)/2+oa)=1o0r 5/2+c)=1. Thus,
we obtain o = 3.
The slope of a phase plane trajectory is given by y’/x" = g(x,y)/ f(x,y), see equation (9). As
given, g(,l)/f(1,)=0 and gd,-1)/fd,—-1)=4. Therefore, g(1,1)=0 and so
2+y=0o0r y=-2. Knowing y=-2 and g(1-1)/f(—-1)=4, we obtain
Q-y)/(a—B+1)=4 or 1/(a—B+1)=1. Finally, since there is a vertical tangent at (0,—1)
we know f(0,—1)=0, and thus —+1=0. Using =1 along with the prior equation
1/(x—B+1)=1, we obtain a=1.
The slope of a phase plane trajectory is given by y’/x" = g(x,y)/ f(x,y), see equation (9). As
given, g(1,2)/ f(1,2)=1/6 and thus
1/6=g(1,2)/ f(1,2)=(—=14+0.5)/(5-2"). Solving for n, we obtain n = 3.
Making the substitution y, =y and y, =y’ the scalar equation can be expressed
as the system

V=Y,

Yi=y, =2y +o.
Since (y,,y,) = (2,0) is an equilibrium point, it follows that 2y’ =8 = c.
v=4i-3j
v=15i+j
v=-]

-9
For A= [ ! 9}, the eigenvalues are A, =—10 and A, =—-8 with corresponding eigenvectors

1 1
u = [ } and u, = [ } The general solution is
1 1

1 1
y(r) = clemt|: J + czegt[l} and hence all solution points are attracted to the origin. Thus, the

direction field corresponding to the given matrix is C.
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25.

26.

27.

28.

29 (a).

30 (a).

-1 3
J, the eigenvalues are A, =—4 and A4, =2 with corresponding eigenvectors

For A:{

1 1
u = [J and u, = [_J. The general solution is

1 1
y() = cle‘”[l} + czez’{ J and hence solution points that begin on the line y = x are attracted

to the origin whereas those that begin on the line y =—x are repelled away from the origin.
Thus, the direction field corresponding to the given matrix is B.
-4 6

For A=
or [6 4

}, the eigenvalues are A, =—10 and A, =2 with corresponding eigenvectors

1 1
u = [ } and u, = [ } The general solution is
1 1

1 1
y() = clelo’[ J + czez’[l} and hence solution points that begin on the line y = x are repelled

away from the origin whereas those that begin on the line y =—x are attracted to the origin.

Thus, the direction field corresponding to the given matrix is D.
4 2

For A=
ot b 4

}, the eigenvalues are A, =6 and A, =2 with corresponding eigenvectors
1 1 o
u = ! and u, = 1 . The general solution is

1 1
y() = cle6'[l}r 02€2t|:_1i| and hence solution points that begin on the line y = x are repelled

away from the origin as are those that begin on the line y=—x. Thus, the direction field

corresponding to the given matrix is A.
The phase plane point (¢,0) is an equilibrium point when ¢« is a root of

f=0.

Making the substitution y, =y and y, =y’ the scalar equation can be expressed
as the system
V=Y,
Yi=-yn-y
The nullclines are the lines y, =0 and y, =0. The only equilibrium point is the point (0,0).
Making the substitution y, =y and y, =y’ the scalar equation can be expressed
as the system
V=Y,
yi==yd=y).
The nullclines are the lines y, =0,y =%1, and y,=0. The equilibrium points are
(0,0),(-1,0),(1,0).
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31 (a).

32 (a).
33 (a).

34 (a).

35 (a).

36 (a).

Making the substitution y, =y and y, =y’ the scalar equation can be expressed
as the system

V=Y,

y,=1-2sin’y, .
The nullclines are the lines y,=+x(r/4)+nrm,n=0,£1,£2,...and the line y,=0 The
equilibrium points are (£(x /4)+nr,0),n=0,£1,£2.....
The nullclines are the lines y=3x—2 and y=x. These lines intersect at the point (1,1)
yielding the only equilibrium point.
The nullclines are the lines y=2—x and y = x. These lines intersect at the point (1,1) yielding
the only equilibrium point.
The nullclines are the lines y=2x—-2and y=4—x where f=0 and the line
y=(1/2)x where g=0. The lines f=0and g=0 intersect at the points
(4/3,2/3) and (8/3,4 /3) yielding the only equilibrium points.
The nullclines are the lines y=2x—-6and y=x, where f=0 and the line
y=—x,where g=0. The lines f=0and g=0 intersect at the points (0,0) and (2,-2)
yielding the only equilibrium points.
The nullclines are the curves y=1-x”and y=-1+x. These curves intersect at the
equilibrium points (-1,0) and (1,0).

Section 8.3

1 (a).

1 (b).

1 (c).

2 (a).

2 (b).

2 (c).

3 (a).

777

Given x”" 4+ 4x =0, multiply by x” to obtain x’x”" +4x’x =0. Integrating, we obtain
05(x")’ +2x*=C.

,_

The equation x”" +4x =0 can be expressed as With this notation, the conserved

y' =—4x.

quantity found in part (a) is 0.5y +2x” = C. The graph passes through the point (x,y) = (1,1)
when C=125.

At (1,1), the velocity vector is v= xi + y’j=1i—4j. The velocity vector is tangent to the graph
and indicates that the graph is traversed in the clockwise direction as ¢ increases.

Given x”"—(x +1)=0, multiply by x” to obtain x’x”" — x’(x +1) = 0. Integrating, we obtain
(x)—(x+1)*=C.

’

The equation x”” — (x +1) =0 can be expressed as With this notation, the conserved

’

y=x+1.

quantity found in part (a) is y* — (x +1)* = C. The graph passes through the point (x,y)= (1,1)
when C =-3.

At (1,1), the velocity vector is v= x"i + yj=1i+2j. The velocity vector indicates that the
solution point moves upward and to the right along the right branch of the hyperbola as ¢
increases.

Given x” + x* =0, multiply by x’ to obtain x’x”’ + x’x” = 0. Integrating, we obtain

0.5(x")* +025x* =C.
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3 (b).

3 (c).

4 (a).

4 (b).

4 (c).

5 (a).

5 (b).

5 (c).

6 (a).

6 (b).

6 (c).

9 (a).

The equation x”" + x* =0 can be expressed as x’ g , With this notation, the conserved
y==x".
quantity found in part (a) is 0.5y +0.25x* = C. The graph passes through the point
(x,y)=(1,1) when C=0.75.
At (1,1), the velocity vector is v= xi + y’j=1i— j. The velocity vector is tangent to the graph
and indicates that the graph is traversed in the clockwise direction as ¢ increases.
Given x” — (x” +7sinzx) = 0, multiply by x’ to obtain
x'x”” — x"(x* + wsinzmx) = 0 . Integrating, we obtain 2(x")* — (x* — 4 cosmx)=C.
x'=y

The equation x”’ — (x* + sinzx) = 0 can be expressed as With this notation,
q p

y = x’ +mwsinmx.

the conserved quantity found in part (a) is 2y*> — (x* — 4 cosmx) = C.

The graph passes through the point (x,y) = (1,1) when C =-3.

At (1,1), the velocity vector is v= xi + y’j=1+ j. The velocity vector indicates that the

solution point moves upward and to the right along the right branch of the graph as ¢ increases.

Given x” + x* =0, multiply by x’ to obtain x’x”’ + x’x” = 0. Integrating, we obtain

0.5(x')’ +(1/3)x*=C.

The equation x”" + x> =0 can be expressed as x’ g , With this notation, the conserved
y==x".

quantity found in part (a) is 0.5y +(1/3)x’ = C. The graph passes through the point

(x,y)=(,1) when C=5/6.

At (1,1), the velocity vector is v= xi + y’j=1i— j. The velocity vector is tangent to the graph

and indicates that the solution point moves “down the graph” as ¢ increases.

Given x” + x/(1+ x*)=0, multiply by x” to obtain x’x”" + x’x /(1+ x*)=0. Integrating, we

obtain (x)* +In(1+x*)=C.

’

X =Yy

The equation x”" + x/(1+ x*)=0 can be expressed as With this notation, the

y =—x/(1+x%).
conserved quantity found in part (a) is y*> +In(1+x”)=C.

The graph passes through the point (x,y)=(1,1) when C=1+1n2.

At (1,1), the velocity vector is v= x"i+ y’j=1i—0.5j. The velocity vector indicates that the
solution point moves clockwise along the curve as 7 increases.

Rewriting the conservation law in terms of x and x”, we have (x")* +x*cosx=C.
Differentiating with respect to ¢, we obtain 2x’x” +2x’xcosx — x°x’sinx =0 or
x’(2x” +2xcosx — x*sinx) = 0. Therefore, the differential equation is

x4+ xcosx—0.5x"sinx=0.
Rewriting the conservation law in terms of x and x’, we have (x")* — e =C. Differentiating
with respect to ¢, we obtain 2x'x”" — (e"x2 )(—2xx”) = 0. Therefore, the differential equation is
144 *Xz
X" +xe" =0.

x'=y

The equation x”’ + x + x° =0 can be expressed as The nullclines are the lines

’ 3
y=—x—x.

defined by y =0 and —x(1+ x*)=0; the lines y =0 and x =0. Thus, the only equilibrium
point is the point (x,y)=(0,0).
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9 (b).

9 (c).

10.
10 (a).

10 (b).

11.

12.

13 (a).

13 (b).

13 (©).

14 (a).

14 (b).

The velocity vector has the form v(x,y)= yi— (x + x°)j. Thus, we obtain v(I,1)=i-2j,
v(l,-1)=-i-2j, v(-L)=i+2j,and v(-1,-1)=—-i+2j.

Multiplying by x’, the equation becomes x’x”’ + x’(x + x”) = 0. Integrating, we obtain
0.5(x")* +0.5x” +0.25x* = C or 2y* +2x” + x* = C,. The graph of the conserved quantity
passes through the point (1,1) when C, = 5. The graph passes through the other three points and
is consistent with the sketch in part (b).

Since x” +ox =0 it follows that 0.5(x”)* +0.5cx” = C, and hence ax’ +y*=C.

Figure A is a circle of radius 2 and thus a=1and x* +y*=4.

Figure B is a hyperbola with asymptotes y = +x. Since (0, 2) is on the graph, we see that
o=-land y’—x*=4.

Figure C shows horizontal lines, y = 2. Thus, a=0.

The solution point in Figure A travels clockwise around the circle. Solution points in Figure B
move to the right on the upper branch and to the left on the lower branch. Solutions points in

Figure C move to the right on the upper line and to the left on the lower line.
In analogy with Exercise 9, multiply the equation y””” + f(y")=0 by y’’, obtaining

2 777

YY"+ y"f(y")=0. Integrating, we find 0.5y”" + F(y")= C where F(u) is an antiderivative
of f(u). Thus, the differential equation has a conservation law given by 0.5(y”")* + F(y")=C.

dE
(a) From the definition of E(?), it follows that o mx’x”" + kxx" = (mx”" + kx)x’”. From the

differential equation, mx”” + " + kx =0 and hence mx”” + kx = -y’ . Therefore,
dE
— ==y )x"<0.
5 -
(b) Energy is not conserved. On f-intervals where x’(¢) # 0, E(¢) is a decreasing function of ¢
and energy is being lost.
For the system
x'=2x
y'==2y
we have f(x,y)=2x and g(x,y)=-2y.Thus, f, =2 and g =-2.Since f, =-g ,the
system is Hamiltonian.
Let H(x,y) denote the Hamiltonian function. Thus, H (x,y)=-—g(x,y)=2y.Integrating with
respect to x, we obtain H(x,y)=2xy + p(y). Differentiating with respect to y in order to
determine p(y),we find H (x,y)=2x+ p'(y)= f(x,y)=2x. Therefore, p’(y)=0 and hence

p(y) = C is a constant function. Dropping the constant, we obtain a Hamiltonian function,
H(x,y)=2xy.
From part (b), the phase-plane trajectories are defined by 2xy = C. If a phase-plane trajectory
passes through the point (1,1), then C =2 and the trajectory is given by xy =1.
For the system

x"'=2xy

y ==y
we have f(x,y)=2xy and g(x,y)=-y’. Thus, f,=2y and g, =—2y.Since f =-g ,the
system is Hamiltonian.
Let H(x,y) denote the Hamiltonian function. Thus, H (x,y)=—g(x,y) = y’. Integrating with
respect to x, we obtain H(x,y)= xy” + p(y). Differentiating with respect to y in order to
determine p(y),we find H (x,y)=2xy+ p’(y)= f(x,y)=2xy.
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14 (c).

15 (a).

15 (b).

15 (©).

16 (a).

16 (b).

16 (c).

17 (a).

17 (b).

Therefore, p’(y)=0 and hence p(y)= C is a constant function. Dropping the constant, we
obtain a Hamiltonian function, H(x,y)= xy>.
From part (b), the phase-plane trajectories are defined by xy* = C. If a phase-plane trajectory
passes through the point (1,1), then C =1 and the trajectory is given by xy’=1.
For the system

X =x—x>+1

y=—=y+2xy+4x
we have f(x,y)=x—x"+1 and g(x,y)=-y+2xy+4x.Thus, f,=1-2x and g, =—1+2x.
Since f, =-g,,the system is Hamiltonian.
Let H(x,y) denote the Hamiltonian function. Thus, H (x,y)=-g(x,y)=y—2xy—4x.
Integrating with respect to x, we obtain H(x,y)= xy —x’y —2x" + p(y). Differentiating with
respect to y in order to determine p(y), we find
H (x,y)=x— x*+p'(y)= f(x,y)= x— x> +1. Therefore, p’(y)=1 and hence p(y)=y+C.
Dropping the additive constant, we obtain a Hamiltonian function,
H(x,y)=xy—x"y—2x"+y.
From part (b), the phase-plane trajectories are defined by xy — x’y —2x” +y = C. If a phase-
plane trajectory passes through the point (1,1), then C =—1 and the trajectory is given by
xy—x’y—2x"+y+1=0.
For the system

x'=-8y

vy =2x
we have f(x,y)=-8 and g(x,y)=2x.Thus, f, =0 and g =0.Since f, =-—g ,the system
is Hamiltonian.
Let H(x,y) denote the Hamiltonian function. Thus, H (x,y)= f(x,y)=-8y. Integrating with
respect to y, we obtain H(x,y)=—4y’ +g(x). Differentiating with respect to x in order to
determine ¢(x), we find H (x,y)=¢q’(x)=-2x. Therefore, g(x)= -x*+C. Dropping the
additive constant, we obtain a Hamiltonian function, H(x,y) = —x*—4 y2 .
From part (b), the phase-plane trajectories are defined by —x* — 4y” = C . If a phase-plane
trajectory passes through the point (1,1), then C =-5 and the trajectory is given by
x*+4y* =5,
For the system

x'=2ycosx

y’ = y’sinx
we have f(x,y)=2ycosx and g(x,y)=y’sinx.Thus, f =-2ysinx and g, =2ysinx. Since
f. =—8,,the system is Hamiltonian.

Let H(x,y) denote the Hamiltonian function. Thus, H (x,y)=—g(x,y) =—y’sinx. Integrating
with respect to x, we obtain H(x,y)= y’cosx + p(y). Differentiating with respect to y in order
to determine p(y), we find H (x,y)=2ycosx + p’(y)= f(x,y)=2ycosx. Therefore,

P’ (y)=0 and hence p(y)=C is a constant function. Dropping the constant, we obtain a
Hamiltonian function, H(x,y)= y’cosx.
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17 (¢).

18 (a).

18 (b).

18 (c).

19 (a).

19 (b).

19 (c).

20 (a).

20 (b).

20 (c).

From part (b), the phase-plane trajectories are defined by y’cosx = C. If a phase-plane
trajectory passes through the point (1,1), then C = cosl and the trajectory is given by
y*cosx = cosl.
For the system

xX'=2y—x+3

y =y+4x’-2x
we have f =-1 and g =1.Since f, =-—g ,the system is Hamiltonian.
Let H(x,y) denote the Hamiltonian function. Thus, H (x,y)= f(x,y) =2y — x + 3. Integrating
with respect to y, we obtain H(x,y) =y’ — xy — 3y + g(x). Differentiating with respect to x in
order to determine g(x),we find H (x,y)=-y+q (x)=—y— 4x” +2x . Therefore,
g(x)=—x" +x* + C. Dropping the additive constant, we obtain a Hamiltonian function,
H(x,y)=y —xy+3y—x*+x°.
If a phase-plane trajectory H(x,y)= C passes through the point (1,1), then the trajectory is
givenby y*—xy +3y—x* +x*=8.
For the system

x'=-2y

2

y =3x
we have f(x,y)=-2y and g(x,y)=3x".Thus, f,=0 and g,=0.Since f =-g ,the
system is Hamiltonian.

Let H(x,y) denote the Hamiltonian function. Thus, H_ (x,y)=—g(x,y) =-3x". Integrating
with respect to x, we obtain H(x,y)=—x"+ p(y). Differentiating with respect to y in order to
determine p(y),we find H (x,y)= p'(y)= f(x,y)=-2y. Therefore, p’(y)=-2y and hence

p(y)=-y” +C is a constant function. Dropping the additive constant, we obtain a
Hamiltonian function, H(x,y)=—-x"—y~.
From part (b), the phase-plane trajectories are defined by —x” — y* = C. If a phase-plane
trajectory passes through the point (1,1), then C =-2 and the trajectory is given by
X +yr=2.
For the system

x' = xe”

y' ==2x—ye"”
we have f, =e" +xye” and g =—-e" — xye” . Since f, =—g,, the system is Hamiltonian.
Let H(x,y) denote the Hamiltonian function. Thus, H (x,y)= f(x,y) = xe” . Integrating with
respect to y, we obtain H(x,y)=e" +g(x). Differentiating with respect to x in order to
determine g(x), we find H (x,y)= ye* +¢’(x)=2x + ye" . Therefore, g(x)= x>+ C.
Dropping the additive constant, we obtain a Hamiltonian function, H(x,y)=e" + x°.
If a phase-plane trajectory H(x,y)= C passes through the point (1,1), then the trajectory is
givenby e” +x*=1+e.
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21.

22.

23.

24.

25.

Consider the system

x’=x" +3sin(2x + 3y)

y =-3x*y—2sin(2x + 3y) .
Calculating the partial derivatives, we have f, = 3x”+6cos(2x + 3y) and
g = —3x*—6¢0s(2x + 3y). Since f, = -8, the system is Hamiltonian.
Let H(x,y) denote the Hamiltonian function. Thus,
H (x,y)=—g(x,y)=3x"y +2sin(2x + 3y) . Integrating with respect to x, we obtain
H(x,y)=x"y—cos(2x + 3y) + p(y). Differentiating with respect to y in order to determine
p(y),wefind H (x,y)= x° +3sin(2x +3y) + p’(y) = f(x,y) = x” + 3sin(2x + 3y) . Therefore,
p’(y)=0 and hence p(y)= C is a constant function. We obtain a Hamiltonian function,
H(x,y)=xy—cos(2x +3y).
Consider the system

X =e +y’

y ==V —x’.
Calculating the partial derivatives, we have f, = ye™ and g =—xe”. Since f, #—g,,the
system is not Hamiltonian.
Consider the system

x"=—=sin(2xy)— x

y =sinxy)+y.
Calculating the partial derivatives, we have f, =-2ycos(2xy)—1and g =2xcos(2xy)+1.
Since f, #-g,, the system is not Hamiltonian.
Consider the system

x =-3x" + xe’

Yy =6xy+3x—e¢ .
Calculating the partial derivatives, we have f, =—6x+e’ and g =6x—e¢’.Since f, =-g ,the
system is Hamiltonian. Let H(x,y) denote the Hamiltonian function. Thus,
H (x,y)=-g(x,y)=—-6xy—3x +¢’ . Integrating with respect to x, we obtain
H(x,y)=-3x"y—(3/2)x* + p(y). Differentiating with respect to y in order to determine p(y),
we find H (x,y)= -3x* + p’(y) = f(x,y)=-3x" + xe" . Therefore, p’(y)= xe’ and hence
p(y) = xe’ + C . Dropping the additive constant, we obtain a Hamiltonian function,
H(x,y)=-3x>y—(3/2)x*> + xe’.
Consider the system

x'=y

y=x—-x".
Calculating the partial derivatives, we have f, =0 and g =0. Since f, =-g ,the system is
Hamiltonian.
Let H(x,y) denote the Hamiltonian function. Thus, H (x,y)=—g(x,y) = x* — x. Integrating
with respect to x, we obtain H(x,y) = (1/6)(2x” —3x*) + p(y). Differentiating with respect to y
in order to determine p(y), we find H (x,y) = p’(y) = f(x,y) =y. Therefore, p’(y)=y and
hence p(y)=0.5y" + C. Dropping the additive constant, we obtain a Hamiltonian function,
H(x,y)=(1/6)2x> —3x>+3y?).
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26.

27.

28.

29.

30.

Consider the system

xX'=x4+2y

y=x"=2x+y.
Calculating the partial derivatives, we have f =1and g =1.Since f, #—g ,the system is not
Hamiltonian.
Consider the system

x'=f)

y'=g(x).

Calculating the partial derivatives, we have d,[f(y)]=0 and d [g(x)]=0. Since
d.[f(y)]=-0,[g(x)], the system is Hamiltonian.
Let H(x,y) denote the Hamiltonian function. Thus, H (x,y)=—g(x). Integrating with respect
to x, we obtain H(x,y)=—-G(x)+ p(y). Differentiating with respect to y in order to determine
p(y),wefind H (x,y)= p'(y)= f(y). Therefore, p(y)= F(y)+ C.Dropping the additive
constant, we obtain a Hamiltonian function, H(x,y) = F(y)— G(x).
Consider the system

x'=f(y)+2y

y =g(x)+6x.
Calculating the partial derivatives, we have d,[f(y)+2y]=0 and d [g(x)+6x]=0. Since
d.[f(y)+2y]=-0,[g(x)+6x], the system is Hamiltonian. Let H(x,y) denote the
Hamiltonian function. Thus, H (x,y)=-g(x)—6x. Integrating with respect to x, we obtain
H(x,y)=-G(x)—3x" + p(y). Differentiating with respect to y in order to determine p(y), we
find H (x,y) = p'(y)= f(y)+2y. Therefore, p(y)= F(y)+ y>+C. Dropping the additive
constant, we obtain a Hamiltonian function, H(x,y)=—-G(x)—3x" + F(y) + y°.
Consider the system

x'=3f(y)—2xy

Y =g(x)+y> +1.
Calculating the partial derivatives, we have 9 [3f(y)—2xy]=-2y and 9 [g(x)+y* +1]=2y.
Since 9 [3f(y)—2xy]=—0d,[g(x)+ y® +1], the system is Hamiltonian.
Let H(x,y) denote the Hamiltonian function. Thus, H (x,y)=—g(x)— y’ —1. Integrating with
respect to x, we obtain H(x,y)=—G(x)— y’x— x + p(y). Differentiating with respect to y in
order to determine p(y), we find H (x,y)=-2yx + p’(y) =3f(y)—2xy. Therefore,
p(y)=3F(y)+ C.Dropping the additive constant, we obtain a Hamiltonian function,
H(x.y)=3F(y)- G(x)=y’x—x.
Consider the system

x'=f(x—y)+2y

y=fx=y).
Calculating the partial derivatives, we have d [f(x—y)+2y]= f’(x—y) and
d,[f(x=y)]=~f"(x-y).Since d,[f(x—y)+2y]=—0,[f(x—y)], the system is Hamiltonian.
Let H(x,y) denote the Hamiltonian function. Thus, H (x,y)=—f(x—y). Integrating with
respect to x, we obtain H(x,y)=—F(x—y)+ p(y). Differentiating with respect to y in order to
determine p(y),we find H (x,y)= f(x—y)+ pP(y)=f(x—y)+2y.
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31.

Therefore, p(y)=y” + C. Dropping the additive constant, we obtain a Hamiltonian function,
H(x,y)==F(x=y)+y’.
Consider the composition K(x(t),y(t)). Differentiating with respect to ¢, we obtain

d _Kdr OKdy _ -
dtK(x(t),y(t)) = dr + oy di =—(ug)f +(f)g=0.Therefore, K(x(t),y(t)) is a conserved

quantity.

Section 8.4

1 (a).

1 (b).
2.

3 (a).

3 (b).

All points lying within the ellipse E having semi-major axis € and semi-minor axis €/2 lie
within the circle of radius €. Likewise, all points lying within the circle of radius €/2 lie
within the ellipse E. Therefore, given € >0, choose d=¢€/2.
The origin is not an asymptotically stable equilibrium point since the solution points remain on
an ellipse and do not approach the origin as ¢ — co.
The origin is an unstable equilibrium point. Any solution point starting near the origin will
follow a branch of the hyperbola and will eventually exit any circle centered at the origin.
Making the substitution y = x’, the scalar equation x”’ + 9+ x =0 can be expressed as the
system

x'=y

y==x—p.
The origin is the only equilibrium point for this system.
We analyze stability by appealing to Theorem 8.3. The system in part (a) has the form y’ = Ay

0 1
where A= [ 1 7}' The characteristic polynomial for A is p(1) = A> + A +1 and thus the

eigenvalues of A are A, = 0.5(—3/— NY - 4) and A, = O.5(—y+ NY - 4) .When y>-4>0, we
see that A, < A,. Thus, if 2<y,then A, <A, <0 which shows the origin is asymptotically
stable. On the other hand, if y < -2, then 0 < A, < A, which shows the origin is an unstable
equilibrium point. For —2 <y <2, the eigenvalues are complex with nonzero imaginary parts.
For -2 <y <0, the real parts of 4, and A, are positive, which shows the origin is an unstable
equilibrium point. Likewise, for 0 < ¥ < 2, the origin is an asymptotically stable equilibrium
point. When y =0, the origin is a stable (but not asymptotically stable) equilibrium point.
SRS
L 4 3 -
Thus, by Theorem 8.3, the origin is an unstable equilibrium point.
5 —14]
_3 _8 -
Thus, by Theorem 8.3, the origin is an asymptotically stable equilibrium point.
0
2

Thus, by Theorem 8._3, the origin is a stable equilibrium point but not an asymptotically stable
equilibrium point.

For the system y’ = y , the coefficient matrix has eigenvalues A, =—l and A, =1.

For the system y’ = y , the coefficient matrix has eigenvalues A, =—1and A, =-2.

For the system y’ =

-2
0 }y , the coefficient matrix has eigenvalues A, =2iand A, =-2i.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

For the system y’ =
A =1+2iand A,=
For the system y’ =
Thus, by Theorem 8
For the system y’ =
Thus, by Theorem 8
For the system y’ =

A =-2+3iand A,
equilibrium point.

For the system y’ =
Thus, by Theorem 8
For the system y’ =
Thus, by Theorem 8
For the system y’ =
by Theorem 8.3, the
For the system y’ =

A =—l+iand A, =
equilibrium point.

For the system y’ =

1

-3

1
-1
—2i.Thus, by Theorem 8.3, the origin is an unstable equilibrium point.
-7 3]

l}y , the coefficient matrix has eigenvalues

y . the coefficient matrix has eigenvalues 4, =—4 and A, =-2.

5 1
.:3, the or:igin is an asymptotically stable equilibrium point.
_97 _53 y , the coefficient matrix has eigenvalues A, =2 and A, =4.
3, the or:igin is an unstable equilibrium point.
_23 :? y, the coefficient matrix has eigenvalues

—2 —3i. Thus, by Theorem 8.3, the origin is an asymptotically stable

9 —4]
15 -7

y , the coefficient matrix has eigenvalues A4, =3 and 4, =-1.

.3, the origin is an unstable equilibrium point.

-13

-8
5 9 }y , the coefficient matrix has eigenvalues 4, =-3 and A, =-1.

3, the origin is an asymptotically stable equilibrium point.

3 =2

5 _3}y , the coefficient matrix has eigenvalues A, =i and A, =—i. Thus,

_origin is a stable (but not asymptotically stable) equilibrium point.

1 -5

] 3}y , the coefficient matrix has eigenvalues

—1-i. Thus, by Theorem 8.3, the origin is an asymptotically stable

}y , the coefficient matrix has eigenvalues 4, =—6 and A, =-2.
1 -5

Thus, by Theorem 8.3, the origin is an asymptotically stable equilibrium point.

Eigenvalues are A, =—2 and A, = 3. Since one of the eigenvalues is real and positive, the
origin is an unstable equilibrium point.

Eigenvalues are A, =2 and A, = 3. Since the eigenvalues are real and positive, the origin is an
unstable equilibrium point.

Eigenvalues are A, =—4 and A, =-2. Since the eigenvalues are real and negative, the origin is
an asymptotically stable equilibrium point.

Eigenvalues are A, =1—-2iand A, =1+ 2i. Since the eigenvalues are complex with positive
real parts, the origin is an unstable equilibrium point.

Eigenvalues are A, =—2i and A, =2i. Since the eigenvalues are purely imaginary, the origin is
a stable equilibrium point but it is not an asymptotically stable equilibrium point.

Eigenvalues are A, =—-2—2iand A, =-2+2i. Since the eigenvalues are complex with
negative real parts, the origin is an asymptotically stable equilibrium point.

Eigenvalues are A, =—2 and A, = 3. Since one of the eigenvalues is real and positive, the
origin is an unstable equilibrium point.
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23.

24 (a).
24 (b).

25.

26.

27.

28.

Eigenvalues are A, =-2 and A, =-3. Since the eigenvalues are real and negative, the origin is
an asymptotically stable equilibrium point.

Solving 0= Ay, +g,, it follows that y, =—A"'g, is the unique equilibrium point.

Let z(r)=y(¢)-y,. Then, 2’ =y’ = Ay + g, = Ay — Ay, = Az. Theorem 8.3 can be applied to
the new system z’ = Az.

-2 1

—4
| 2}y + [ ) }, the unique equilibrium point is

For the system y’ = [

—4 -2 -1|-4 -2
y, = —Al[ ) }: —(1/ 3)[ { 2}{ ) }: [ 0 } With the change of variable z(¢)=y(7) -y, the

-2 1 —4 -2 1 -2 1 —4
system becomes (z+y,) = — (z+y,)+ 5 orz' = i _2Z+ | - y,+ 5 |

-2
This last system reduces to the homogeneous system z’ = [ ! 2}2. The coefficient matrix

has eigenvalues A, =—3 and A, =—1.By Theorem 8.3, the origin is an asymptotically stable
equilibrium point of z" = Az and therefore, y, is an asymptotically stable equilibrium point of

-2 1 —4
the nonhomogeneous system y’ = [ | 2}y + [ ) }

0 1 2 2 1
For the system y’ = [ ] O}y + [J , the unique equilibrium point is y, = —AI[J = [ 2}. With

the change of variable z(#) = y(#) -y, the system reduces to the homogeneous system

0 1
7 = [ ] 0:|Z. The coefficient matrix has eigenvalues A, =i and A, =—i. By Theorem 8.3, the
origin is a stable but not an asymptotically stable equilibrium point of z’ = Az . Therefore, y, is
a stable but not an asymptotically stable equilibrium point of the nonhomogeneous system.

3 2 -2
For the system y’ = [ 4 3}y + [ ) }, the unique equilibrium point is

2| |3 2|2 2
y, = —Al[ ) }z [ 4 3 }[ ) }: [ 2}. With the change of variable z(7) = y(¢) -y, the system

) 3 2 2] 3 2] [3 2] .[?] o
+y,) = +y,)+ = + + .
ecomes (z+Y,) 4 3 (z+y,) S i BV BV \ P S 18

last system reduces to the homogeneous system z’ = [

}z. The coefficient matrix has

eigenvalues A, =—1and A, =1.By Theorem 8.3, the origin is an unstable equilibrium point of
z’ = Az and therefore, y, is an unstable equilibrium point of the nonhomogeneous system

L

-1 1 1 1 -3/5
For the system y’ = [ 10 S}y + {2} , the unique equilibrium point is y, = —Al[z} = [ g /5}-

With the change of variable z(7) = y(#) -y, the system reduces to the homogeneous system
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-10
8.3, the origin is an unstable equilibrium point of z" = Az. Therefore, y, is an unstable
equilibrium point of the nonhomogeneous system.

-1
7 = [ 5i|Z. The coefficient matrix has eigenvalues 4, =2 +iand A, =2—i.By Theorem

2 1 1
29. For the system y’=|1 1 2|y, the coefficient matrix has eigenvalues
1 21

A =-1,A1,=2,and A, =3.Thus, by the discussion following Theorem 8.3, the origin is an
unstable equilibrium point.

1 -1 0 2 2 4
30.  Forthesystem y’=|0 -1 2 |y+|0]|, the unique equilibrium pointis y, =—A"'[0 |=|6 |.
0 0 -1 3 3 3
With the change of variable z(7) = y(#) —y, the system reduces to the homogeneous system
1 -1 =2
z’=|0 -1 -2|z.The coefficient matrix has eigenvalues A, =1,A4, =—-1, and A,=-1.By
0 0 -1

Theorem 8.3, the origin is an unstable equilibrium point of z’ = Az. Therefore, y_ is an
unstable equilibrium point of the nonhomogeneous system.

(-3 =5 0 0
2 -10 - : .
31.  For the system y’ = 0 0 o0 2 y , the coefficient matrix has eigenvalues
0 0 20

A=-2+3i,A,= —2-3i, A, =2i,and A, =-2i.Thus, by the discussion following Theorem
8.3, the origin is a stable (but not asymptotically stable) equilibrium point.

01 0 O -1
10 0 0 20 . S o
32.  For the system y’ = 00 -1 0 y+ L unique equilibrium point is given by
00 0 -1 0
-1 -2
4 2 1 : :
y.=—-A L With the change of variables z(¢) = y(¢) -y, , the system reduces to the
0 0
01 0 O
100 - . :
homogeneous system z’ = 0 -1 z. The coefficient matrix has eigenvalues
0 0 0 -1

A =-LA,=-1, 4, =-1,and A, =1. Thus, by the discussion following Theorem 8.3, the
origin is an unstable equilibrium point.

34 (a). Since the coefficient matrix A is real and symmetric, it has real eigenvalues and a full set of
eigenvectors.
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34 (b). From the discussion following Theorem 8.3, the equilibrium point y, = 0 is isolated if and
only if det[A]# 0. Now, det[A]=1- o and therefore, y. =0 is an isolated equilibrium point
if and only if o # *1.

34 (c). When a =1 the equilibrium points lie on the line y = x. When o =—1 the equilibrium points
lie on the line y=—x.

34 (d). No, since the eigenvalues of A are real and not purely imaginary; see Theorem 8.3.

34 (e). The eigenvalues of A are 4, =—1+0a,and A, =—1-o. By part (b), if y, =0 is an isolated
equilibrium point, then o # 1. Clearly, both eigenvalues are negative when —1< o <1
whereas one of the eigenvalues is positive when |05 | >1.

1 a,|l 1
35. Since [ ]2}[ }: 2[ }, it follows that 1+2a,, =2 and a,, +2a,, = 4. From the first
a, G, |2 2
equation, we have a, =1/2. Since y = 0 is not an isolated equilibrium point, it follows that
det[A]=0. Thus, a,, — a,,a,, =0 or a,,—(1/2)a,, =0. This last equation, together with the
1 1/2
prior equation a,, + 2a,, = 4 tells us that a,, =2 and a,, =1.Thus, A= {2 | }
Section 8.5
1 (a). For the system
X =x"+y* =32
y=y-x,
S : 4 —4
the equilibrium points are y, = 4 and y, = 4l
—_ . o . : 2x 2y
1 (b). At an equilibrium point, the linearized system z’ = Az has coefficient matrix A = L1l
8 8
Thus, the linearized systems are (i) z’' = L1 z
46 2 -8 -8
z = zZ.
and (ii) 11

1 (c). Incase (i), the eigenvalues are A, =2.438... and A, =6.561... and thus the nonlinear system is
unstable at the corresponding equilibrium point y,. For case (i), the eigenvalues are
A, =-8.815... and A,=1.815... and thus the nonlinear system is unstable at the
corresponding equilibrium point y,.

2 (a). For the system

X' =x"+9y*-9

’
y =X,

0 0
the equilibrium points are y, = [J and y, = [ J.
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2 (b).

2 (c).

3 (a).

3 (b).

3(c).

4 (a).

4 (b).

4 (c).

2x 18y
o |

At an equilibrium point, the linearized system z’ = Az has coefficient matrix A = [

0 18 0 -18
Thus, the linearized systems are (i) z’' = L 0 z and (ii) z’ = {0 z

In case (i), the eigenvalues are A, =4.242... and A, =—-4.242... and thus the nonlinear system

is unstable at the corresponding equilibrium point y,. For case (ii), the eigenvalues are +34/2
and thus nothing can be inferred about the stability of the nonlinear system.

For the system

x =1-x

y/:x2+y2_2,

. : 1 -1 -1 1
the equilibrium points are y, = ] )y, = 1 Y, = n and y, = nt

—2x 0
At an equilibrium point, the linearized system z’ = Az has coefficient matrix A = [ ) ) }
X 2y

-2 0
Thus, the linearized systems are (i) z’' = [ ) Z}Z’

201 T2 0 20
(i1) z' = [_2 z}z, (i) z' = [_2 _2}2, and (iv) z' = [ ) _2}2.
In cases (i) — (iii), A =2 is an eigenvalue and thus the nonlinear system is unstable at each of
the corresponding equilibrium points y,. For case (iv), the eigenvalues are
A, =-2 and A, =-2 and thus the nonlinear system is asymptotically stable at the
corresponding equilibrium point y,.
For the system
xX'=x—-y-1

y/:x2_y2+1’

0
the equilibrium pointis y, = [ J.

I -1
At the equilibrium point, the linearized system z’ = Az has coefficient matrix A= [2 ) }
X =2y

1 -1
Thus, the linearized system is z" = [O ) }z.

The eigenvalues are A, =1and A, =2 and thus the nonlinear system is unstable at the
equilibrium point y, .
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5 (a).

5 (b).

5 (c).

6 (a).

6 (b).

6 (c).

7 (a).

7 ().

For the system
x'=(x=2)(y-3)

y=@+2y)(y-1,

e : 2 2 —6
the equilibrium points are y, = | LY, = b and y, = 3 |
At an equilibrium point, the linearized system z’ = Az has coefficient matrix

. Py t c (] c t )

., |72 0 dain 720 8
(i1) z' = 0 4 z,and (iii) z" = s 4 Z.
In case (i), the eigenvalues are A, =—4 and A, =—4 and thus the nonlinear system is
asymptotically stable at the corresponding equilibrium point y,. For case (i), the eigenvalues
are A, =—2 and A, =4 and thus the nonlinear system is unstable at the corresponding
equilibrium point y, . In case (iii), the eigenvalues are A, =2+ 2+/3i and A,=2— 2+/3i. Thus
the nonlinear system is unstable at the corresponding equilibrium point y, .
For the system

x'=(x=y)y+D)

Y=(x+2)(y-4),

S : —2 4 —2
the equilibrium points are y, = 5 y, = 4l and y, = Ll
At an equilibrium point, the linearized system z’ = Az has coefficient matrix

+1 x-2y-1
A= Yy y

y—4 xX+2

. ’r_ 5 5 d (i ,_ 0 -1
(i1) z' = 0 6 z,and (iii) z' = 5 0 Z.

In case (i), the eigenvalues are —0.5 £0.5i V23 and thus the nonlinear system is asymptotically
stable at the corresponding equilibrium point y,. For case (ii), the eigenvalues are
A, =5 and A, =6 and thus the nonlinear system is unstable at the corresponding equilibrium

-1 1
}. Thus, the linearized systems are (i) z’' = [ 6 O}Z’

point y,. In case (iii), the eigenvalues are +4/5 . Thus the nonlinear system is unstable at the
corresponding equilibrium point y,.
For the system

x'=(x=2y)(y+4)

y'=2x-y,

0 -2
the equilibrium points are y, = [O} and y, = {_4}.
At an equilibrium point, the linearized system z’ = Az has coefficient matrix

y+4 x—-4y-8
s

- [O 6 }
and (ii) z’ = Z.

4 -8
}. Thus, the linearized systems are (i) z’' = [2 Jz,

2 -1
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7 (c).

8 (a).

8 (b).

8 (¢).

9 (a).

9 (b).

9 (c).

10.

In case (i), the eigenvalues are A, =0.5(3++39i) and A, =0.5(3—+/39i) and thus the
nonlinear system is unstable at the corresponding equilibrium point y,. For case (ii), the
eigenvalues are A, =—4 and A, = 3 and thus the nonlinear system is unstable at the
corresponding equilibrium point y,.
For the system

x'=xy—1

Y= +4y)(x-1),

1

the equilibrium pointis y, = L}

At the equilibrium point, the linearized system z’ = Az has coefficient matrix

X I 1
A= y . Thus, the linearized system is z’ = Z.
2x+4y—-1 4(x-1) 50
The eigenvalues are 0.5(1 +4/21 ) and thus the nonlinear system is unstable at the equilibrium
point y,.
For the system
X =y’ —x
y = x2 =Y,

0 1
the equilibrium points are y, = [O} and y, = [J

-1 2
At an equilibrium point, the linearized system z’ = Az has coefficient matrix A = [2 ﬂ
x —

-1 0
Thus, the linearized systems are (i) z’' = [ }z ,

0 -1
46 2 -1 2
and (ii) z' = y 1 Z.

In case (i), the eigenvalues are A, =—1and A, =-1 and thus the nonlinear system is
asymptotically stable at the corresponding equilibrium point y,. For case (i), the eigenvalues
are A, =-3 and A, =1 and thus the nonlinear system is unstable at the corresponding
equilibrium point y, .
At an equilibrium point, the linearized system z’ = Az has coefficient matrix
A/2)[1-=x—-(1/2)y] —-(1/4)x
_[ -(1/12)y A/4)1-A/3)x—(4/3)y]

0 1/2 0 0 1/8 0
, 2 = z, (ii) at , 2 = zZ,
0 0O 1/4 3/2 -1/8 -1/4

2 -1/2 -1/2
(iii) at ol 7z = 0 112 z. Thus, in all three of these cases, the system is

unstable at the corresponding equilibrium point.

}. Thus, the linearized systems are: (i) at
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11 (c).

12 (a).

12 (b).

12 ().

12 (d).

13 (a).

13 (b).

13 (©).

13 (d).

14 (a).

14 (b).

14 (c).

By Taylor’s theorem, f(z)= f(0)+ f’(0)z+ f”’(y)z> /2 where 7 is between z and 0. For
f(z)=sinz, we have sinz, —z, = (—sin 7)212 /2 where 7y is between z, and 0. Now,

||g(z) || /|| z || = | = sinzl| INZ + 75 < |z1 - sinzl| /|z1|. So, by the remarks above,
||g(z) || /|| z || < ‘le /2‘ /| zl| = | z1| /2. Hence, since |Z1| /2 goes to 0 as z goes to 0, the system is

almost linear at both equilibrium points.

—4
} , while
7

For the given system z’ = Az + g(z), the coefficient matrix A is A= [1

5
g(Z)—{O}-

|| g(z) || = z;, or using polar coordinates with z, = rcos@ and z, = rsin@, we obtain
|| g(z) || =r’sin 6.
From part (b), || g(z) || /|| y/ || =r’sin’@/r=rsin* 0. Thus, | g(z) || /|| z || —0 as || z || —0.In
addition to the limit requirement, the system satisfies the other necessary conditions to be an
almost linear system.
The eigenvalues of A are A, =—1 and A, = 3. Thus, by Theorem 8.4, z=0 is an unstable
equilibrium point.
For the system z’ = Az +g(z),

3/=5z 14z, + 22,

5=35-8%,+z +z;,
- . o 5 -14 . 42,
the coefficient matrix A is given by A= ,while g(z)=| , ~,|.
3 -8 3 +3
Using polar coordinates with z, = rcosf and z, = rsin@, we obtain

|| g(z) || = \/(zlzz)2 + (le + zf)z = \/(r2 cos@sine)2 + (r2)2 or || g(z) || = \/r4 (cos*Osin’ 0 +1).
(Also note that || z || =r.)

From part (b), || g(z) || /|| zZ || = \/r“(cos2 Osin*0+1) /r< P2 1r=r2. Thus, | g(z) || /|| z || -0
as || // || — 0. In addition to the limit requirement, the system satisfies the other necessary

conditions to be an almost linear system.
The eigenvalues of A are A, =—2 and A, =—1. Thus, by Theorem 8.4, z=0 is an
asymptotically stable equilibrium point.

For the given system z’ = Az + g(z), the coefficient matrix A is A= {_2 2} , while

2 2

7 T2,

g(z) = :
(ZIZ + Z;)I/S

Using polar coordinates with z, = rcos@ and z, =rsin@, we obtain || g(z) || =1+

From part (b), g(z)” /|| z|| = rm\/l +r% Ir= \/1+ r¥3 /' Thus,
|| g(z) || /|| z || does not exist as || z || — 0. The system is not almost linear at z = 0.




Chapter 8 Nonlinear Systems ¢ 237

15 (a).

15 (b).

15 (©).

16 (a).

16 (b).

16 (c).

16 (d).

17 (a).

17 (b).

17 (¢).

18 (a).

18 (b).

For the system z’ = Az +g(z),
7 =—7+32,+2,c08+/2 + 2
’ 2 2
25 =—7,—5z,+z,c08+/2  +2; ,
Z,C084/7] + zf]

3
the coefficient matrix A is given by A= [ } , while g(z) = .
-1 =5 z,co8+7 + 2,

Using polar coordinates with z, = rcos8 and z, = rsin@, we obtain

|| g(z) || = \/(zf + zf)cos2 \/zf +z7) = \/r2 cos’r or || g(z) || = r| cosr|. (Also note that || z || =r.)
From part (b), g(z)” /|| z||: r| cosr|/r= |c0sr|. Thus,
the system is not an almost linear system.

g(z) || /|| z || —1 as || zZ || — 0. Therefore,

2

For the given system z’ = Az + g(z), the coefficient matrix A is A= {_1 3} , while

42, €082,
z2,8inz, |

g(z)= [

Using polar coordinates with z, = rcos@ and z, = rsin@, we obtain || g(z) || = r2| cosOsin9|.
From part (b), g(z)” /|| z|| = r2|sin0c059|/r <r.Thus, g(z)”/”z” —0 as || z|| —0.In
addition to the limit requirement, the system satisfies the other necessary conditions to be an
almost linear system.

The eigenvalues of A are A, =—4 and A, =-1.Thus, by Theorem 8.4, z=0 is an
asymptotically stable equilibrium point.

For the system z’ = Az +g(z),

7 =2z,+2;
5, ="27+22,,
. o { 0 2} : [ z }
the coefficient matrix A is given by A= , while g(z) = .
-2 0 22,

Using polar coordinates with z, = rcos8 and z, = rsin@, we obtain
|| g(z) || = \/(2122)2 +z; = \/(r2 cos(9sin9)2 +7r*sin* @ or
|| g(z) || = \/r4 sin® O(cos” 0 +sin” @) = r2| sin@ | . (Also note that || Z || =r.)
From part (b), g(z)”/” z|| = r2|sin0|/r: r| sin0|. Thus, g(z)”/”z” —0 as || z|| —0.In
addition to the limit requirement, the system satisfies the other necessary conditions to be an

almost linear system.
(d) The eigenvalues of A are A, =—2i and A, =2i.No conclusion can be drawn from Theorem

8.4 relative to the stability of z’ = Az + g(z).

-5

For the given system z’ = Az + g(z), the coefficient matrix A is A= {_2 J , while

z e—\/z,2+z22
(=" : |-

2,€

Using polar coordinates with z, = rcosf and z, = rsin@, we obtain || g(z) || =re".
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18 (c).

19 (a).

19 (b).

19 (c).

20 (a).

20 (b).
20 (c).

20 (d).

21 (a).

21 (b).

g(z) || /|| // || —1as || // || — 0; the system is not almost

From part (b),

linear at z = 0.

For the system z’ = Az +g(z),
4 =92 +52,+ 22,

g(z) || /|| Z || =e¢ . Thus,

=Tz -3z, +7,

.. . .. 9 5 . 42,
the coefficient matrix A is given by A= 7 3l while g(z)=| , |
Using polar coordinates with z, = rcos8 and z, = rsin@, we obtain
|| g(z) || = \/(ZIZZ)2 +z' = \/(r2 cos(9sin0)2 +7r*cos* @ or

|e@) = \/r4 cos’ O(cos’ 0 +sin” ) = r*|cos 8. (Also note that |[z]=r.)
From part (b), g(z)”/” z|| = r2|cose|/r: r|cost9|. Thus, g(z)”/”z” —0 as || z|| —0.In
addition to the limit requirement, the system satisfies the other necessary conditions to be an

almost linear system.
(d) The eigenvalues of A are A, =2 and A, =4.Thus, by Theorem 8.4, z= 0 is an unstable

equilibrium point of the system.

2

s _2} , while

For the given system z’ = Az + g(z), the coefficient matrix A is A= {

0
g(Z)=[ 2}.
g

Using polar coordinates with z;, = rcos@ and z, = rsin@, we obtain || g(z) || =r’cos’ 6.
From part (b), || g(z) || /|| z || =rcos’ 0. Thus, | g(z) || /|| z || —0 as || z || — 0. In addition to the
limit requirement, the system satisfies the other necessary conditions to be an almost linear
system.

The eigenvalues of A are A4, =iv6 and A, =—i~6. Thus, no conclusions can be drawn by
using Theorem 8 4.

The system
X'=-x+xy+y
y'=x—xy=2y

-1 1
can be expressed as z’ = Az + g(z) where the coefficient matrix A is given by A = [ ! 2} ,

2, —44;
Az +g(z) = 0 are vectors z, such that 0=—A"'g(z,) and therefore, we need g(z,)=0. Clearly,
the only solution of g(z)=01isz, =0.
The linearized system is z' = Az and we find that A has eigenvalues
A, =-2618... and A,=-0.382... we see that z =0 is an asymptotically stable equilibrium
point of z’' = Az.

3 X 42y . .. . .
z= = ,and g(z)= . Since A is invertible, the solutions of
y
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21 (c).

21 (d).
22 (a).

22 (c).

22 (d).
23 (a).

24 (a).

24 (b).

27.

28.

Using polar coordinates with z, = rcos8 and z, = rsin@, we obtain

|| g(z) || = 1/2(z1z2)2 =2r* cos’ Bsin’ @ = 2 r2| cosOsin@
||g(z)||/|| z|| = «Er2|cos0sin9|/r= \Er|c0s9| . Thus, g(z)||/||z|| —0 as || z|| —0.In
addition to the limit requirement, the system satisfies the other necessary conditions to be an
almost linear system.

By Theorem 8.4, z=0 is an asymptotically stable equilibrium point of the original system.
The system has the form

. (Also note that || z || =r.) Therefore,

x'=y
y=1-(1+x)".
At an equilibrium point, the linearized system z’ = Az has coefficient matrix
0 1
A= [_(3 121+ x) O}' Thus,atz=0, A= [_3 /n O}' The eigenvalues of A are

A= iv3/2 and A, = —i+/3/2 and hence the linearized system is stable but not asymptotically
stable at z = 0.

Theorem 8.4 does not provide any information about the stability of the nonlinear system since
the eigenvalues of the linearized system z’ = Az are purely imaginary.

Multiplying by x” we obtain x’x”" = x’[1—(1+ x)**]. Integrating, we obtain

0.5(x")> = x—0.4(1+ x)*?. Therefore, with y = x” we have y*=2x-0.8(1+x)"*+C.

At the equilibrium point (0, 0), the linearized system z’ = Az has coefficient matrix

1 -1
A= { 11 } Since A is not invertible, Theorem 8.4 does not apply.

2/3

Z X -
Let z= [ l }: [ } For the given system z’ = Az + g(z), g(z) = {;11/3 } Using polar
z y Z

2 2

g(z) || /|| zZ || = \/r"z/3 cos*? @+ 4r™*"sin*? 0 . Thus, the limit of || g(z) || /|| z || does
not exist as || z || — 0; The system is not almost linear at (0, 0).

coordinates,

In this case, @, =0,a,=1,a,, =-1,a,, =0, g = oo’ cosf,and g, =cr’sinf. Thus, h(r)=or’
and we obtain the system

v =ar’

0=-1.
Solving, r(¢)=(C,—20t)""* and 6(f)=—t+ C,.Hence, x = (C,—20t)""* cos(—t + C,) and
y=(C,=20t)"*sin(=t+C,).
So, a,=1,a,=0,a, =0,a,,=1,g =r’cos@,and g, =r’sin@. Thus, h(r)=r and we obtain
the initial value problem

P=r+r*, r(0)=1

6'=0, 60)=+3.
The solution is r=(2/3)e’ /[1-(2/3)e'], 6 =m /3. However, the denominator in the

expression for r, 1—(2/3)e’, vanishes at 3/2=¢". Solving for 7, we have t=1n1.5=0.405....
Thus, the solution does not exist at r = 1.
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29.  So, a,=0,a,=1,a,=-1,a,,=0,g =—rcosBInr’,and g, =—rsin@lnr’. Thus, h(r)=—Inr’
and we obtain the initial value problem
r'==2rlnr, r(0)=1
0=1,00)=r/4.
The general solution is = C,exp(e "), 8= t+ C,. Imposing the initial conditions we arrive at
r=exple” —1), O=t+m/4.Hence,at t=1, we find
x=exp(e” —1)cos(l1+7m/4)=—-0.0896... and y=exp(e” —1)sin(l+7/4)=0.411...
Section 8.6
1 (a). Since the eigenvalues are real and have opposite signs, y = 0 is an unstable saddle point.
2t ~t 2 2t _ -t
1(d). We have W(1) = [e"'x, .e"'x,] = {ezt ¢ } and W (1) :[ < }
e’ - e e
2¢”" —e ' |05 05| [05 15
Therefore, A=W ()Y '(=| _, B = )
2¢7 e | 05" —0.5¢ 15 05
2 (a). Since the eigenvalues are real and positive, y = 0 is an unstable node.
t 2 2t t 4 2t
2(d). Wehave W(r)=[e'x,.e"x,]=| ¢ |and wn=| 7|
2¢' —e” 2¢' —2e”
Therefore, A=W/~ (=] . -
refore, A= = .
Sreore 2/5 6/5
3 (a). Since both eigenvalues are real and positive, y = 0 is an unstable improper node.
2" 0 4 0
3(d). We have W(1) = [e"'x,e"'x,]=| and W' (1 =| . .
0 2 0 2
4¢ 0 [05e™ 0 2.0
Therefore, A=Y ()Y ' (1) = = )
0 2 0 05¢"| [0 1
4 (a). Since the eigenvalues are real and negative, y = 0 is an asymptotically stable node.
2t —t _2 =2t _ 7t
4(d). Wehave W(1) = [e"'x,,e™'x, ] = [e e_[} and W (1) :[ ¢ e}
0 e 0 —e
, » -2 1
Therefore, A=W (Y (1)= 0 Ll
5 (a). Since the eigenvalues are real and have opposite signs, y = 0 is an unstable saddle point.
t 2 —t t _2 —t
5(d). Wehave W(n)=[e'x,.e"x,]=|C = |and ¥(n=|" |
0 e 0 -
P e 2! 2e| |1 4
Therefore, A=Y (HY¥Y (¢) = ~ = .
0 —-' |0 e' 0 -1
1 -6 )
6 (a). For A= Lol the eigenvalues are A, =—1and A, =-2.
6 (b). Since the eigenvalues are real and negative, y = 0 is an asymptotically stable improper node.
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7 (a).
7 (b).
8 (a).
8 (b).
9 (a).
9 (b).

10 (a).
10 (b).

11 (a).
11 (b).
12 (a).
12 (b).
13 (a).
13 (b).

14 (a).
14 (b).
15 (a).
15 (b).
16 (a).
16 (b).

17 (a).

17 (b).

18 (a).

For A= S __1;) , the eigenvalues are 4, =1and A,=2.

Since the_eigenva_lues are real and positive, y = 0 is an unstable improper node.
For A= :2 154 , the eigenvalues are A, =1and A,=-2.

Since the:eigenva:lues have opposite sign, y = 0 is an unstable saddle point.
For A= _15 _21 , the eigenvalues are A, =3iand A4, =-3i.

Since the eigenvalues are complex with zero real part, y = 0 is a stable, but not asymptotically
stable, center.

-1 1
For A= }, the eigenvalues are 4, =—1+iand A,=—-1-1.
-1 -1
Since the eigenvalues are complex with negative real part, y = 0 is an asymptotically stable
spiral point.
1 6] )
For A= s 6 the eigenvalues are 4, =—3 and A,=-2.
Since the_eigenv_alues are real and negative, y = 0 is an asymptotically stable improper node.
o3
For A= 3 0| the eigenvalues are A, =2+ 3iand A,=2-3i.
Since the_eigen\;alues are complex with positive real part, y = 0 is an unstable spiral point.
SO
For A= 5 o | the eigenvalues are A, =4iand A, =—4i.

Since the eigenvalues are complex with zero real part, y = 0 is a stable, but not asymptotically
stable, center.

For A= Z __274_ , the eigenvalues are 4, =1and A4, =-1.

Since the:eigenvaiues are real with opposite sigen, y = 0 is an unstable saddle point.
For A= j 2}, the eigenvalues are A, =1and A, =3.

Since the:eigenvalues are real and positive, y = 0 is an unstable improper node.

For A= :? _12}, the eigenvalues are 4, =—2+iand A,=-2-1.

Since the eigenvalues are complex with negative real part, y = 0 is an asymptotically stable
spiral point.

2 4
For A= 4 6}’ the eigenvalues are A, =—2 and A, =-2.

Since the eigenvalues are real and negative and A is not a multiple of the identity, y =0 is an
asymptotically stable improper node.

3 0

For A= 0 3}, the eigenvalues are 4, =3 and A, =3.
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18 (b).

19 (a).
19 (b).
20 (a).
20 (b).

21 (a).

21 (b).

21 (c).

21 (d).

22.
23.

24.

25.

Since the eigenvalues are real and positive and A is a multiple of the identity, y =0 is an
unstable proper node.

1 2
For A= g J, the eigenvalues are A, =1+4iand A,=1-4i.
Since the_eigenvalues are complex with positive real part, y = 0 is an unstable spiral point.
-1 -2
For A= 5 3 }, the eigenvalues are A, =1and 4,=1.

Since the eigenvalues are real and positive and A is not a multiple of the identity, y =0 is an
unstable improper node.

-2

-2 1
For A = [ | , the eigenvalues are A, =—3 and A, =—1. Since the eigenvalues are real

and negative, y = 0 is an asymptotically stable equilibrium point. Therefore, A, corresponds to
Direction Field 2.

1 2
For A, = b 1l the eigenvalues are A, = —/3i and A, = \/3i . Since the eigenvalues are

complex with zero real part, y = 0 is a stable, but not asymptotically stable, center. Therefore,
A, corresponds to Direction Field 4.

DU

__1 _2_
and have opposite sign, y = 0 is an unstable saddle point. Therefore, A, corresponds to
Direction Field 1.

1 2
For A, =

For A, = , the eigenvalues are 4, =—+3 and A, = /3. Since the eigenvalues are real

-2 1
complex with positive real part, y = 0 is an unstable spiral point. Therefore, A, corresponds to

Direction Field 3.
For a center, eigenvalues are purely imaginary. Therefore, ov =-2.

}, the eigenvalues are A, =1-2iand A, =1+2i. Since the eigenvalues are

-2 2
eigenvalues are A =—1£+/9—2a . In order to have an asymptotically stable spiral point at
y =0, we need complex eigenvalues with negative real parts. Thus, we need 9—2a <0 or
9/2< .

Note that 4, =-2 and A, = -2 no matter the value of «. Thus,y = 0 is always an
asymptotically stable equilibrium point; it will be a proper node if a=0.

o
Consider A = [ } The characteristic polynomial is p(1) = A* + 24 + (2a— 8) . Thus, the

4
Consider A = [a 4}. The characteristic polynomial is p(1) = A* + (20t —16) . Thus, the

eigenvalues are A =2+16— 2. In order to have a saddle point at y = 0, we need real
eigenvalues with opposite signs. Thus, we need 16 —20 >0 or o < 8.
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26.

27.

28.

29.

30 (a).
30 (b).
30 (c).

32 (a).
32 (b).

4

3
l}y + {2} The system has a unique

1
Consider the nonhomogeneous system y’ = [ !

1
equilibrium point given by y, = [ J. Making the substitution z=y —y,, we obtain

-1 1
Therefore, z =0 is an unstable spiral point and consequently, y =y, is an unstable spiral point
of the original system.

1 -4
7' = [ }z. The eigenvalues of the coefficient matrix are A, =1+2iand A, =1-2i.

6 5
-7 -6

. 6 5TT[4] [-6 -5T4] [6 ,
equilibrium point given by y, =— 7 _6 6=l 7 61673 . Making the

5
-7 -6
are A, =—1and A, =1. Therefore, z=0 is an unstable saddle point and consequently, y =y,
is an unstable saddle point of the original system.

4
Consider the nonhomogeneous system y’ = [ }y + [ 6}' The system has a unique

substitution z=y—y,, we obtain z’ = [ }z. The eigenvalues of the coefficient matrix

5 -14 2
Consider the nonhomogeneous system y’ = [3 g }y + L} The system has a unique

1
equilibrium point given by y, = {0 5}. Making the substitution z=y —y,, we obtain

5 -14
7 = [3 g }z. The eigenvalues of the coefficient matrix are A, =—2 and A, =—1. Therefore,

z =0 is an asymptotically stable improper node and consequently, y =y, is an asymptotically
stable improper node of the original system.

0 2

o -1 0T T27 [t o 27 [2 _
equilibrium point given by y, =— 0 2 4170 —osl-al7|2 . Making the

-1 0
substitution z=y—y,, we obtain z’ = [ 0 2}1 The eigenvalues of the coefficient matrix are

-1 0 2
Consider the nonhomogeneous system y’ = [ }y +{ 4}. The system has a unique

A, =-land A, =2.Therefore, z=0 is an unstable saddle point and consequently, y =y, is an

unstable saddle point of the original system.

The characteristic equation is A* — (a,, + a,,)A + a,,a,, — a,,a,, =0 . The origin is a center if the

roots are purely imaginary. That is, if @, + a,, =0 and q,,a,, — a,,a,, <0.

Note that f(x,y)=qa,x +a,y and g(x,y)=a,x +a,y. Thus, f =a, and g = a,,. By part

(@), f, =—g, and hence the system is Hamiltonian.

The converse is not true since the system can be Hamiltonian even though a,,a,, — a,,a,, =0.
-2 1

5 2} are A, =3 and A,=-3.

Since the eigenvalues are real with opposite sign, y = 0 is an (unstable) saddle point.

The eigenvalues of the coefficient matrix A = {
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32 (c). Since the system is Hamiltonian, we know that H (x,y)=-2x+y. Therefore,
H(x,y)=-2xy+0.5y” +q(x). We determine ¢(x) by differentiating H(x,y) with respect to x,
finding H (x,y)=-2y+q’(x)=-5x—2y. Thus, ¢’(x)=—5x and so g(x)=-2.5x"+C.
Dropping the additive constant, we obtain a Hamiltonian function,

H(x,y)=-2.5x"—2xy +0.5y". The conservation law for the system is H(x,y)=C.
| N | 13

33 (a). The eigenvalues of the coefficient matrix A = 3 1 are A, = —2+/2i and A, = —2:2i.

33 (b). Since the eigenvalues are complex with zero real part, y = 0 is a stable, but not asymptotically
stable, center.

33 (c). Since the system is Hamiltonian, we know that H (x,y)= x + 3y. Therefore,

H(x,y)= xy +1.5y” +q(x). We determine g(x) by differentiating H(x,y) with respect to x,
finding —3x—y=—H (x,y)=—y—¢'(x). Thus, ¢’'(x) = 3x and so ¢(x)=1.5x" + C. Dropping
the additive constant, we obtain a Hamiltonian function, H(x,y)= xy +1 S(x*+ yz). The
conservation law for the system is H(x,y)=C.

2 1

34 (a). The eigenvalues of the coefficient matrix A = {O 2} are A, =2and 4,=-2.

34 (b). Since the eigenvalues are real with opposite sign, y = 0 is an (unstable) saddle point.

34 (c). Since the system is Hamiltonian, we know that H (x,y)=2x + y. Therefore,

H(x,y)=2xy +0.5y° + g(x). We determine ¢(x) by differentiating H(x,y) with respect to x,
finding H (x,y)=2y+¢’(x)=2y.Thus, ¢'(x) =0 and so g(x)= C. Dropping the additive
constant, we obtain a Hamiltonian function, H(x,y)=2xy +0.5y>. The conservation law for
the system is H(x,y)=C.

Section 8.7

1 (a). Consider the system

X =x—x>—xy

Y =y-3y"=05xy.
If y =0, then all direction field filaments on the positive x-axis point towards
x = 1. Thus, x approaches an equilibrium value of x, =1 as f increases. Similarly, if x =0, then
y approaches an equilibrium value of y, =1/3 as t increases.
In each case, the presence of the xy term causes the derivative to decrease. Therefore, the
presence of the other species is harmful in each case.

1 (b). Rewriting the system as

xX'=x(1-x—1y)

¥y =y(1-3y-0.5x),
we see that x"=0if (i) x=0or (i) 1-x—y=0.Incase (i), y'=0if y=0or y=1/3. Thus,
two equilibrium points are (x,y)=(0,0) and (x,y)=(0,1/3).In case (ii), y' =0 if y=0 (and
hence, x=1)orif 1-3y—0.5x=0 (and hence x+ y=1and 0.5x + 3y =1). Thus, case (ii)
leads us to two more equilibrium points (x,y) = (1,0) and (x,y)=(0.8,0.2).
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1 (c).

2 (a).

2 (b).

2 (c).

3 (a).

3 (b).

3 (c).

1 0
At the equilibrium point z = 0, the linearized system takes the form z’ = [O Jz. The

eigenvalues of the coefficient matrix are A, =1and A, =1. Since, z= 0 is an unstable proper
node of the linearized system, the original system is also unstable at y = 0.
Consider the system

X =—-x-x’

’

y==y+xy.
If y =0, then x approaches an equilibrium value of x, =0 as 7 increases. If x=0, then y
approaches an equilibrium value of y, =0 as ¢ increases.
The presence of y is a matter of indifference to x. The presence of x is beneficial to y.
The only equilibrium point in the first quadrant is (x,y) = (0,0).
0
-1
eigenvalues of the coefficient matrix are A, =—1and A, =-1. Since, z=0 is an asymptotically
stable proper node of the linearized system, the original system is also asymptotically stable at
y=0.
Consider the system

X =x—x>—xy

-1
At the equilibrium point z = 0, the linearized system takes the form z’ = [ 0 }z. The

Y=-y-yi+ay.

If y =0, then all direction field filaments on the positive x-axis point towards x = 1. Thus, x
approaches an equilibrium value of x, =1 as ¢ increases. Similarly, if x =0, then y approaches
an equilibrium value of y, =0 as ¢ increases. The presence of the xy term in the first equation

causes the derivative to decrease. Therefore, the presence of y is harmful to x. On the other
hand, the presence of the xy term in the second equation causes the derivative to increase.
Therefore, the presence of x is beneficial to y.

Rewriting the system as
xX'=x0-x-y)
y==y(l+y-x),

we see that x"=0if (i) x=0or (ii) 1-x—y=0.Incase (i), y=0if y=0or y=—-1.The

latter possibility has been excluded and thus case (i) leads to a single equilibrium point,

(x,y)=1(0,0). In case (ii), y’=0 if y=0 (and hence, x =1) or if 1+ y— x =0 (and hence

x+y=1and x—y=1). This second set of equations also has solution x =1 and y = 0. Thus,

case (ii) leads us to one more equilibrium point (x,y) = (1,0).

0

At the equilibrium point z = 0, the linearized system takes the form z’ = [O }z. The

eigenvalues of the coefficient matrix are A, =—1and A, =1. Since, z =0 is an unstable saddle
point of the linearized system, the original system is also unstable at y =0.
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4 (a).

4 (b).

4 (c).

5 (a).

5 (b).

6 (a).

6 (b).

Consider the system
X =x—x"+xy
Y=y-yitay.
If y =0, then x approaches an equilibrium value of x, =1 as ¢ increases. If x =0, then y
approaches an equilibrium value of y, =1 as ¢ increases.
In both cases, the presence of one species is beneficial to the other species.
The only equilibrium points in the first quadrant are (x,y)=(0,0), (x,y)=(0,1), and
(x,y)=(1,0).
0

1
eigenvalues of the coefficient matrix are A, =1and A, =1. Since, z= 0 is an unstable proper
node of the linearized system, the original system is also unstable at y = 0.
When y = 0, the assumed model reduces to x” = r,(1+ o, x)x. In this case, we see from the
X' =0.5 or x’=0.5x. Thus,
x(1)
o, =0 and 5, =0.5. Similarly, when x = 0, the model reduces to y’ =r,(1+ ,y)y . In this case,

’

At the equilibrium point z = 0, the linearized system takes the form z’ = [O }z. The

figure, that In x(7) = 0.5¢+ Inx(0). Differentiating, we obtain

)
=-lor
y(0)
y'=-y.Thus, o, =0 and r, =—1. So far, we have deduced that the assumptions of the

population model imply it has the form
x'=0.5(1+By)x
Y ==1+Bx)y .
Knowing the equilibrium point (x,,y,) =(2,3), allows us to determine the last remaining
model parameters, 3, and f,.In particular, we know from the first equation that
0.5(1+ 3p,)2 =0 while the second equation gives —(1+2f3,)3 =0. Consequently,
B =-1/3and B,=-1/2.
From part (a), the model is given by
x'=1/2)x=(1/6)xy

’

yV==y+A/2)xy.
The presence of y causes x” to decrease and hence y is harmful to x. The presence of x causes
y’ to increase and hence x is beneficial to y.

Consider the system
x"=r(1-ox— By)x + ux
y=r(l—ay—-px)y.
The equilibrium points are (x,y)=(0,0), (x,y)=(0,a™"), (x,y)= (o' +ur™"),0), and
(x,y)=8"(o(1+ ur™") = B,oe— B+ ur™)) where §=a” - 3°.
If u is chosen large enough so that B(1+ ur™") > o then we see from part (a) that the

“coexisting species” equilibrium point is moved into the fourth quadrant and is therefore
physically irrelevant.

we see from the figure, that Iny(#) = -7+ In y(0). Differentiating, we obtain
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6 (c).

6 (d).

6 (e).

7 (a).

7 (b).

7 (c).

7 (d).
7 (e).

0

}z. The point z =0 is an unstable
’

r+
At z=0, the linearized system has the form z’ = [ 0

improper node. At the equilibrium point z = [ }, the linearized system is

1/

, | rQ+w = Bah
‘= —rBa’ —r
the eigenvalues have opposite sign, the equilibrium point is an unstable saddle point. The
equilibrium point (x,y)= (™' (1+ ur™"),0) is an asymptotically stable improper node since the
eigenvalues of the linearized system are negative and different:
A =-r(l+ur™") and A, = r[1- Bu(or)™ - Ba'].
For the nonlinear system, (0,0) and (0,cr”") are unstable equilibrium points. The equilirium
point (x,y)= (e (1+ ur™),0) is stable.
It appears that the y species will be driven to extinction with the x species approaching the
limiting value a™'(1+ur™").
Consider the system

x'=r(l1-ox—By)x
y=r(l—oy—fx)y—uy.

We see that x" =0 if (i) x=0 or (ii) 1—ox— Py =0.1Incase (i), y' =0 if
y=0or y=(r—pu)/(or). Thus case (i) leads to two equilibrium points, (x,y)=(0,0) and
(x,y)=(0,(r—w)/(ar)).Incase (ii), y'=0if y=0orif 1—(u/r)—oy— Px=0. Thus case (ii)
leads to two equilibrium points, (x,y) = (1/¢,0) and
(x,y)= (6"l — B - ur H1,67'[-B+a(l— ur™)]) where § =0’ - p°.
If u>r,then 1—ur~" <0.In this case, we see from part (a) that the only physically relevant
equilibrium points are (x,y)=(0,0) and (x,y)=(1/a,0).
0

r—u

}z . The eigenvalues are A, =—r and A, =r(1+ur"' - Bo"). Since

r
At z=0, the linearized system has the form z’ = [O }z. Since we are assuming U > r,

la
the point z =0 is an unstable saddle point. At the equilibrium point z = [ 0 }, the linearized

—r —rBo!

0 r—u-—rBa’’
Since both eigenvalues are negative, the equilibrium point is an asymptotically stable improper
node.

For the nonlinear system, (0,0) is unstable and (a™',0) is stable.
If u> r,itappears that the y species will be driven to extinction with the x species approaching

system is z’ = [ }z. The eigenvalues are A, =—r and A, =r—pu—rfBo .

the limiting value o'\

The strategy of nurturing the desirable species leads to an equilibrium

x-population of &' (1+ ur™"). This is greater than the equilibrium x-population of &' that
results from harvesting the undesirable species.
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9.

10 (a).

10 (b).

Consider the population model

X' =tax+bx’tcxytdxz

y=%a,yt bzyz ey £dyyz

7 =taztcxztdyz.
Since x and y are mutually competitive, we need to choose a negative sign for ¢, and ¢, (the
presence of x reduces the growth rate y” and similarly the presence of y reduces the growth
rate x”). The same argument applies to the signs of d, and d, since the predator is harmful to x
and to y. The presence of the prey is beneficial to the predator z and thus we need to choose a
positive sign for ¢, and d,.
So far, we have deduced

X’ =taxtbx’—cxy—dxz

y =%a,yt b2y2 —Cyxy —dyyz

7 =taz+cxz+dyz.
We also know that, in the absence of the other two species, x and y each evolve towards a
nonzero equilibrium value. Thus, from the first equation, we know the term
+a,x + bx* = x(+q, + b,x) has a positive zero, as does the corresponding term in the second
equation, ta,y +b,y* = y(+a, = b,y). From this fact, we infer that @, and b, have opposite
signs, as do a, and b,. The general solution of an equation of the form u’ = au + bu’ is
u=Ae™™ + B’ + Ct+ D.If a is negative, then u(f) — oo as t — oo. Hence, there cannot be a
nonzero equilibrium solution when a is negative. Applying this observation to the equations
x’=tax+tbx’ and y’ =+a,y £ b,y’, we deduce that g, and a, are positive and b, and b, are
negative. Likewise, in order that z decrease to zero in the absence of x and y, we need to have
a, negative. In summary, we arrive at the following model which will support the
observations:

x’ =ax—bx’—cxy—dxz

Y =ay- b2y2 —Cyxy —dyyz

7 =—a,z+cxz+dyyz.
Consider the system

s =—asi+y
i’ = asi— i
r=Bi—-y.

Summing these three equations, we obtain s'(¢7) +i’(¢) + ¥’ () = 0. Hence, s(¢) +i(¢) + r(?) is
constant, say s(f)+i(¢) + r(tf) = N where N denotes the size of the population.
If those who recover are permanently immunized, then

’

s =—osi
i = osi— Bi
r'=pi.

As in part (a), we can sum these equations and again conclude that s(¢) +i(¢) +r(f)=N .
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10 (c).

11 (a).

11 (b).

11 (c).

11 (d).

If some infected members perish, then

s =—asi
i’ = asi— Bi
r=Bi—-y.
In this case, s'(¢) +i’(¢) + ' (t) = =y (¢) . Thus, the population is not constant but rather is
, VA ) pop
decreasing.
Consider the system
s =—osi+y
i’ = osi— fi
r=Bi—-y.

Using the fact, from Exercise 10, that s+i+r= N, we obtain a reduced system,
s =—asi+y(N—i-s)
'=osi—Bi.
For the given values, ==y =1and N =9, the reduced system has the form
§S=—si+(9—i—5)
I'=si—1i.
Rewriting this system slightly,
S =—si+9—i-s
=i(s—1).
We see that =0 if (i) i=0 or (ii) s=1.In case (i), s'=0 if s=9. Thus case (i) leads to the
equilibrium point (s,i) =(9,0). In case (ii), s"=0 if i = 4. Thus case (ii) leads to the
equilibrium point (s,i) = (1,4).
-1 -10

9
At z= [O}’ the linearized system has the form z’ = [ 0 3

}z. The eigenvalues are

1
A, =-1 and A, =8. This equilibrium point is an unstable saddle point. At z = [4}, the

-5 2
linearized system has the form z’ = [ 4 0 }z. The eigenvalues are
A =(5- iN7)/2 and (=5+i+/7)/2. This equilibrium point is an asymptotically stable spiral
point.

(9,0) is an unstable equilibrium point while (1,4) is stable.
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Numerical Methods

Section 9.1

Unless indicated by ..., all results are rounded to the places shown.

1 (a). Integrating y’=2¢—1,we find y=¢"— ¢+ C.Imposing the initial condition y(1)=0, we
obtain y=¢"—1t.
1 (b). Since f(t,y)=2t—1,it follows that f(¢+ h,y + hf(t,y))=2(t+ h)—1. Therefore, Heun’s
method takes the form
Vou =Yy, t(h /22t -1)+(2t,,,—D].
1 (c). Asin part (b), we find the modified Euler’s method takes the form
Yorr =Yy ThQ2t, +h/2)=1).

1(d). 1.0000 0
1.1000 0.1100
1.2000 0.2400
13000 0.3900

1 (e). 1.0000 0
1.1000 0.1100
1.2000 0.2400
13000 0.3900

1 (f). 1.0000 0
1.1000 0.1100
1.2000 0.2400
1.3000 0.3900
2 (a). Integrating y’=-—y and imposing the initial condition, we obtain y=¢"".
2 (b). Heun’s method takes the form y, ., =(1—h+0.5h%)y,.
2 (c). The modified Euler’s method takes the form y, ., =(1—-h+0.5h%)y,.

2 (d). 0.0000 1.0000
0.1000 0.9050
0.2000 0.8190
03000 0.7412
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2 (e).

2 ().

3 (a).

3 (b).

3 (c).

3 (d).

3 (e).

3 ().

4 (a).
4 (b).
4 (c).

4 (d).

4 (e).

0.0000
0.1000
0.2000
0.3000

0.0000
0.1000
0.2000
0.3000

1.0000
0.9050
0.8190
0.7412

1.0000
0.9048
0.8187
0.7408

Solving the separable equation y’ =—ty, we find y = Ce™"". Imposing the initial condition

y(0)=1, we obtain y=e

Since f(t,y)=—ty, it follows that f(t+ h,y + hf(t,y))=—(t+ h)[y + h(—ty)]. Therefore,

Heun’s method takes the form
yn+1 = yn + (h /2)[_tnyn

- tn+l(yn - htnyn)]

As in part (b), we find the modified Euler’s method takes the form

Vyu=Yy,—h( +05h)(y, —0.5hty ).

0

0.1000
0.2000
0.3000
0

0.1000
0.2000
0.3000
0

0.1000
0.2000
0.3000

Integrating y” = —y + ¢ and imposing the initial condition, we obtain y=t—1+¢"".

1.0000
0.9950
0.9802
0.9560
1.0000
0.9950
0.9801
0.9559
1.0000
0.9950
0.9802
0.9560

t

Heun’s method takes the form y ., =y, +05h[-y, +t, —(y, + h(=y,+t))+1¢ ,].
The modified Euler’s method takes the form y ,, =y, +h[—(y, +0.5h(=y, +1,))+¢ +0.5h].

0.0000
0.1000
0.2000
0.3000

0.0000
0.1000
0.2000
0.3000

0.0000
0.0050
0.0190
0.0412

0.0000
0.0050
0.0190
0.0412
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4 (f). 0.0000  0.0000
0.1000 0.0048
0.2000 0.0187
03000 0.0408

5(a). Solving the separable equation y*y’+¢=0, we find y’ =—1.5¢* + C. Imposing the initial
condition y(0)=1, we obtain y*=—1.5¢"+1or y=(1-1.5¢)".
5(b). Since f(t,y)=-ty ", it follows that f(t+h,y+ hf(t,y))=—(t+ h)[y + h(=ty)]”. Therefore,
Heun’s method takes the form
Yurr = Yo+ (RID[=1,9,7 = 1,.,(3, = ht,y,7)"].
5(c). Asin part (b), we find the modified Euler’s method takes the form
Y,y =, —h(t +0.5h)(y, —0.5ht,y )",
5 (d). 0 1.0000
0.1000 0.9950
0.2000 0.9796
0.3000 0.9529
5 (e). 0 1.0000
0.1000 0.9950
0.2000 0.9797
0.3000 0.9531
5 (). 0 1.0000
0.1000 0.9950
0.2000 0.9796
0.3000 0.9528
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6 (a). Solving the separable equation y’ =1+ y* and imposing the initial condition we obtain

6 (b).

y =tan(t—

T
0.0000
0.0500
0.1000
0.1500
0.2000
0.2500
0.3000
0.3500
0.4000
0.4500
0.5000
0.5500
0.6000
0.6500
0.7000
0.7500
0.8000
0.8500
0.9000
0.9500
1.0000

The errors at r = 1 are, respectively, 0.0176, 1.6495e-004,

n/4).

E
-1.0000
-0.9000
-0.8095
-0.7267
-0.6503
-0.5792
-0.5124
-0.4493
-0.3892
-0.3316
-0.2761
-0.2223
-0.1698
-0.1184
-0.0677
-0.0175

0.0326
0.0826
0.1329
0.1838
0.2355

and 6.8239e-004.

H
-1.0000
-0.9047
-0.8177
-0.7375
-0.6630
-0.5933
-0.5276
-0.4653
-0.4058
-0.3486
-0.2934
-0.2399
-0.1876
-0.1362
-0.0856
-0.0354

0.0147
0.0648
0.1152
0.1662
0.2181

IE
-1.0000
-0.9049
-0.8179
-0.7378
-0.6634
-0.5937
-0.5280
-0.4657
-0.4062
-0.3491
-0.2940
-0.2404
-0.1881
-0.1368
-0.0862
-0.0360

0.0140
0.0641
0.1145
0.1654
0.2173
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7 (a). Solving the separable equation yy’ +¢=0, we find y’
y(O) =3, we obtain yz =—*49 or y= (9— t2)1/2'

7 (b).

T

0
0.0500
0.1000
0.1500
0.2000
0.2500
0.3000
0.3500
0.4000
0.4500
0.5000
0.5500
0.6000
0.6500
0.7000
0.7500
0.8000
0.8500
0.9000
0.9500
1.0000

E
3.0000
3.0000
2.9992
29975
2.9950
29917
29875
2.9825
2.9766
2.9699
2.9623
29539
2.9445
2.9344
2.9233
29113
2.8984
2.8846
2.8699
2.8542
2.8376

H
3.0000
2.9996
2.9983
2.9962
2.9933
2.9896
2.9850
2.9795
29732
2.9661
2.9580
2.9492
2.9394
2.9287
29172
2.9047
2.8914
2.8771
2.8618
2.8456
2.8284

IE
3.0000
2.9996
2.9983
2.9962
2.9933
2.9896
2.9850
2.9795
29732
2.9661
2.9580
2.9492
2.9394
2.9287
29172
2.9047
2.8914
2.8771
2.8618
2.8456
2.8284

—#* + C. Imposing the initial condition

The errors at t = 1 are, respectively, -9.1466e-003, -6.9021e-007,
and -1.3752e-005.
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8 (a). Solving the equation y’ +2y = 4 and imposing the initial condition we obtain y=2+¢™*.

8 (b).

T

0
0.0500
0.1000
0.1500
0.2000
0.2500
0.3000
0.3500
0.4000
0.4500
0.5000
0.5500
0.6000
0.6500
0.7000
0.7500
0.8000
0.8500
0.9000
0.9500
1.0000

The errors at # = 1 are, respectively, 1.3758e-002, 4.8717e-004,

E
3.0000
2.9000
2.8100
2.7290
2.6561
2.5905
2.5314
24783
24305
2.3874
2.3487
2.3138
2.2824
2.2542
2.2288
2.2059
2.1853
2.1668
2.1501
2.1351
2.1216

and 4.8717e-004.

H
3.0000
2.9050
2.8190
2.7412
2.6708
2.6071
2.5494
24972
2.4500
24072
2.3685
2.3335
2.3018
2.2732
2.2472
2.2237
2.2025
2.1832
2.1658
2.1501
2.1358

IE
3.0000
2.9050
2.8190
2.7412
2.6708
2.6071
2.5494
24972
2.4500
24072
2.3685
2.3335
2.3018
2.2732
2.2472
2.2237
2.2025
2.1832
2.1658
2.1501
2.1358
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9 (a).

9 (b).

10.
11.

12.
13.

14.
16.

Solving the separable equation y” +2¢ty =0, we find y = Ce ™. Imposing the

initial condition y(0)=2, we obtain y=2¢™" .

T E H IE

0 2.0000 2.0000 2.0000
0.0500 2.0000 1.9950 1.9950
0.1000 1.9900 1.9801 1.9801
0.1500 1.9701 1.9555 1.9554
0.2000 1.9405 19216 19215
0.2500 1.9017 1.8788 1.8787
03000 1.8542 1.8278 1.8277
03500 1.7986 1.7694 1.7692
0.4000 1.7356 1.7043 1.7040
0.4500 1.6662 1.6334 1.6330
0.5000 1.5912 1.5576 1.5572
0.5500 1.5117 14780 1.4775
0.6000 14285 1.3955 1.3949
0.6500 1.3428 1.3110 1.3103
0.7000 1.2555 1.2255 1.2247
0.7500 1.1676 1.1398 1.1390
0.8000 1.0801 1.0549 1.0541
0.8500 0.9937 09715 0.9706
0.9000 0.9092 0.8902 0.8893
0.9500 0.8274 0.8116 0.8107
1.0000 0.7488 0.7364 0.7354

The errors at t = 1 are, respectively, -1.3009e-002, -6.0218e-004, and
3.3293e-004.

The iteration is Euler’s method, with #,=2,T =1, and f(t,y)=y +’y’.

Since t, =1+nh, h=0.05, n=0,1,...,99, it follows that ;=1 and N —1=99. Thus, N = 100,
and T =t, =14+ Nh=1+100A =1+ (100)(0.05) =5 . From the form of the iteration, it must be
Heun’s method. Therefore, f(t,y)=ty* +1.

The iteration is the modified Euler’s method, with 7, =0,7 =2, and f(¢,y)= tsin’ y.

Since t, =2+nh, h=001, n=0,1,...,99, it follows that z,=2 and N —1=99. Thus, N =
100,and T =t, =2+ Nh=2+100h =2+ (100)(0.01) =1. From the form of the iteration, it
must be Euler’s method. Therefore, f(t,y)=y/(t* +y%).

The iteration is the modified Euler’s method, with #, =—1,7 =10, and f(z,y)=sin(t+y).

(a) The initial value problem is Q’(¢) = 6(2 — cosmt) — % , OQ(0)=0 where V(r)=90 + 5¢.
(c) The tank contains 100 gallons when #=2 minutes. As estimated by Heun’s method,
0(2)=23.7538... pounds.
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17 (a). From Exercise 16, part (a), the problem to be solved is
Q' =12—-6¢cosmt—Q/(90+5¢), Q(0)=0, 0<t<2.
17 (b). Using the modified Euler’s method with 2 = 0.05, we obtain

18.

t

0
0.0500
0.1000
0.1500
0.2000
0.2500
0.3000
0.3500
0.4000
0.4500
0.5000
0.5500
0.6000
0.6500
0.7000
0.7500
0.8000
0.8500
0.9000
0.9500
1.0000
1.0500
1.1000
1.1500
1.2000
1.2500
1.3000
1.3500
1.4000
1.4500
1.5000
1.5500
1.6000
1.6500
1.7000
1.7500
1.8000
1.8500
1.9000
1.9500
2.0000

(1)
0
0.3008
0.6089
0.9313
1.2749
1.6460
2.0501
24922
2.9759
3.5041
4.0785
4.6997
5.3670
6.0787
6.8320
7.6230
8.4469
9.2979
10.1700
11.0561
11.9491
12.8416
13.7264
14.5961
15.4441
16.2640
17.0502
17.7979
18.5033
19.1636
19.7772
20.3434
20.8628
21.3372
21.7695
22.1635
22.5241
22.8569
23.1681
23.4647
23.7538

The Heun’s method estimate is P(2) = 1.5005 million individuals.
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19. Using the modified Euler’s method, we estimate P(2) = 1.5003 million individuals.
20 (a). The results are listed below. The columns headed H1, H2, and H3 are the results obtained

using step sizes h=0.05,h=0.025,and & =0.0125 respectively.

t H1 H2 H3 True

0.0000 1.0000 1.0000 1.0000 1.0000

0.0500 1.0526 1.0526 1.0526 1.0526

0.1000 1.1109 1.1111 1.1111 1.1111

0.1500 1.1762 1.1764 1.1765 1.1765

0.2000 1.2495 1.2499 1.2500 1.2500

0.2500 1.3326 1.3332 1.3333 1.3333

0.3000 1.4275 1.4283 14285 1.4286

0.3500 1.5370 1.5381 1.5384 1.5385

04000 1.6645 1.6661 1.6665 1.6667

04500 1.8151 1.8174 1.8180 1.8182

0.5000 1.9954 1.9988 1.9997 2.0000

0.5500 2.2153 2.2204 22218 2.2222

0.6000 2.4894 24972 24993 2.5000

0.6500 2.8402 2.8527 2.8560 2.8571

0.7000 3.3049 3.3257 3.3314 3.3333

0.7500 3.9488 3.9860 3.9964 4.0000

0.8000 4.8975 49714 49925 5.0000

0.8500 6.4264 6.5969 6.6480 6.6667

0.9000 9.2615 9.7669 9.9353 10.0000

0.9500 15.9962 18.4267 19.5053 20.0000

The error ratios are denoted, respectively, by R1 and R2 where

Rl=(H1-True)/(H2—True) and R2=(H2—True)/(H3—True)

t R1 R2
0.0500 3.8916 3.9471
0.1000 3.8879 3.9454
0.1500 3.8838 3.9436
0.2000 3.8791 39414
0.2500 3.8737 3.9390
0.3000 3.8674 3.9362
0.3500 3.8601 3.9329
04000 3.8513 3.9291
04500 3.8408 3.9244
0.5000 3.8279 3.9187
0.5500 3.8117 39117
0.6000 3.7909 3.9026
0.6500 3.7634 3.8907
0.7000 3.7255 3.8743
0.7500 3.6707 3.8503
0.8000 3.5860 3.8126
0.8500 3.4428 3.7459
0.9000 3.1683 3.6039
0.9500 2.5450 3.1800
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20 (b). An error monitoris y(' )=y, =(3,, - y,)/3.
20 (c). The column headed est gives the estimated error using the error monitor from part (b). The
column headed true gives the actual error. The error monitor used step sizes of & =0.025 and &

=0.0125.

t
0.0500
0.1000
0.1500
0.2000
0.2500
0.3000
0.3500
0.4000
0.4500
0.5000
0.5500
0.6000
0.6500
0.7000
0.7500
0.8000
0.8500
0.9000
0.9500

Section 9.2

est
4.4179e-006
1.0382e-005
1.8466¢e-005
2.9497e-005
4.4686¢e-005
6.5850e-005
9.5774e-005
1.3886¢e-004
2.0228e-004
2.9820e-004
4.4818e-004
6.9264e-004
1.1126e-003
1.8854e-003
3.4446e-003
7.0273e-003
1.7050e-002
5.6137e-002
3.5951e-001

true
4.4972e-006
1.0574e-005
1.8820e-005
3.0084e-005
4.5614e-005
6.7281e-005
9.7965e-005
1.4222e-004
2.0751e-004
3.0650e-004
4.6178e-004
7.1587e-004
1.1547e-003
1.9679¢-003
3.6255e-003
7.4956e-003
1.8628e-002
6.4677e-002
4.9473e-001

Unless indicated by ..., all results are rounded to the places shown.

1 (a). From the given equation y’=—y+2,we know y’(£)=—-y(6)+2, y"(t)=—y’(¢),
V" (t)==y"(t),and y(f)=—y""'(f). We also know that y(0) = 1. Therefore,
VO =-y(0)+2=—1+2=1, y(0)==y'(0) =1, y(0) =—y"(0) =1, and
y*(0)=—y"”’(0) =—1. Thus,

P()=1+t—(1/2) +(1/6)r —(1/24)¢".
From the given equation y’ =2ty , we know, y’(0)=0, y”’(0)=2, y””’(0)=0, and
y*(0)=12. Thus,

P()=1++(1/2)t".
From the given equation y’ = ty*, we know y’(¥) = ty>(¢), y”(£) = y*(¢) + 2ty()y’ (1),
Y0 =4y@y (0 +2ty" ()y' (1) + 21y(1)y”’ (1), and
Y1) =6y’ (1)y’ (1) +6y()y” (1) + 61y’ (£)y” (1) + 2ty(1)y’”’ () . We also know that y(0)=1.
Therefore, y'(0)=0, y”’(0)=1, y””’(0)=0,and y*(0)=6. Thus,

P(t)=1+(1/2) +(1/4)t.

2 (a).

3 (a).
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4 (a). From the given equation y’ =#" +y, we know, y’(0)=1, y”(0)=1, y””’(0) =3, and
y*(0)= 3. Thus,
P()=1+t+(1/2) +(1/2)F +(1/8)t".
5 (a). From the given equation y’ = y"* we know y’(t) = y"?(¢), y”(t) = 1/2)y ""*(1)y’(1),
Y (@) ==1/4)y= " (ny' () +(1/2)y™"*(1)y" (1) ,and

yYP () =GB18)y )y (0)y' (- 314y " ()y” ()y (1) +1/2)y™"*(1)y"’ (1) . We also know
that y(0) = 1. Therefore, y’(0)=1, y”(0)=1/2, y"(0)=—(1/4)+(1/2)(1/2) =0, and
y P (0)=(3/8)—(3/4)(1/2)=0. Thus,

P()=1+t+(1/4)¢.

6 (a). From the given equation y’=ty™', we know, y’(0)=0, y”’(0)=1, y"’(0)=0, and
y*(0)=-3. Thus,

P(t)=1+(1/2) —(1/8)t".

7 (a). From the given equation y’ =y +sin¢, we know y’(#) = y(¢) + sint, y”’(t) = y’(¢) + cost,
y"(t)=y”(t)—sint ,and y*(r)=y"”’(t)—cost. We also know that y(0) = 1. Therefore,
y(0)=1, y’(0)=1+1=2, y’(0)=2-0=2,and y*(0)=2-1=1. Thus,

P()=1+t+1+(1/3)F +(1/24)t".

8 (a). From the given equation y’ = y**, we know, y’(0)=1, y”’(0)=3/4, y"”’(0)=3/8, and
y*(0)=3/32. Thus,

P,(t)=1+1t+(3/8) +(1/16)t’ +(1/256)t".

9 (a). From the given equation y’ =1+ y>, we know y’(f)=1+ y>*(£), (1) =2y(1)y’(?),

VY70 =2y"(0)y (D) +2y()y”’ (1) ,and y P (£) = 6y”(£)y’(t) + 2y(£)y”’ () . We also know that
y(0) =1. Therefore, y’(0)=2, y”(0)=2)D2)=4, y"(0)=2)(2)(2)+ (2)1)(4) =16, and
yH(0) = (6)(4)(2) + (2)(1)(16) = 80. Thus,

P,(5)=1+2t+2¢+(8/3)F +(10/3)¢".

10 (a). From the given equation y’ =—4¢'y, we know, y’(0)=0, y”’(0)=0, y"”/(0)=0, and
y*(0)=—-24 . Thus,

P(t)=1-1¢".
11 (a). From the given equation y”’ =3y’ —2y,we know y”’(f)=3y’(¢£)—2y(¢),
Y0 =3y"(1)=2y' (), y()=3y""(1)-2y" (1) ,and y©'(1) =3y (1)-2y""(r). We also
know that y(0)=1and y’(0)=0. Therefore, y”’(0) = (3)(0)— (2)(1) =-2,
y"(0)=(3)(=2) - (2)(0) = -6, y*(0)= (3)(-6) - (2)(-2) =—14, and
yP(0) = (3)(-=14) = (2)(—=6) = -30. Thus,
P()=1- =t —(T/112)t' =1/ 4)¢.

12 (a). From the given equation y”’ —y’ =0, we know, y”()=2, y”’1)=2, y*(1)=2, and
y?(1)=2. Thus,

P()=1+2(t=D)+@=1)>+(1/3) (=1 + A /12)(t=1)* +(1/60)(t—1)".

13 (a). From the given equation y””’ = y’, we know y””’(£)=y’(¢), y'V(t)= y”(¢),and y*' ()= y"”’(¢).
We also know that y(0)=1,y’(0)=2 and y”’(0)=0. Therefore, y"’(0)=2, y*(0)=0,
y¥(0)=2. Thus,

P ()=1+2t+(1/3) +(1/60)¢.
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14 (a).

15.

16.
17.

18.

20 (a).

20 (b).

From the given equation y”’ +y+y’ =0, we know, y”(0)=-2, y"”’(0)=0, y*(0)=8, and
y(0)=0. Thus,

P(=1-t+(1/3)t".
The function g(h) = sin2h has a Maclaurin expansion given by sin2h =2h—(1/6)(2h)> +---.
Therefore, g(h) = O(h).
q(h)=0O(h).
The function g(h)=1-cosh has a Maclaurin expansion given by
l—cosh=1-(1—-1/2)h*+(1/24)h* +---=(1/2)h* +---. Therefore, g(h) = O(h*>).
The function g(h)=e" — (1+ h) has a Maclaurin expansion given by
" —(1+h)=[1+h+Q/2)h* +--]-(1+h)=(1/2)h* +---. Therefore, g(h) = O(h*>).

t ts-1 ts-2 ts-3
0.0000 1.0000 1.0000 1.0000
0.0500 1.0000 1.0006 1.0006
0.1000 1.0013 1.0025 1.0025
0.1500 1.0037 1.0056 1.0056
0.2000 1.0075 1.0100 1.0100
0.2500 1.0125 1.0156 1.0156
0.3000 1.0187 1.0224 1.0224
0.3500 1.0261 1.0304 1.0304
04000 1.0348 1.0396 1.0396
04500 1.0446 1.0500 1.0500
0.5000 1.0556 1.0616 1.0616
0.5500 1.0677 1.0743 1.0742
0.6000 1.0810 1.0881 1.0881
0.6500 1.0955 1.1030 1.1030
0.7000 1.1110 1.1190 1.1190
0.7500 1.1276 1.1360 1.1360
0.8000 1.1452 1.1541 1.1541
0.8500 1.1638 1.1732 1.1731
0.9000 1.1835 1.1932 1.1932
0.9500 1.2041 1.2142 1.2142
1.0000 1.2256 1.2361 1.2361
At t =1, the errors are (respectively): -1.0441e-002, 5.5071e-005, and
-1.0500e-006.
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21 (a).

t ts-1 1s-2 ts-3
0.0000 -1.0000 -1.0000 -1.0000
0.0500 -1.0000 -0.9975 -0.9975
0.1000 -0.9950 -0.9901 -0.9901
0.1500 -0.9851 -0.9779 -0.9780
0.2000 -0.9705 -0.9614 -0.9615
0.2500 -0.9517 -0.9409 -0.9412
0.3000 -0.9291 -0.9171 -09174
0.3500 -0.9032 -0.8905 -0.8908
0.4000 -0.8746 -0.8616 -0.8620
04500 -0.8440 -0.8311 -0.8316
0.5000 -0.8120 -0.7994 -0.8000
0.5500 -0.7790 -0.7672 -0.7677
0.6000 -0.7456 -0.7347 -0.7353
0.6500 -0.7123 -0.7024 -0.7030
0.7000 -0.6793 -0.6705 -0.6711
0.7500 -0.6470 -0.6394 -0.6400
0.8000 -0.6156 -0.6092 -0.6098
0.8500 -0.5853 -0.5800 -0.5806
0.9000 -0.5562 -0.5520 -0.5525
0.9500 -0.5283 -0.5252 -0.5256
1.0000 -0.5018 -0.4996 -0.5000

21 (b). Att =1, the errors are (respectively): -1.8055e-003, 4.0475e-004, and -6.8372e-006
22 (a).

t ts-1 1s-2 ts-3
0.0000 1.0000 1.0000 1.0000
0.0500 1.0250 1.0247 1.0247
0.1000 1.0494 1.0488 1.0488
0.1500 1.0732 1.0724 1.0724
0.2000 1.0965 1.0954 1.0954
0.2500 1.1193 1.1180 1.1180
0.3000 1.1416 1.1401 1.1402
0.3500 1.1635 1.1619 1.1619
04000 1.1850 1.1832 1.1832
04500 1.2061 1.2041 1.2042
0.5000 1.2269 1.2247 1.2247
0.5500 1.2472 1.2449 1.2450
0.6000 1.2673 1.2649 1.2649
0.6500 1.2870 1.2845 1.2845
0.7000 1.3064 1.3038 1.3038
0.7500 1.3256 1.3228 1.3229
0.8000 1.3444 1.3416 1.3416
0.8500 1.3630 1.3601 1.3601
09000 1.3814 1.3783 1.3784
09500 1.3995 1.3964 1.3964
1.0000 14173 14142 14142
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22 (b). At t =1, the errors are (respectively): 3.1075e-003, -5.7087e-005, and
1.3615e-006.

23 (a).

t
0.0000
0.0500
0.1000
0.1500
0.2000
0.2500
0.3000
0.3500
0.4000
0.4500
0.5000
0.5500
0.6000
0.6500
0.7000
0.7500
0.8000
0.8500
0.9000
0.9500
1.0000

ts-1
0.0000
0.0500
0.0977
0.1436
0.1880
0.2311
0.2733
0.3146
0.3553
0.3955
04354
04751
0.5146
0.5541
0.5937
0.6335
0.6736
0.7139
0.7547
0.7960
0.8379

ts-2
0.0000
0.0488
0.0955
0.1405
0.1841
0.2266
0.2682
0.3091
0.3494
0.3892
0.4288
0.4682
0.5075
0.5468
0.5862
0.6258
0.6657
0.7060
0.7467
0.7879
0.8298

ts-3
0.0000
0.0488
0.0956
0.1407
0.1844
0.2269
0.2686
0.3095
0.3498
0.3897
0.4293
0.4687
0.5080
0.5473
0.5868
0.6264
0.6664
0.7067
0.7475
0.7888
0.8307

23 (b). Att =1, the errors are (respectively): 7.2979e-003, -8.2708e-004,
and 3.0263e-005.
We find E, =-1.0499x10° and E, =-1.2939x107". The error ratio is 0.12323

24.

25.

26.

27.

while 1/8 is equal to 0.125. Thus, the error ratio is close to 1/8.

We find E, =—6.8372x107° and E, =-8.4649x107". The error ratio is 0.12381

while 1/8 is equal to 0.125. Thus, the error ratio is close to 1/8.

We find E, =-1.3615x107 and E, =-1.6598x107". The error ratio is 0.12191

while 1/8 is equal to 0.125. Thus, the error ratio is close to 1/8.

We find E, =3.0263x107 and E, = 3.6501x107°. The error ratio is 0.12061
while 1/8 is equal to 0.125. Thus, the error ratio is fairly close to 1/8.

Section 9.3

Unless indicated by ..., all results are rounded to the places shown.

1 (a). For the given initial value problem y’=—y +2,y(0)=1, we have
K, = f(15,y0) = fO,)=1

K, = f(t,+h /2.y, +(h/2K,) = £(0.051+0.05(1))=0.95
K= f(t,+h,y,— hK, +2hK,) =091

v =y, +h(K, + 4K, +K;) /6=1+(0.1)(1+3.8+0.91)/6=1095166...
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1 (b).
1 (c).

2 (a).
2 (b).
2 (c).
3 (a).

3 (b).
3(c).

4 (a).
4 (b).
4 (c).
5 (a).

5 (b).
5 (c).
6 (a).
6 (b).

6 (c).
7 (a).

7 (b).
7 (c).
8 (a).

8 (b).
8 (¢).

Asin (a), we find K, =1,K, =0.95,K, =0.9525,K, =0.90475 and thus y, =1.0951625.

A kth order Runge-Kutta method will give the exact solution if the solution is a polynomial of
degree k. In this case, the Runge-Kutta method will not give the exact solution.

For the given initial value problem y’ =2ry,y(0)=1, we have y, =1.01006667

v, =1.01005017.

Neither Runge-Kutta method will give the exact solution.

For the given initial value problem y’ = ty*,y(0)=1, we have

K, = f(1,y0) = f(O0.)=0

K,=f(t,+h/2,y,+(h/2)K,)= f(0.051+0.05(0))=0.05

K, = f(t,+h,y,— hK, +2hK,)=0.1020...

V=Y, +h(K +4K, +K;)/6=1+(0.1)(0 +0.05+0.1020) /6 =1.0050335...

Asin (a), we find K, =0,K, =0.05,K, =0.0503...,K, =0.1010... and thus y, =1.0050251....
A kth order Runge-Kutta method will give the exact solution if the solution is a polynomial of
degree k. In this case, the Runge-Kutta method will not give the exact solution.

For the given initial value problem y’=#*+y,y(0)=1, we have y, =1.10550833

v, =1.10551271.

Neither Runge-Kutta method will give the exact solution.

For the given initial value problem y’ = \/; ,¥(0)=1, we have

K, = f(1),y,)= f(O0,) =1

K,=f(t,+h/2,y,+(h/2)K,)= f(0.051+0.051))=1.0246...

K,= f(t,+h,y,— hK, +2hK,)=1.0511...

V=Y, +h(K +4K, +K;)/6=1.1024990...

Asin (a), we find K, =1,K, =1.0246...,K, =1.0252...,K, =1.0500... and thus

v, =1.1024999....

A kth order Runge-Kutta method will give the exact solution if the solution is a polynomial of
degree k. In this case, since the solution is a quadratic polynomial, both Runge-Kutta methods
will give the exact solution.

For the given initial value problem y’=17/y,y(0)=1, we have y, =1.00498350

v, =1.00498757.

Neither Runge-Kutta method will give the exact solution.

For the given initial value problem y’ =y +sinz, y(0) =1, we have

K, = f(1y,y,)= f(O0,) =1

K,=f(t,+h/2,y,+(h/2)K,)= £(0.051+0.051))=1.0999...

K,= f(t,+h,y,—hK, +2hK,)=1.2198...

Vi =y, +h(K +4K,+K;)/6=1.110329...

Asin (a), we find K, =1,K, =1.0999...,K,=1.1049...,K, =1.2103... and thus

v, =1.110337....

A kth order Runge-Kutta method will give the exact solution if the solution is a polynomial of
degree k. In this case, a Runge-Kutta method will not give the exact solution.

For the given initial value problem y’ = y**,y(0)=1, we have y, =1.10381059

v, =1.10381285.

The 4th order Runge-Kutta method will give the exact solution, but not the 3rd order.
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9 (a).

9 (b).
9 (c).

10 (a).
10 (b).

10 (c).
11.

12.

13.

For the given initial value problem y’ =1+ y”,y(0)=1, we have

K, = f(ty,y,)= f(0,])=2

K,=f(t,+h/2,y,+(h/2)K,)= f(0.051+0.052))=2.21

K,= f(t,+h,y,— hK, +2hK,)=2.5425...

Vi =Yy, +h(K +4K, +K;)/6=12230427...

Asin (a),we find K, =2,K, =221,K,=2.2332...,K, =2.4965... and thus y, =1.2230489....
A kth order Runge-Kutta method will give the exact solution if the solution is a polynomial of
degree k. In this case, a Runge-Kutta method will not give the exact solution.

For the given initial value problem y’ =—4£’y , y(0)=1, we have y, =0.99990001

v, =0.99990000.

Neither Runge-Kutta method will give the exact solution.

Rewriting the given initial value problem, y”” + ¢y’ +y,y(0)=1,y’(0) = —1, as a first order
system, we have

y=y, y0)=1

1 Vs }
"=1(t,y),y(0)= g(y) = i
yi=—ty, =y, y,(0)=-1, oy -3)-yO) |:_J L) |:_ty -0

2

Therefore,

-1
Kl = f(tO’YO) = |:_1i|

-1.05
K, =f(t,+h/2, h/2)K)=
, =11, + Yo+ ( )K)) |:—0.8975}
—1.0448...
—0.8952...

b e gy 10895...
=f(1, + h,y, + =
=t Ry +hRD =1 Jegs

K, =f(1,+h /2y, +(h/2)K,) {

_ K +2K, +2K.+K,)/6=
yi =Y, + (K, +2K, +2K; +K,) [—1.089534...

1.194834 ...
Y171 1.895042. .

0.895345... }

0 ¢ 1 2
For the given initial value problem, y’ = [ . O}y + L} ,¥y(0)= [J, we have
e

1+
f(ry)= D2 . Therefore,
t+e'y

1

1
K, =1(1.y,) = |:2}

K, =f hi2 h/2)K 1.055
= t s + =
2=+ hI2Y, +(RIDKD =) 505y
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1.0555...
K, =f(5, +h/2.y,+(h/2K,)= {2.2079..]
1.1220...
K, =1, + by, +1iK,) = [2.4269..]

2.105718...
1.220886... |

Y1:yO+h(K1+2K2+2K3+K4)/6=|:

—0.900625...
14. y, =

0.809968....
15.  Rewriting the given initial value problem, y””” =1y, y(0)=1,y’(0)=0, y”’(0) =—1, as a first
order system, we have

=y, »0)=1 1 ¥
;=Y ¥,(0=0 or y'=£f(y),y0) =|0 [fty)=|y,
yg:tyn y;0)=-1, -1 1y
Therefore,
0
K, =1£(%.y,)=|-1
0
—0.05
K,=1(,+h/2y,+(h/2K)=-10
0.05
—-0.05
K, =f(t,+h/2,y,+(h/2K,)=| -0.9975
0.0498...
-0.0997...
K, =f(t, + h,y, + hK;)=|-0.9950...
0.0995
0.995004...
Y=Y, +h(K, +2K, +2K, +K,)/6={-0.099833... |-
-0.995012...
1.199637...
16, y —|1988834...
0.114991...

19 (a). For the given initial value problem y’=1¢/(1+y),y(0)=1 and for the step size & =0.05, we
obtain y,, =1.2360679786... as our estimate of y(l).

19 (b). The actual value of the solution is y(1) =1.2360679749....

20 (a). For the given initial value problem y’ =2¢y*, y(0)=—1 and for the step size #=0.05, we
obtain y,, =-0.5000000409... as our estimate of y(1).

20 (b). The actual value of the solution is y(1)=-0.5.
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21 (a).

21 (b).
22 (a).

22 (b).
23 (a).

23 (b).

24 (b).

25 (a).

25 (b).

For the given initial value problem y’=1/(2y), y(0) =1 and for the step size 7 =0.05, we
obtain y,, =1.4142135632... as our estimate of y(l).
The actual value of the solution is y,, =1.4142135623....
For the given initial value problem y’=(1+y®)/(1+£),y(0) =0 and for the step size h=0.05,
we obtain y,, =0.83064092... as our estimate of y(1).
The actual value of the solution is y(1) =0.83064087....
Rewriting the given initial value problem, y”” +2y" +2y=-2,y(0)=0,y’(0) =1, as a first
order system, we have

=y, »0)=0

Y ==2y,=2y, -2, y,0)=1,

2

2y, =2y, _2]

} as our estimate to the solution

0 y
or y, = f(t’Y)’ Y(O) = |:1i|,f(t’Y) - |:_

| ‘ ‘ —0.810202...
Using the step size 7 =0.1, we obtain y,, = 0.425496

-0.810199...
—-0.425499... |

value y(2) = [
0.829662...

0383398 } as our estimate to the solution value

Using the step size £ =0.1, we obtain y,, = [

_[0829660...
Y=\ 0383400, |

Rewriting the given initial value problem, t*y” — 1y’ + y=t>,y(1)=2,y’(1) = 2, as a first order
system, we have
V=Y n)=2 o
yi=(ty, =y, +1) /1, y,(1)=2,

- ~ 2 | )2
y =1(y),y(0)= M’f(t’y) - {(tyz —n+1) fz} '

T

4.6137054...

33068527, } as our estimate to the solution

Using the step size h=0.1, we obtain y,, = [

4.6137056...
3.3068528... |

value y,, = [



Chapter 10
Series Solutions of Linear Differential Equations

Section 10.1

oo t”
1. Consider the power series Zz—n Applying the ratio test at an arbitrary value of ¢, # 0, we
n=0
n n+l t
obtain lim | = lim 51" 5‘ The limiting ratio is less than 1 if
| t| <2 . Therefore, the radius of convergence is R=2.
n+l_ 2 ¢
2. —|= —|= | t|. Therefore, the radius of convergence is R=1.
e ()7 | (141)
3. Consider the power series Z(t— 2)" . Applying the ratio test at an arbitrary value of 7, r# 2,
n=0
L |@=2) . Ny . .
we obtain lim —2)71 = 11m| t—2|= | t—2|. The limiting ratio is less than 1 if | t—2|< 1.
Therefore, the radius of convergence is R=1.
GBr-1"" 2 )
4, e 13t-1|<1=-1<3t-1<1=0< 1< 3 Therefore, the radius of
1
convergence is R=—.
3
- (1—=1)"
5. Consider the power series Z ( ‘) . Applying the ratio test at an arbitrary value of 7, 1 # 1, we
n=0 n:
L nl(t—1)"" -1 o .
obtain lim|——————|= = 0. The limiting ratio is less than 1 for all ¢, 7 #1.
o=l (n+DIE=1)" | no=|n+1
Therefore, the radius of convergence is R = oo.
(n+DIE=D""| . .
6. 1) = 11m| (n+D(t-1) | =oo, t#1. Therefore, the radius of convergence is
n—oo n'(t— n—oo
R=0.
. oo =D . . .
7. Consider the power series 2 . Applying the ratio test at an arbitrary value of ¢, #0,
n=l1
n+l
we obtain lim —|=lim = | t|. The limiting ratio is less than 1 if | t| < 1. Therefore,
noel (n+1Dt" | o=l n+1

the radius of convergence is R=1.
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10.

11.

12.

13.

14.

(_1)n+l(t_ 3)n+l4n
(_1)”(t_ 3)11 4n+1
convergence is R=4.

t—3
4

<l=>-4<t-3<4=-1<t<7. Therefore, the radius of

n—oo

Consider the power series Z(IH n)(t+2)" . Applying the ratio test at an arbitrary value of 7,
n=l1

t#—2,we obtain
. |n(n + D) +2)""
lim
noel (Inn)(t+2)"
can be found using L Hopital’s Rule.) The limiting ratio is less than 1 if | t+2 | < 1. Therefore,
the radius of convergence is R=1.
. |+ D=
lim 3 -
noel o (t=1)
convergence is R=1.

(In(n+1)(t+2)
Inn

= lim

n—oo

In(n +1) N

=|r+2

t+2|. (The last limit

n—>o0

=|t-1|]<1=-1<t-1<1=0<t<2. Therefore, the radius of

. t—4)"
Consider the power series 2% Applying the ratio test at an arbitrary value of ¢,
n=l1
2"\Nn+1(t—4)"" v - -
t#4,we obtain lim JZ Unh)) = lim n+l1G-4) = =4 ‘ The limiting ratio is
n—yoo 2" \/;(t_ 4)" n—oo 2\/;

less than 1 if | t—4 | < 2. Therefore, the radius of convergence is R=2.
(t—2)"* arctan(n)

(t—2)" arctan(n +1)

Therefore, the radius of convergence is R=1.

Applying the ratio test, we see the power series for f(#) and g(¢) both have radius of
convergence R =1. Therefore, each series converges in the interval —1<7<1.

@ fFO=1+t++0+t"+1 +--
g()=0+t+41 +96 +16¢* +25£ +---

() f()+g(H)=1+2t+5 +10£ +17¢" +26£ +---

©) f(H)—g()=1-3 -8 =15t =241 —--.

d) f/()=1+2t+3 +4£ +5t* +6£ +---

() f()=2+6t+12¢>+20r + 301" +42¢ +---

Applying the ratio test, we see the power series for f(#) and g(¢) both have radius of
convergence R =1. Therefore, each series converges in the interval —1<7<1.

@ f(O=t+2+30 +41 +5 +61° +---
gt)y=—t+2 =3 +41* =5 +61°—---

() f()+g(H)=41 +8t" +121° +16¢° +20¢° +---

(©) f(£)—g(H)=2t+6 +10£ +141 +18¢ +22¢" +---

(d) f/(O)=1+41t+9 +161 +25¢* + 361 +---

(e) f(H)=4+18t+48¢ +1001° +180t* +2941 +---

=[r-2|<1=-l<r-2<1=1<1<3 (recall limarctan(n):%].

n—oo n—>o0
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15.

16.

17.

18.

19.

20.

Applying the ratio test, we see the power series for f(¢) has radius of convergence R=1/2
while the series for g(7) has radius of convergence R =1. Therefore, each series converges in
the interval |r—1|<1/2,0r 1/2<t<3/2.
@ f(O=1=-20t=D)+4(-1)>=8(t=1) +16(t—1)* = 32(t=1)" +---
g =1+-D+=-1) > +(t=-1) +(t=D + (=1 +--
) f(D+gH)=2—(=D+5(-1)>=7(t=1)> +17(t=1)* = 31(1=1)° +---
©) f(O-gm)==3(-D+3(1-1>=9(r—1)° +15-1D* = 33(t—1)" +---
(@ f/(=-2+8(1-1)-24(t—1)* +64(t—1)> = 160(r—1)* +384(r—1)°---
(e) f/()=8—48(t—1)+192(t—1)> - 640(t—1)° +1920(t - 1)* = 5376(¢t—1)’---
Applying the ratio test, we see the power series for f(#) is 1/2 and g(#) is 1. Therefore,

R=1.
2

@ FO=14+2(t+D)+4@+D> +8(t+1)° +16(t+1)* +32(t+1)° +---
gO)=(+D+2t+ 1)+ 3¢+ 1> + 4+ 1) +5(t+1)° +6(t+1)° +---

®) fF(O+g(H)=1+3t+D)+6(t+1)°+11(t+1)° +20( +1)* +37(t +1)° +---

©) fF(O-gO)=1+@+D)+2(t+1)>+5(t+1)° +12(t+D)* +27(t +1)° +---

(d) fF/()=2+8(t+1)+24(t+1)> +64(t+1)° +160(¢ +1)* +384(t+1)° +---

() f()=8+48(t+1)+192(t+1)* +640(¢ +1)> +1920(¢ +1)* +5376(¢ +1)° +---

Consider the power series 22" "
n=0
the lower limit of n =0 transforms to k£ =2 while the upper limit remains at c. Thus, the

. Make the change of index k= n +2. With this change,

power series can be rewritten as Z 2*7{* . Finally, changing to the original summation index,
k=2

n, we obtain 22"’2t" .
n=2

Make the change of index k =n + 3. The power series can be rewritten as Z(k —2)(k—=Dr".
k=3

Finally, changing to the original summation index, n, we obtain Z (n=2)(n-Dt".

n=3

Consider the power series Z a,t""’

n=0
the lower limit of n =0 transforms to k£ =2 while the upper limit remains at c. Thus, the

. Make the change of index k= n +2. With this change,

power series can be rewritten as Zakfztk . Finally, changing to the original summation index,
k=2

n, we obtain Z a, ,t".
n=2

Make the change of index k =n—1. The power series can be rewritten as Z(k +Da, 1.
k=0

Finally, changing to the original summation index, n, we obtain 2 (n+Da,,,t".
n=0
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21.

22.

23.

24.

25.

26.

27.

Consider the power series Z n(n—1)a, "> . Make the change of index k = n— 2. With this
n=2
change, the lower limit of n =2 transforms to £ =0 while the upper limit remains at oo

Thus, the power series can be rewritten as Z(k +2)(k +1)a,,,t* . Finally, changing to the
k=0

n+2

original summation index, n, we obtain Z(n +2)(n+1Da
n=0

Make the change of index k& =n+ 3. The power series can be rewritten as 2(—1)k’3ak73tk .

k=3

n

Finally, changing to the original summation index, n, we obtain 2:(—1)"’3 a, ;t".
n=3

Consider the power series Z(—l)"“(n +1a, "** . Make the change of index k=n+2. With
n=0
this change, the lower limit of n =0 transforms to k =2 while the upper limit remains at oo

Thus, the power series can be rewritten as Z(—l)k’l(k - l)a,ﬁztk . Finally, changing to the
k=2

original summation index, n, we obtain 2(—1)”’1(n —Da, ,t"
n=2

) ) oo (_l)n t2n+l

Let f(f)=t*(t—sinf). t—sint=— Yy ———

f()=r(1=sinn) 2 ot

n=1

)n+1 2n+3

. Therefore, f(t)= Z(QT)‘

) (_1)n+2(2n + 1)'(t)2n+5
lim

) 5—5|=0. Thus, the radius of convergence is R=oo.
noe | (=)' 2n + 3T

2n

Let f(#)=1-cos3¢. From the Maclaurin series for cosu we have cosu = Z(—l)" (; i
n=0 n):
1t 729¢°
Therefore, cos3t—1—9—t+8 £_12 +---. Hence,
2! 4! 6!
9 81r* 7291 S 3D :
f= o A + a " 2(—1) m We calculate the radius of convergence by

using the ratio test. For an arbitrary value of 7, ## 0, we have
. m)!(3n™ " | 9
Qn+2)!30" | o= 2n+ 2)(2n +1)

R ~ \ (=20)""
Letf(t)_nzfl—(—zt)' 1- (2t) %( 20_2( . ‘(2)

=0. Thus, the radius of convergence is R =oo.

n—oo

=2l <1.

Thus, the radius of convergence is R = 5

1 o
Let f(t)=1/(1—¢*). From the Maclaurin series for 1/(1— u) we have -y = Z u" . Therefore,
—u

n=0

— =1+ +¢" +1°+--- Hence, f(1)= ),1".
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We calculate the radius of convergence by using the ratio test. For an arbitrary value of 7, 1 #0,
2n+2

= hm‘t ‘— t”. Thus, the radius of convergence is R=1.

n—oo

we have lim

n—oo

I tn 2 3 t4 tS
28(a). ' =) —=l+t+—t—+—+—+..

“~ n! 20 31 41 5!
t o ot r
e’t_z( LUV S O AN S
— n! 20 31 41 5!
1 £t ot r o ot r £
28 (b). sinh(f)= —<|1+t+—=+—+—+—+ .. |- |l—-t+———+———+ .. |/=t+—+—+...
2 21 31 41 5 20 31 41 5! 315!
1 S S A S £ 7 £t
cosh(t)=—q|1+t+ -+ —+—+—+..|+|l-t+—-———+———+. =1+ +—+..
2 21 31 41 5 20 31 41 5 2! 4!

29 (a). Consider the differential equation y”’ — @’y =0 and assume there is solution of the form

y(t)= Zant" . Differentiating, we obtain y’(¢) = 2“nant"’l and y”’(1)= Zn(n ~Da, ",

n=1

Inserting these series into the differential equation, we have 2 n(n—"1ya,t"> _wzz a,t"=0.
n=2 n=0
Making the change of index k =n—2 in the series for y’’(f), we obtain

Y (n+2)(n+1a, " -0 Y a,t"=0,0r Y [(n+2)(n+1)a,,, -0a,]" =0. Equating the
n=0 n=0 n=0

CO a,
coefficients to zero, we find the recurrence relation a,,, = ——"——,n=0,1,...
(n +2)(n+ 1)

29 (b). The recurrence relation in part (a) leads us to
=w'a,/2, a,=w'a,/12=w'a, /24, a,= w’a, /30=w’a, /720, ...
=wa, /6, a;,=w'a, 120=w'a, /120, a, = w’a, / 42 = w’a, /5040, ...
(or)’ L (o )* y o)’ (o)  (ar)’  (on)

oo+ A or + + + +--1].
2 24 720 [0 6 120 5040

By Exercise 28, y,(f) = coshar and y,(#)=sinhor.
30 (a). y(1)= JZW 'AA+C = Er +C, y(0)=C=1= y(1)= 1+2t" g
n=1 -
30 (b). R=1.
1

30 (c). y(1)= :

Thus, y(#)=a,[1+

=
31 (a). Consider the function given by y’(f) = 2 (

n=0

, y(I) =1. Integrating the series termwise,

n+l

we obtain y(#)=C + 2 . Imposing the condition y(I) =1, it follows that C =1.

=0 1)‘

r—1
Adjusting the index of summation, we can write y(7) =1+ Z (1= 2 ( )

n=1
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n‘(t l)n+1
(n+D!(t-1)"

r—1
n+l

31 (b). Applying the ratio test, lim

n—oo

= 0. Therefore, the radius of

n—>oo

convergence is R=oo.
31 (c). From the power series (7a), we see that y(7)=e'"

32 (a). y(r)——1+j 2( " —d/l——1+2( )"

t . nflﬁ__ N _ nﬁ
n=0 ( 1)'__1—}_2(_1) - {1—'—2( 1) n'}

tn+1 n+1 ) tn
RN ALY Ly == (D" +1=1+ 1”+l .
y 2( '~ Then, y() Z( S D Z( ) = 20
32 (b). R=oo.
32 (c). y(=e".
l n

33 (a). Consider the function given by y’(¢) = Z( 1" !, y(1)=0. Integrating the series

n=2 '

. (t )n+1

termwise, we obtain y(#)=C + -1
¥ (1) Z( S D)

that C =0. Adjusting the index of summation we can write

1
Y e
( 1)n+ln'(t 1)n+l

. Imposing the condition y(1) =0, it follows

33 (b). Applying the ratio test, lim =0. Therefore, the radius of

ol (=)' (n+DI(=D" | no=|n+1
convergence is R=oo.
- t—1)"
33 (c). From the power series (7a), we see that Z(—l)" % =e """ Thus,
n=0 n
t—1 t—1
1- ( T ) ( ) Z( 1) =e¢ " Or, using the results of part (a),
=D . (t—l) oD =
1- - = y(t
1! 2! y(®.
2n+1
34 (a). y(f)= j 2( )" s2"ds = 2( -
1 n+1 2n+3 2 +1
34 (b). lim () @n+D)_ \t\<1:>R_1

”4)00| ( 1)n 2n+1(2n+ 3) |
34 (c). y(f)=tan"'(¢).
' = 1"
35 (a). Consider the function y(r) where JO y(s)ds= Z—. Differentiating both sides, we obtain
n

n=l1

y(t)= Z "' . Adjusting the index of summation, we can write y(f)= 2 t".
n=l n=0
n+l

t
35 (b). Applying the ratio test, hm —| | Therefore, the radius of convergence is R=1.

- 1
35 (c). From the power series (7d), we see that y(7) = Z "= l_t
n=0 -
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36.

37.

38.

Assume there is solution of the form y(7) = Z a,t" . Differentiating, we obtain
n=0

Y=Y na"" and y”()= Y n(n—Da, "> =D (n+2)(n+1a, 1", 1y’ =D na,t".
n=1 n=2 n=0 n=0

Therefore, 2[(n +2)(n+1Da,,,—(n+1a,l]t" =0.Equating the coefficients to zero, we find
n=0

+1
the recurrence relation a, ., = (n+Da, =% The recurrence leads us to
n+2)(n+1) n+2
) a a4, 4 a; _4q
a:—’a——,a:—:—,a:—:—
277 37 4 8777 5 15
£t £
Therefore, y(f)= a1+ —+—+.;+ayt+—=+—+ .. y0)=qg,=1, y(0)=q =-1.
2 8 3 15
£t £
Finally, y(f)=1+ —+—+ ..;—t+—+—+ ...;.
mayy(){ 278 }{ 3015

Consider the initial value problem y”’ +#y'—2y =0, y(0)=0, y’(0) =1 and assume there is

solution of the form y(#) = Z a,t" . Differentiating, we obtain
n=0

V()= Z na,t"" and y”(1)= Zn(n —1)a,t"~* . Inserting these series into the differential
n=1 n=2

equation, we have 2 n(n—Da,t" >+ IE na,t"" - 22 a,t" =0.Making the change of index

n=2 n=l1 n=0

k = n—2 in the series for y”’(r), we obtain Z(n +2)(n+1a,,,t" +Z na,t" — 22 a,t"=0,or

n=0 n=1 n=0

2[(11 +2)(n+Da,,, +(n—2)a,]t" =0.Equating the coefficients to zero, we find the

n=0
. —(n-2)a,
recurrence relation a,,, =—————"—,n=0,1,... The recurrence leads us to
(n+2)(n+1)

a,=2a,/2=a,, a,=0a,/12=0, a,=-2a, /30=0, ...
a,=a, 16, a;=-a,/20=-qa, /120, a,=-3a,/42=a, /1680, ...
Imposing the initial conditions, we have g, =0 and g, =1. Thus,
3 5 7

t
YO =t+————+
6 120 1680

+ ...

Assume there is solution of the form y(#) = Z a,t" . Differentiating, we obtain
n=0

Y=Y na,"" and y7()= Y n(n—Da," > =D (n+2)(n+Da, 1" ty= D at"" =Y a 1"
n=2 n=0 n=0 n=1

n=1

Therefore, 2a, + Z[(n +2)(n+1a,,, +a, ]t" =0. Equating the coefficients to zero, we find

n=1

__an—l _

the recurrence relation a, , = ——*———, n=
(n+2)(n+1)

ghigeee



Chapter 10 Series Solutions of Linear Differential Equations * 275

39.

40.

The recurrence leads us to
:_—ao’ a, = —4 , a5 = 4 =0
3.2 4.3 5-4

r t
Therefore, y(1) = ao{l— 3 + } + al{t— T + }, a,=1, a,=2.

t3 t4
Finally, y(f)=1——+ ...p+ 24 t——+ ...;.
mally. 0= {1- 2o o

Consider the initial value problem y”’ + (1+¢)y"+y=0,y(0)=-1,y’(0) =1 and assume there

a,

is solution of the form y(¢) = Z a,t" . Differentiating, we obtain
n=0

V()= 2 na,t"" and y”(1)= Zn(n —1)a,t""* . Inserting these series into the differential
n=1 n=2

equation, we have 2 n(n—1a,t" > +(1+ t)z na " + Zant” =0 or

n=2 n=1 n=0

Zn(n —~Da, "’ +Z na " + 2(1 +n)a,t" =0.Making the change of index k=n—2 in the
n=2 n=1 n=0

series for y”’(f) and k =n—1 in the series for y’(z), we obtain

Y (n+2)(n+a, 1"+ (n+Da, " + D (1+n)a," =0, or
n=0 n=0 n=0
2[(n +2)(n+Da,,,+(n+1Da,, +(n+1a, lt" =0. Equating the coefficients to zero, we find
n=0

—-(n+1
the recurrence relation a, ., = (n+1a

— + 1 _ —
v~ (2 +1a, = %1~ % The recurrence leads us to
n+2)(n+1) n+2

a,=—(a,+a)/2, ay=—(a,+a,)/3, a,=—(ay+a,)/4=0, a;=—(a, +a,)/5.
Imposing the initial conditions, we have a,=—1and g, =1. Thus,
a,=0, a,=-1/3, a,=1/12, a;,=1/20 and so we find

1 1 1
D==l+t—=+—t'+—F +-.
Y 30 120 T 20

Assume there is solution of the form y(¢) = Z a,t" . Differentiating, we obtain
n=0

=3

V()= Z(n +Da,, t" and y” (1) = Z(n +2)(n+1a,,,t" . Inserting these series into the
n=0

n=0

differential equation, we have 2 {(n +2)(n+1Da
n=0

—3(n+Da,,, + 6an}t” = 0. Equating the

S5(n+1 -6
coefficients to zero, we find the recurrence relation a, ., = (n+1d,, 64, , n=0,1,2,.... The
(n+2)(n+1)

recurrence leads us to
_Sa,—6a, 5(2)-6(1)

_5(a,—6a, 102)-6(2) 4
a, > 5 _

e 3
5(a,—6a, 154/3)-6Q) 2 5(4)a,—6a, 20Q2/3)-6(4/3) 4

ay, > ds
4.3 12 3 5-4 20 15
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41.

4 2 4
Therrefore, y(f)=1+2t+2¢ +§t3 +§t4 4+ —F 4.

15
Consider the initial value problem y”’—2y"+y=0,y(0)=0,y’(0) =2 and assume there is

solution of the form y(#)= Z a,t" . Differentiating, we obtain
n=0

V()= Z na,t"" and y”(1)= Zn(n —1)a,t"~* . Inserting these series into the differential
n=1 n=2

equation, we have 2 n(n—1la,t" > - 22 na, " + Zant” = 0. Making the change of index
n=2 n=l1 n=0

k =n—2 in the series for y”’(#) and k = n—1 in the series for y’(¢), we obtain

Y (n+2)(n+a,, " =2 (n+1a, "+ Y,a,t" =0, or
n=0 n=0 n=0
2[(;1 +2)(n+Da,,,—2(n+1a,,, +a,l]t" =0. Equating the coefficients to zero, we find the
n=0
2(n+1 -
recurrence relation a,,, = (n+Dad,, a, . The recurrence leads us to
(n+2)(n+1)
a,=Q2a,—a,)/2, a;=(4a,—-a,)/6, a,=(6a,—a,)/12, a;=(8a, —a;)/20.

Imposing the initial conditions, we have a,=0 and g, =2. Thus,

1 1
a,=2, a;=1, a,=1/3, a;=1/12 and so we find y(t)=2t+2t2+t3+§t4+Et5+---.

Section 10.2

1.

Consider the differential equation y” + (sect)y’ + #(t* — 4)~'y = 0. The coefficient function
p(t) =sect is not analytic at odd integer multiples of 7 /2. Thus, in the interval —10< <10,
3t | Sm

p(1) is not analytic at + %, + - + > Similarly, the coefficient function g(¢) = #(t* — 4)" is

not analytic at =12 . These 8 points are the only singular points in —10 < 7<10.

The function p(t) = £ is not analytic at #=0. The function ¢(#) = sint is analytic everywhere.
Therefore, =0 is the only singular point in =10 << 10.

Consider the differential equation (1—#°)y”’ +ty’ + (cscf)y = 0. Putting the differential
equation into the form of equation (1), we see that the coefficient function p(f)=t(1—t*)" is
not analytic at 7= %1. Similarly, the coefficient function ¢(f) = (csc£)(1—¢*)"" is not analytic at

integer multiples of 7 or at #=*1. Thus, in the interval —10 < # <10, the singular points are
givenby t=0,=1,+ 7, +27,+37.

t
3
The function p(?) = 'e is not analytic at t=0, + E, tr, £t—, X2, = 5—”, +3m.The
sin2t 2 2 2

t

function ¢(f) = —————— is also not analytic at t= %5 . Therefore,
1= o5 P52t y
3 5

t=0, £ r +r, i—ﬂ, +2x, _7r’ + 37w, £ 5 are the singular points in =10 <7< 10.

2’ 2
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10.

11.

12.

13 (a).

Consider the differential equation (1+ 1n| t|) y” +y’ +(1+¢)y=0.Putting the differential
equation into the form of equation (1), we see that the coefficient function p(#)= (1+ ln| t|)_1 is
not analytic at =0 or at t=+e"". Similarly, the coefficient function g(¢)=(1+£*)(1+ 1n| t|)"1
is not analytic =0 or at = te'. These three points are the only singular points in the interval
-10<1<10.

t
The function p(f) = —- is not analytic at #=0. The function g(¢) = tant is not analytic at

1+
3 5 3 5
t= iz, i—n, i—n,... . Therefore, t= 0, iz, i—ﬁ, i—nare the singular points in
2 2 2 2 2 2

-10<t<10.

Consider the differential equation y”” +(1+2£) "'y’ + #(1—*)"'y = 0. Since the coefficient
functions are rational functions, each is analytic with a radius of convergence R equal to the
distance from #, =0 to its nearest singularity; see Figure 10.2. The only singularity of
p(t)=(1+21)"is t=—1/2 while the only singularities of g(f) = #(1—¢*)"" are t=%1. Thus, the
radius of convergence of the series for p(¢) is R=1/2 while the series for g(¢) has radius of
convergence R=1. The given initial value problem is guaranteed to have a unique solution that

is analytic in the interval —1/2<t<1/2.

2
p()=4(1-9¢)" and ()= t(1-9¢*)™" are not analytic at =+1/3. Thus, for t,=1, R= 3

Consider the differential equation y”” + (4 —3¢)"'y” + 3#(5 + 301)"'y = 0.. Since the coefficient
functions are rational functions, each is analytic with a radius of convergence R equal to the
distance from #, = —1 to its nearest singularity; see Figure 10.2. The only singularity of

p(t)=(4—30)"is t=4/3 while the only singularity of g(f)= 3¢5+ 30¢)"is t=-1/6. Thus,
the radius of convergence of the series for p(¢) is R= |— 1-(4/3) | =7/3 while the series for
q(?) has radius of convergence R = |— 1-(-1/6) | =5/6. The given initial value problem is
guaranteed to have a unique solution that is analytic in the interval =5/6<t+1<5/6.

p(t)=(1+4+)"" is not analytic at 7= ié and g(f)=t(4 + )" is not analytic at t=—4 . Thus,

for 7,=0, R:%.

Consider the differential equation y” +(1+3(t—2))"'y’ +(sinf)y = 0. The coefficient function
p(t)=(3t—5)"" is a rational function and is analytic with a radius of convergence R equal to
the distance from #, =2 to its nearest singularity; see Figure 10.2. The only singularity of
p(t)=(3t— 5)"is t=5/3. The other coefficient function, q(t) = sint, is analytic everywhere
with an infinite radius of convergence. The radius of convergence of the series for p(?) is

R= |2 -(5/3) | =1/3. Therefore, the given initial value problem is guaranteed to have a unique
solution that is analytic in the interval —1/3<7-2<1/3.

p(t)=(t+3)1+¢)" is not analytic at =i and g(¢) = ¢* is analytic everywhere. Thus, for
t,=1, R=12.

Consider the differential equation y”’ +#y” + y =0. Let the solution be given by y(#) = Z at".
n=0

Differentiating, we obtain y’(¢) = 2 na,t"" and y”(t)= Zn(n —Da,t" .
n=2

n=1
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Inserting these series into the differential equation, we have

Zn(n —Da, " + thant”’l +2 a,t"=0 or Zn(n ~Da, " +2 na,t" +Zant" =0.
n=l1 n=0 n=0

n=2 n=2 n=l1

Adjusting the indices, we obtain Z(n +2)(n+1a,,,t" +2 na,t" +2 a,t"=0 or

n=0 n=l1 n=0

2a, +a, + i[(n +2)(n+1a

n=1

.o H(n+1Da, Jt" = 0. Consequently, the recurrence relation is

givenby a,=—q,/2and a,,=-a,/(n+2), n=1,2,....
13 (b). The recurrence leads us to
a,=-a,/2,a,=—a,/4=aq,/8,...
a,=—a,/3,a;,=—a,/5=aqa,/15,...

Thus, the general solution is
2 4 3 5

y(t)=ao[l—%+%—---]+q[t—%+f—5—---]=yl(t)+y2(t).

13 (c). Since the coefficient functions are analytic for —eo < f < oo, the series converges for —eo <t < oo,
13 (d). The coefficient function p(7)=t is odd and the coefficient function ¢(7) =1 is even. Therefore,

Theorem 10.2 guarantees that the given equation has even solutions and odd solutions.

14 (a). 2[(n +2)(n+1Da,,, +2na, +3a,]t" =0. Consequently, the recurrence relation is given by
n=0
—(2n+3)a,
Qi =7"-" >N
(n+2)(n+1)
14 (b). The recurrence leads us to
a,=-3a,/2,a,=-5a,/6, a,=-"7a,/12="Ta,/8, a;=-9a,/20=3q,/8 ...
a,=—a,/3,a;,=-a,/5=aqa,/15,...
Thus, the general solution is
3 Tt 50 3¢
N=al-—+——-1+qt——+——-].
y()ao[zg]%[68]

14 (c). Since the coefficient functions are analytic for —eco < f < oo, R=1o0,

14 (d). p(#)=2t is odd and ¢(¢) = 3 is even. Therefore, Theorem 10.2 guarantees that the given
equation has even solutions and odd solutions.

15 (a). Consider the differential equation (1+¢*)y”” +ty’ +2y = 0. Let the solution be given by

=0,1,2,....

y(t)= Zant" . Differentiating, we obtain y’(f) = 2‘4nant"’l and y”’(1)= Zn(n —Da,t" .
n=2

n=0 n=1

Inserting these series into the differential equation, we have

(1+2)Y n(n=Da, "> +1Y na, " +2) a,i" =0 or
n=2 n=1 n=0

2 n(n—1a,t" >+ 2 n(n—1a,t" +2 na,t" +22 a,t" =0. Adjusting the indices, we obtain

n=2 n=2 n=l1 n=0

Z(n +2)(n+1Da,,,t" +Z n(n—1a,t" +2 na,t" +22 a,t" =0. Consequently, the recurrence
n=0 n=2 n=l1 n=0
relation is given by a, =—a,,a,=—a, /2, and a,,,= —(n* + 2)a, /I[(n+2)(n+1)], n=2,3,....

n+2
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15 (b). The recurrence leads us to
a,=—a,,a,=—a,/2=a,/2,...
a,=—a,/2,a,=-1la,/20=11q,/40,...
Thus, the general solution is
YO =afl-f+ o Jrai= e B oy 04 a0
0 ) 1 ) 40 1 2\*)-

15 (c). The coefficient functions p(¢) = #(1+ )" and g(¢) = 2(1+*)™" fail to be analytic at = =i.
Therefore, the radius of convergence for each coefficient function is R =1. Consequently,
Theorem 10.1 guarantees that the power series solution converges in the interval —1<7<1.

15 (d). The coefficient function p(f)=t(1+¢*)™" is odd and the coefficient function g(¢) =2(1+¢*)" is
even. Therefore, Theorem 10.2 guarantees that the given equation has even solutions and odd
solutions.

16 (a). 2[(n +2)(n+Da,,,—5mn+1Da,, +6a, lt" =0.Consequently, the recurrence relation is given
n=0
S5(n+1a,, —6a,
by an+2 =
(n+2)(n+1)
16 (b). The recurrence leads us to
a,=(5a,—6a,)/2=>5a,/2-3a, ,a,=(5(2)a,—6a,)/(3-2)=19q, /6 —5aq,
Thus, the general solution is

,n=0,12,....

2

y(t)=a0[1—3t2—5t3—---]+a1[t+57+

194

+]

16 (c). Since the coefficient functions are analytic for —eco < f < oo, R=1o0,
16 (d). p(#)=-5 and ¢(7) = 6 are both even. Therefore, Theorem 10.2 does not apply.
17 (a). Consider the differential equation y”’—4y” + 4y =0. Let the solution be given by

y(t)= Zant" . Differentiating, we obtain y’(f) = 2‘4nant"’l and y”’(1)= Zn(n —Da,t" .
n=0 n=1 n=2

Inserting these series into the differential equation, we have

2 n(n-1a,t" > - 424luznzf”’1 +4Z a,t" =0. Adjusting the indices, we obtain

n=2 n=l1 n=0

Z(n +2)(n+1a, t" - 42(11 +1Da,,,t" +4Z a,t" =0. Consequently, the recurrence relation
n=0 n=0 n=0
is givenby a,,,=[4(n+1Da,, —4a,]/[(n+2)(n+1)], n=0,1,....

n+2 —
17 (b). The recurrence leads us to
a,=2a,-2a,,a,=8a,—4a)/6=(16a,-16a,—4a,)/6=2a,-(@8/3)a,,...
Thus, the general solution is
3

8t
y(t) = a,[1-2¢ —T+---]+al[t+2t2 +26 1= y,(6) + y,(D).

n+l

17 (c). The coefficient functions are constant and hence analytic everywhere. Consequently, Theorem
10.1 guarantees that the power series solution converges in the interval —co <t < oo,
17 (d). The coefficient function p(f)=—4 is even and hence Theorem 10.2 does not apply.
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18 (a). 2[(11 +2)(n+Da,,, +(n+Dna,, +a ]t" =0.Consequently, the recurrence relation is given
n=0

—[(n +Dna, ., + an]
b3’ an+2
n+2)(n+1
18 (b). The recurrence leads us to
—a, -l@Wa, +a] a, q -®@)a,+a,] a, aq
a2 = ,a3 =—-—, a4 = =—— 4 2
2 3.2 6 6 4.3 8 12
Thus, the general solution is
£ 3 3 4
N=a)l-————--- +alt——+—+-
y()ao[26 ]aq[612 -]

1
18 (¢). q(t) = 147 is not analytic atr=—-1, R=1.

1
18 (d). g(1) = Tes is neither even nor odd. Therefore, Theorem 10.2 does not apply.
19 (a). Consider the differential equation (3+ ¢)y”’ + 3¢y’ + y = 0. Let the solution be given by

y(t)= Z a,t" . Differentiating, we obtain y’(f) = 2 na,t"" and y”(t)= Zn(n —Da,t" .
n=0 n=l1 =
Inserting these series into the differential equation, we have

(3+t)2n(n Da,t*" 2+3t2na " 1+§:a t"=0 or

n=2

32 n(n—1a,t" > + Zn(n Da, " +3Z na,t" +Za " =0. Adjusting the indices, we obtain

n=1

32(11 +2)(n+1Da,,,t" +2(n +Dna,,,t" +32 na,t" +2 a,t" =0. Consequently, the
n=0 n=l1 n=1 n=0
recurrence relation is given by
a,=-a,/6and a, ,=—[n(n+a, +Bn+Da,l/[3(n+2)(n+1)], n=12,....
19 (b). The recurrence leads us to
a,=-a,/6,a,=—2a, +4a,))/18=—(-2a,/6+4a,)/18=(a,—12a,) /54 ,...

Thus, the general solution is
2 3 3

2
y(t)=ao[l—%+5t—4+-~]+al[t—?t+---]=yl(t)+y2(t).

19 (c). The coefficient functions p(f)=3t(3+¢)"' and g(¢)= (3+1)"" fail to be analytic at t=-3.
Therefore, the radius of convergence for each coefficient function is R = 3. Consequently,
Theorem 10.1 guarantees that the power series solution converges in the interval -3 <7< 3.

19 (d). The coefficient function p(f)=3#3+ )" is neither even nor odd. Therefore, Theorem 10.2
does not apply.

20 (a). Z[Z(n +2)(n+1Da,,,+n(n—1a, +4a,]t" =0.Consequently, the recurrence relation is given
n=0

—[n(n -+ 4]%
2n+2)(n+1)

by an+2 =
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20 (b). The recurrence leads us to

q 4 q
azz_ao’a3:_§’ a4:Z, aszﬁ
Thus, the general solution is
t4 3 5
N=al-+——-]+a[t——+—+--].
y(0)=al g lrali- oot
20 (c). R=+/2.

20 (d). p(#) =0 can be considered odd and ¢(?) = is even. Therefore, Theorem 10.2 guarantees

2
" +2
that the given equation has even solutions and odd solutions.

21 (a). Consider the differential equation y”’ + ¢’y =0. Let the solution be given by y(#) = Z at".
n=0
Differentiating, we obtain y’(¢) = 2 na,t"" and y”(t)= Zn(n —1)a,t"~* . Inserting these
n=1 n=2
series into the differential equation, we have 2 n(n—Na,t" > +1 Z a,t" =0 or
n=2 n=0

2 n(n—1a,t"> +2 a,t"*”* =0. Adjusting the indices, we obtain

n=2 n=0

Z(n +2)(n+1a,,,t" +Z a, ,t" =0. Consequently, the recurrence relation is given by
n=0 n=2

a,=0,a,=0, and a,,,=-a, ,/[(n+2)(n+1)], n=2,3,....
21 (b). The recurrence leads us to
a,=0,a,=0,a,=-a,/12,a, =—a, /20,...

Thus, the general solution is
4 5

t t
y(t)=aO[l—E+---]+al[t—%+---]=yl(t)+y2(t).

21 (c). The coefficient functions are polynomials and hence analytic everywhere. Consequently,
Theorem 10.1 guarantees that the power series solution converges in the interval —co <t < oo,
21 (d). The coefficient function p(f)=0 can be considered an odd function while g(¢) = ¢’ is clearly

an even function. Therefore, Theorem 10.2 guarantees that the given equation has even
solutions and odd solutions.

oo

22 (a). 2[(n +2)(n+1Da,,, +na, +a,l](t—1)" =0. Consequently, the recurrence relation is given by
n=0

— +1 —

g =—tba, =4, o5
n+2)(n+1) n+2

22 (b). The recurrence leads us to

4

G L __h_G a_a

’ ‘13 — T T, Cl4 - = . (15 = — =
2 3 4 8 5 15
Thus, the general solution is

y(t)=a0[l—(t_1) =D +_“]+a1[(t_1)_(t—l) G

2 8 3 15
22 (c). The coefficient functions are analytic everywhere. Consequently, R =co.

a,=-—

1.
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23 (a).

Consider the differential equation y”’+ y =0. Let the solution be given by

y(z) = Zanz” where z=t—1. Differentiating, we obtain
n=0

y(z)= Z”%ZH and y”(z)= En(n - l)anz”’2 . Inserting these series into the differential
n=1 n=2

equation, we have Z n(n-1a,z"" +2 a,z" =0. Adjusting the indices, we obtain
n=2 n=0

2 (n+2)(n+Da,,,z" +2 a,z" =0. Consequently, the recurrence relation is given by
n=0 n=0

a,.,=—a, l[(n+2)(n+1)], n=0,1,....

n+2

23 (b). The recurrence leads us to

a,=—a,/2,a,=-a,/12=a,/24,...
a,=-a,16,a;,=—a,/20=aqa, /120,...
Thus, the general solution is
2 4
(=1 (=1
24

(=D (=D

6 120 -

y()=ay[l- +- ]+ al(t—1)—

23 (c). The coefficient functions are constants and hence analytic everywhere. Consequently, Theorem

24 (a).

24 (b).

24 (c).
25 (a).

10.1 guarantees that the power series solution converges in the interval —eco < f—1< oo,

oo

2[(n +Dna, ,—(n+2)(n+a,,+m+Da,, +a,l](t—1)"=0.Consequently, the recurrence
n=0

.. n+D*a  +a
relation is given by a, ., = ( ) sy ~.n=0,12,....
(n+2)(n+1)
The recurrence leads us to
_ata, a @ a, _da,ta, a  q

a, + , A3 = =
2 2 2 3-2 2 3
Thus, the general solution is
2 3 2 3
(t=1) +(t 1) e (r=1) +(t D e
2 3 2 2

1
p(H=q(t)= ﬁ are not analytic at #=2. Consequently, R=1.

y()=ay[l+ 1+ al(t-1)- 1.

Consider the differential equation y”"+y" +(t—2)y=0 or y”+y +[(t—1)—1]y=0. Let the

solution be given by y(z) = Zanz” where z = t—1. Differentiating, we obtain
n=0

y(z)= Z”%ZH and y”(z)= En(n - l)anz”’2 . Inserting these series into the differential
n=1 n=2

equation, we have 2 n(n—1a,z" > + Z na, 7" + z:anz"+1 —2 a,z" =0. Adjusting the
n=1 n=0

n=2 n=0

indices, we obtain Z(n +2)(n+1a,,,z" + Z(n +Da, 7"+ Zanqz" —2 a,z"=0.
n=0 n=0 n=l1 n=0

Consequently, the recurrence relation is given by

a,=(a,—a)/2and a, ,=—[(n+Da, ,—a,+a, ]l/[(n+2)(n+])], n=12,....
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25 (b). The recurrence leads us to
a,=—Qa,—a,+a,)/6=—(a,—a,)/3,...
Thus, the general solution is

_ (t—1)2_(t—1)3 ~ _(t—1)2 (t-1)°
y() =ay[l+ > 3 +- 1+ aql(t—1) > + 3 +---].

25 (c). The coefficient functions are polynomials and hence analytic everywhere. Consequently,
Theorem 10.1 guarantees that the power series solution converges in the interval

—co < f—1< oo,
2 2
26.  a,=TTH)A oo
(n+2)(n+1)
16
For u=35, a,=-4a,, a;= s 4= dy = =0, T,(=qa[t—4 +%7].
Set T,()=a[l—4+%]=1= q, =5. Therefore, T,(t) =161 — 201’ + 5¢
For =6, a,=-18a,, a, = 48a,, a, =-32a,, T,(1) = a,[1-181" + 48" — 32{°]; a,=-1.
Therefore, T,(t) = 32— 481" +18¢7 -1
27 (¢).
T, (L)
24 Tz(t)
3 3

N A

ANANIAY I
VARV

-2
27 (d). [Ty(0]<1 for —1<7<1. Forlt>1, lim|T,(1)|=eo.

28 (a). 2[(n +2)(n+Da,,, —n(n—1)a, —2na, + u(u +1)a,]t" = 0. Therefore the recurrence relation
n=0
+1)— +1
s q D p+la, o,
(n+2)(n+1)

28 (b). When u=N, a,,,=ay,, = ay,,=...=0. Therefore, if 4 =2M ,a polynomial solution of the

form a, + a,t’ + ...+ a,, " exists, while if 4 =2M +1, a polynomial solution of the form

2M +1

at+alt’ +..+a,, exists.
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28 (c).

28 (d).

29 (a).

29 (d).

30 (a).

30 (b).

33.

34.
35.

If u=0andy=1, (1-£)(0)—210)+0(1)=0.
If u=landy=t, (1-¢*)(0)—2:(1)+12)(¥)=0.

If u=2, a_, = [n(n+1)—6]a,

(n+2)(n+1)
_[n(n+1)—12]a,

3 1
=S P()==1t——.
(1) 2 >

5 3
If u=3, a,,,= = P(H==1—=t.

(n+2)(n+1) 2" T2
1)-20 35 15 3
Ifu=4, a, = n(n +1) = 20la, =P (="t -—1r+=.
(n+2)(n+1) 8 478
+1)—30 63 35 15
If u=s, o =0 ¥D=300a, . 035 35, 15
(n+2)(n+1) : 8 4 8

Consider the differential equation y’’ —2zy” + 21y = 0. Let the solution be given by

y(t)= Zant" . Differentiating, we obtain y’(f) = 2‘4nant"’l and y”’(1)= Zn(n —Da,t" .
n=0 n=1 n=2

Inserting these series into the differential equation, we have

2 n(n-1a,t" > - 22 na,t" + 2/12 a,t" =0. Adjusting the indices, we obtain

n=2 n=l1 n=0

Z(n +2)(n+1a,,t" — 22 na,t" + 2,112 a,t" =0. Consequently, the recurrence relation is
n=0 n=l1 n=0

given by a, =—pua, and a,,,=2n—-2u)a, /[(n+2)(n+1], n=12,....

For u =2, the even indexed coefficients a, vanish when n > 2. From the recurrence relation,
H,(t)= a,—2a,t’ = —a,(2t’ —1). Choosing a,=-2 leads us to H,(t)=4t"—2.For u=3,the
odd indexed coefficients a, vanish when n > 3. From the recurrence relation,

H,(t)=at- (2/3)(11t3 =—q[(2/ 3)t’ — £). Choosing a,=—12 leads us to H,(t) = 8 —12¢.
Similarly, H,(f)=16¢" — 48+ +12 and H ()= 32+ —160t> +120¢.

Try y(1)= D a,t" = Y [(n+Dna,,, +(n+Da,, —a,l" =0.
n=0 n=0

oo n

a t
=a . = "— = y(f)=a, ) —— . By the ratio test, lim
n+l (n + 1)2 y(1) o; (n+ 1)2 y m

converges in —1<r<1.

Z_I‘H-l(n + 1)2
"(n+2)*

= and the series

Try y(¢) = iant" = i[n(n—l) +1]a,t" =0=[n(n—1)+1]a, =0.

n=0 n=0
o 1£v1-4 . P
The polynomial x“— x +1 has roots s Since there are no positive integer roots, the

factor [n(n—1) +1] is nonzero for all n=0,1,2,... Therefore, a, =0, n=0,1,2,... and y(#)=0,
The trivial solution results.

The coefficient function p(f)=sin¢ is odd and analytic everywhere. The coefficient function
g(t)=t" is even and analytic everywhere. Thus, Theorem 10.2(b) applies. The differential
equation has a general solution of the form (15).

No. p(t) =cost is even; g(t) =t is odd.

The coefficient function p(7) =0 can be regarded as a function that is odd and analytic
everywhere. The coefficient function g(f) = ¢ is even and analytic everywhere. Thus, Theorem
10.2(b) applies. The differential equation has a general solution of the form (15).
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36.
37.

38.
39.

40 (a).

40 (b).

40 (c).

No. p(f)=1 and ¢(f) = ¢* are both even.

The coefficient function g(#) = ¢ is odd. Thus, Theorem 10.2(b) does not apply.

No. p(f) = e' is neither even nor odd and ¢(f) =1 is even.

Consider the differential equation y”’ + ay” + by = 0. The coefficient function p(¢)= a can be
regarded as an odd function if a =0, but is even if a is nonzero. The coefficient function

q(t) = b is even. Both coefficient functions are analytic everywhere. Thus, Theorem 10.2(b)

applies if a=0 and b is arbitrary.
p(0=0, ()=

R The denominator of g(#) vanishes at t=+i = R=1.

y(t)= iant” = i[(n +2)(n+Da,,,+n(n—a, +a,l]t"=0

_ _ nn—-1)+1
(n+2)(n+1)

an +2
a,

= lim

n—>oo

=r(n)=mn+2)(n+1), s(n)=n(n—1)+1. Then lim

n—oo

=1. Therefore,

the series diverges for ‘tz‘ >1= | > 1 by the Ratio Test.

No contradiction. The unique solution of the initial value problem exists for —eo < f < oo, but its
Maclaurin series has a radius of convergence R=1.

Section 10.3

1 (a).
1 (b).

2.

N+ R2a+1-DA+a* =1V =200 +a*=0
Using the technique in Section 4.5, the general solution is y = ¢,#* +¢,* Int,£>0.
W= t’ cos(01nt) ' sin(d1n¥)

e [ycos(Slnf)—Ssin(SIns)]  #'[ysin(Slnf) + Scos(Slnt)]
in0<t<oosince d#0.
When put in standard form, the differential equation is y”/ —4¢ 'y’ +6¢ 7y =0. Thus, £, =0 is

=720

the only singular point. The characteristic equation is A*—5A +6 =0 which has roots

A, =2 and A, =3.Hence, the general solution is y =¢,t* +¢,t’,t#0.

t, = 0. The characteristic equation is * — A —6 =0 which has roots 4, =—2 and A, =3.
Hence, the general solution is y =t~ +c,t°,t#0.

When put in standard form, the differential equation is y”/ — 3¢y’ + 4¢ 7y =0. Thus, £, =0 is
the only singular point. The characteristic equation is A* —4A + 4 = 0 which has roots

A, =2 and A, =2.Hence, the general solution is y = ¢’ +c,t’ 1n| t),t#0.

t, = 0. The characteristic equation is A*—2A +5 =0 which has roots

A, =1+2iand A, =1-2i.Hence, the general solution is y = ¢,zcos(21n[f]) + c,tsin(21n|f), = 0.
When put in standard form, the differential equation is y”/—3¢™'y’ +29¢ 7y =0. Thus, £, =0 is

the only singular point. The characteristic equation is A* — 4 +29 = 0 which has roots
A, =2+5iand A, =2-5i.Hence, the general solution is

y=c,t*cos(5n|t]) +c,* sin(SIn| ¢]), £ 0.
t, = 0. The characteristic equation is A* — 61 +9 =0 which has roots A, = A, = 3. Hence, the
f,t#0.

general solution is y = ¢,#’ +¢,t’ In
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9. When put in standard form, the differential equation is y” + 'y’ +9¢ 7y =0. Thus, #,=0 is
the only singular point. The characteristic equation is A* +9 =0 which has roots
A, =3iand A, =-3i. Hence, the general solutionis y =c, cos(3ln| t|) +c, sin(31n| t),t#0.

10. t, = 0. The characteristic equation is A* +2A +1=0 which has roots A, = A, =—1. Hence, the
general solution is y = ¢t +c,t ' In|d, 1 0.

11.  When put in standard form, the differential equation is y’’ + 3¢y’ +17¢ 7y =0. Thus, #, =0 is

the only singular point. The characteristic equation is A* +22 +17 =0 which has roots
A, =-1+4iand A, =-1-4i.Hence, the general solution is

y=c,t" cos(41n|t])+c,t " sin(41In|z),120.

12. t, = 0. The characteristic equation is A* + 104 +25 =0 which has roots A, = A, =-5. Hence,
the general solution is y = ¢t +c,t " In|f,t#0.

13.  Consider the differential equation y” +5¢'y’ + 40¢y = 0. We see that, #, =0 is the only
singular point. The characteristic equation is A* +4A + 40 =0 which has roots
A, =-2+6iand A, =-2-06i.Hence, the general solution is
y=c,t”cos(61n|t]) +c,¢ sin(61n| £]),1£0.

14. t, = 0. The characteristic equation is A? — 31 =0 which has roots A, =0, A, =3. Hence, the
general solution is y =c, +c,t°,t#0.

15.  When put in standard form, the differential equation is y”’—(t—1)"'y’ = 3(t—1)”y =0. Thus,
t, =1 is the only singular point. The characteristic equation is A>—2A —3=0 which has roots
A, =-3and A, =1.Hence, the general solution is y =¢,(t—1)* +¢,(t=1)", ¢t #1.

16.  t,=1.The characteristic equation is A* +2A +17 =0 which has roots
A, =-1+4i, A, =-1-4i.Hence, the general solution is
y=c,(t=1)"cos(4Inlt—1)) + c,(t—1)""sin(41Int = 1)),z # 1.

17.  When put in standard form, the differential equation is y”’ +6(t+2)"'y’ +6(t+2)y=0.
Thus, #, =-2 is the only singular point. The characteristic equation is A* + 54 + 6 =0 which
has roots 4, =-3 and A, =-2.Hence, the general solution is
y=c,(t+2)7 +c,(t+2)7, 1 2.

18. t, = 2. The characteristic equation is A? + 4 =0 which has roots A, =2i, A, =-2i.Hence, the
general solution is y = ¢, cos(2In|t—2|) + ¢, sin(21In|t - 2|), 2 # 2.

19.  From the form of the general solution, #, = -2 and the characteristic equation has roots
A, =1and A, =-2.Therefore, the characteristic equation is A> + A —2 = 0. Matching the
characteristic equation with the general form given in equation (3), we see that
a—1=1and B=-2.Thus, the differential equation is (#+2)°y” +2(t+2)y’ =2y =0.

20.  t,=1,A=00. ~A=0=>0a=1, f=0.

21.  From the form of the general solution, #, =0 and the characteristic equation has roots
A, =2+iand A, =2-i.Therefore, the characteristic equation is A>—4A + 5 =0. Matching
the characteristic equation with the general form given in equation (3), we see that
a—1=-4 and B=5.Thus, the differential equation is #’y’’ — 3ty + 5y =0.

22.  The characteristic equation has roots A, =2 and A, =—1. Therefore, the characteristic equation
is ’-~A1-2=0= a=0, B=-2. Thus, the differential equation is t*y”’ +ty’ -y = g(t). We
can determine the nonhomogenous term g(7) by inserting the given particular solution
v,(t)=2t+1.Doing so, we obtain £0)+12)—-2Qt+1)=-2t-2=g(1).
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23.

24.

25.

26.

27.

28.

29.

30.

31.

From the form of the general solution, the characteristic equation has roots A, =2 and A, =3.

Therefore, the characteristic equation is A* — 54 + 6 = 0. Matching the characteristic equation
with the general form given in equation (3), we see that ¢ —1=-5 and S=6.

Thus, the differential equation is t°y”" —4ty” + 6y = g(). We can determine the
nonhomogenous term g(¢) by insertlng the given particular solution y,(#) =In¢. Doing so, we
obtain £’y — 4ty + 6y, = g(t) or £*(—t>)—4#(t")+6Int= g(¢). Thus, g(f)=—5+6Inz.
Under the change of variable 7= ¢°, the differential equation transforms into

Y (z)-Y’(z)—2Y(z) = 2. The general solution is Y(z)=c,e* +c,e” 1= y=c/t" +c,t° —1.
Under the change of variable ¢= e, the differential equation #’y”’ —ty’ +y=1¢" transforms
into Y”(2)=2Y"(2) +Y(2) = (e*) " or Y (2)—2Y’(z) + Y (2) = e*. Solving this constant
coefficient equation using the techniques of Chapter 4, we find the general solution
Y(z)=ce” +c,ze" +0.25¢7°. Since z = Int, the solution can be converted to
y(t)=ct+c,tint+0.25¢".

Under the change of variable ¢ = e°, the differential equation transforms into

Y(2) +9Y(z) = 10e°.

The general solution is Y(z) = ¢,cos(3z) + ¢, sin(3z) +e* = y = ¢,cos(3In7) + c2 sin(3In¢) +¢.
Under the change of variable ¢= ¢, the differential equation #’y”’ —6y =10¢" —6 transforms
into Y”'(2)=Y’(2)—6Y(2) =10(e*) > =6 or Y”’(z)—Y’(z)— 6Y(z) = 10e>* — 6. Solving this
constant coefficient equation using the techniques of Chapter 4, we find the general solution
Y(z)=ce” +c,e* =2z +1. Since z=Int, the solution can be converted to

y(t)=ct’ +c,t” =27 Int+1.

Under the change of variable ¢ = e°, the differential equation transforms into

2. .77

1 5
Y’ (z)—5Y’(2) + 6Y(z) = 3z. Therefore, Y, = c,e™ +c,e™ , Y, =Az+B= Ez + 12

1 5 1 5
The general solution is Y (z) = ‘4 ezt —= P+t +—Int+—.
g (2)=ce” +c,e’ Sty =al vot o B

Under the change of variable ¢= ¢, the differential equation #*y”’ +8ty’ +10y = 36(t+ ™)
transforms into Y"’(z) + 7Y’(z) + 10Y(z) = 36(e* + ¢ ). Solving this constant coefficient
equation using the techniques of Chapter 4, we find the general solution

Y(z)=ce” +c,e +2e° +9e". Since z=Int, the solution can be converted to

y(O)=c it +c,t T +2t+917.

The complementary solution is y.(f)=c,t”' +c,t’. For a particular solution, use

y,(t)= At + B. Then, the general solution is y(f)=c,t”" +c,t’ —2¢t—2. Imposing the initial
conditions, we obtain y(l)=c¢,+c¢,—-2-2=1and y’(1)=—c, + 3¢, —2 = 3. Solving, we find

5 5
the solution of the initial value problem is y(#) = 5 1+ 5 t* —2t—2. The interval of existence

18 0<t<oo,

Consider the initial value problem #*y”’ — 51y’ +5y =10, y(1) = 4, y’(1) = 6. The complementary
solution is y.(f)= ¢, + c,t. By inspection, a particular solution is y,(f)=2. Thus, the general
solution is y(f) = ¢, + c,t +2 . Imposing the initial conditions, we obtain y(1)=¢, +c, +2=4

and y’(1) = 5¢, + ¢, = 6. Solving, we find the solution of the initial value problem is

y(t) = > 4+ t+2. The interval of existence is the entire 7-axis.
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32.  The complementary solution is y.(f)=c,t"' +c,t " In(—t) . For a particular solution, use
v,(t) = At+ B. Then, the general solution is y.(?) = clt"1 + czt_1 In(—7) +2¢+9 . Imposing the
initial conditions, we obtain y(-1)=-¢,—2+9=1and y'(-1)=—c, +¢c, +2=0.

Solving, we find the solution of the initial value problem is y(¢) = 61"+ 41 'In(—=£) +2¢+9.
The interval of existence is —eo < 1< 0.

33.  Consider the initial value problem #*y” + 31y’ + y=2¢",y(1)=-2,y’(1)=1. The
complementary solution is y.(f)=c,t”' +c,t ' Int. Using the change of variable = ¢ as in
Example 2, we find a particular solution y,(¢)=¢"'(Inf)*. Thus, the general solution is
y(t)= clt_1 + czt_1 Int+ ¢t '(In?)*. Imposing the initial conditions, we obtain y(I) = ¢,=-2 and
y'(1) =—c, +c, =1. Solving, we find the solution of the initial value problem is
y(£)==2t"—t"Int+¢"'(Inr)*. The interval of existence is the positive r-axis.
dy dyd; 1dy d* ldy 1d%1 1 (dzy dyj

4. == = =S

dt dzdt tdz dt t"dz tdz"t t'\dz dz
3 2 3 2 3 2
d—f = —%(d J dy) + %(d ); — d—);J = %[d ): — 3d—)2) + ZQJ Therefore,
dt t t'\dz7  dz '\ dz dz dz
&y &Y _dy [a’ZY de (dY
+p

t3y///+at2y//+ﬁt_y/+w:d_Z3_3d_Z2+2d_Z+a

— [+ =0
dz>  dz dj ¥

Z
3 2
:>d—§+(a—3)d f +([)’—oc+2)d—Y+yY:0.
dz dz dz

35.  Consider the differential equation 'y””” + 3t°y”’ — 3ty’ = 0. Assuming a solution of the form
y(t)= 7", we obtain the characteristic equation A’ =41 =0. The roots are
A,=0,4,=2and A,=-2.The general solution is y(f)=c, +c,t* +c,t ", t#0.

36. o=0, B=1, y=—1=Y"”-3Y” +3Y’—Y =0. The characteristic equation is
A =31 +31-1=(A-1)’=0. The roots are A, = A, = A, =1. Therefore,
Y =ce’ +c,ze" +ciz’et = y=ct+c,tint+cyt(Int)’.

37.  Consider the differential equation 'y””” + 3¢’y”’ +ty’ = 8¢ +12. Using the change of variable
t=e" as suggested in Exercise 34, the differential equation transforms to Y’”’(z) = 8¢> +12.
The general solution is Y(z) = ¢, + ¢,z +c5z” + e +27°. Using the fact that z = Int, the general
solution becomes y(#)=c, +c,Int+c,(In >+ +2(n7)’, t>0.

38. =6, f=7, y=1=Y"”+3Y"”+3Y"+Y =0. The characteristic equation is (1 + 1)’ =0.The
roots are A, = A, = A, =—1. Therefore,
Y.=ce +cze i teszle Y,=Az+B=Y=ce +cuze + czle +z-1
=y=ct ' +c,t ' Int+c,t”'(Inf)’ +Int—1.

Section 104

1. When put in standard form, the differential equation is y’’ +¢'(cost)y’ +¢ 'y =0.
Thus, #=0 is the only singular point. The coefficient functions are p(f) =t "'(cost) and

q(t)=1t". Clearly tp(t)=cost and ’q(f) = t are analytic. Therefore, =0 is a regular singular
point.
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sint A s
p(t) = — . Since tp(t) = ) =1 3 + T + ... and t°g(¢) =1 are both
analytrc at t=0, then t =0 is a regular singular point.
When put in standard form, the differential equation is y”’ +(t+1)"'y’ +(+*—=1)"'y =0. Thus,
t=1and r=-1 are singular points. The coefficient functions are p(¢)=(t+1)"' and
g(t)= (> =1)". Clearly (t—1D)p(t)=(t=1)(t+1)" and (t—1)°q() = (t—1)(¢+1)"" are analytic at
t=1. Therefore, =1 is a regular singular point. Similarly, #=—1 is also a regular singular
point.

p(H)=

t+1 1 1
2 = 2 and ¢(f)= ———.
( -1) (t=D(t+1) (t=D(t+1)

1 1
At t=-1, (t+)p(1) = — — and (t+1)’q(H) = — — as t — —1. Therefore, t=—1
(t+Dp(0) T~ 4 and (1+1)"g(1) - 4 as erefore

is a regular singular point.

1
At t=1, hm(t— Dp(t) = i m does not exist.. Therefore, =1 is an irregular singular
point.
When put in standard form, the differential equation is y’’ +¢>(1—cos#)y’ + 1>y =0. Thus,

t=0 is the only singular point. The coefficient functions are p(f)=t>(1—cos?) and g(f)=1".
3 5

t
Using a Maclaurin series, tp(f)=t"'(1—cost) = 7w + a is analytic at =0 as is
rqt)=1. Therefore, t=01isa regular singular pomt

p(t)=q()= | | Since neither #p(t) = | | nor t q(t) = | | are analytic at ¢ =0, there is an irregular

singular point at #=0.

When put in standard form, the differential equation is y”’ +(1—e')"'y’ +(1—¢")"'y=0. Thus,
t=0 is the only singular point. The coefficient functions are p(f)=(1-¢")™" and
q(t)=(1—e")"". Using a Maclaurin series,

£or B t 7 B
tp(H=tl-e)" = t[—t ———————— J = (—1 ———————— j is analytic at =0 as is £°q(?)..

21 3 21 3
Therefore, =0 is a regular singular point.
t+2 —1 1 1
p(t)= = and ¢(1) = Vi 2 7
2-H2+1n (-2 A4-1)y @=2)@t+2)
1 1
At t=-2,(t+2)p (t)—%—m and (1+2)°q(t) = (—2) %R as t — —2. Therefore,

t=-2 is a regular singular point.

1
At t=2, (t=2)p(t)=—1and (1—2)°q(¢) = — — as t — 2. Therefore, =2 is a regular

1
(t+2)* " 16

singular point.

When put in standard form, the differential equation is y”’ +(1— )"y’ +(1—1*)""ty=0.
Thus, t=1and ¢=—1 are singular points. The coefficient functions are p(#)=(1—¢*)"" and
q(t) = t(1—¢*)"'"". Neither of the functions (#+1)p(¢) or (t+1)*g(¢) is analytic at t=*1.
Therefore, =1 is an irregular singular point as is t=—1.
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10. p)=1, g(t)= £*. Since tp(t)=1t is analytic at =0, but tzq(t) = £ is not, there is an irregular
singular point at #=0.

11. For this problem, p(7) = (sin2¢)/ P(t). Since we know there are singular points at
t=0and r= %1, we know that P(7) must be zero at those points. Since #p(¢) is analytic at
t=0 and since (sin27)/¢ tends to 2 as ¢t — 0, it follows that #° is a factor of P(f). Similarly,
(t—1)p(¢) is not analytic at =1 and thus (#—1)* must be a factor of P(¢). The same argument
applies at =—1 and thus (¢+1)> must be a factor of P(¢).In summary,
P(t)=1(t=D*(t+ 1> =12 = 1)°.

12. P(t)=1.

13.  For this problem, p(f)=[tP()]"'. Since we know there are singular points at = %1, we know
that P(f) must be zero at t=*1. Since t’q(f)=1/1t, it follows [without any assumptions on
P(?)] that =0 is an irregular singular point. Since, (#—1) p(?) is not analytic at =1 it follows
that (#—1)* must be a factor of P(¢). The same argument applies at #=—1 and thus (¢+1)°
must be a factor of P(7).In summary, P(f)= (t—1)*(t+1)* = (£* = 1)°.

14(a). t=0 is aregular singular point if n=1.

14(b). =0 1s an irregular singular point if n =2.

15. For this problem, #p(f)=t/(sint) and #°g(f)=1/¢"">. Since t/(sin?) is analytic at t=0, it
follows that =0 is a regular singular point if n=0,1,2 and an irregular singular point if n > 2.

1 +1 1
16 (a). tp(t) = 5 and ’q(f) = tT - 5 as t — 0. Thus, =0 is a regular singular point.
16 (b). Substituting the series y = Zan 7*" into the differential equation, we obtain
n=0
2AA -1 =A+1layt" + D [2A +n)(A+n-1)=(A+n)+Da, +a, 1" =0. Therefore, the
n=1
indicial equation is F(1)=0 where F(A1)=2A>—31+1. The roots of the indicial equation are
1
A=—and 4,=1.
2
—a —a
16 (¢). a, = nl - n-l ,n=12,...
©. a, FA+n) 2A+n)’-3A+n)+1
For A, =1, the recurrence relation is a, = z_a”" ,n=12,.....
20+ n)" -30+n)+1
£

16(d). y()=aqy|t——+—=+--]|.

17 (a). For this problem, tp(f)=1 and #’q(t)= (t—1)/4 . Thus, t=0 is a regular singular point.

17 (b). Substituting the series y = Zan 7*" into the differential equation 4¢*y”" + 41y’ +(t—1)y =0,

n=0

we obtain (41° —1)a,t* + 2[(4(2, +n)* =1a, +a, ]t**" =0. Therefore, the indicial equation
n=l

is F(1)=0 where F(A1)=4A"—1.The roots of the indicial equation are
A=—1/2and A,=1/2.
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17 (¢). a

17 (d).
18 (a).

18 (b).

18 (¢). a

18 (d).

19 (a).
19 (b).

19 (¢). a
19 (d).

20 (a).
20 (b).

20 (¢). a

_ __an—l _ __an—l _
S FGan) a1 TR
For A =1/2, the recurrence relation is a, =—a, , /[4(n+ 05)°-1,n=12,.....
y(t) = a,[t"”* =1 /8) +(1/192)£" —--].

t 3
tp(t) = 6 and °q(t)= 6 Both limits exist as # — 0. Thus, #=0 is a regular singular point.

n

Substituting the series y = Zan r
n=0

[16A(A—1) + 3la,t" + D [16(A +n)(A+n—1)+3)a, +(A+n—1)a, 17*"" =0. Therefore, the

n=l

indicial equation is F(4) =0 where F(A1)=161>—161 + 3. The roots of the indicial equation

into the differential equation, we obtain

1 3
are 4, =7 and lzzz.
_ -A+n-Da,,  —-(A+n-Da,_ n=12....

n FA+n)  16(A+n)A+n—1)+3"
~(3/4+n-1a,

163/4+m)3/4+n—1+3""

g higeeegen

3 L
For A, = 2 the recurrence relation is a, =

7

ER A 7l‘]‘Tl
y(t)=a0[t4——+ +~--:|,t>0.

32 10240
For this problem, tp(f)=1 and £’q(f)=t—9. Thus, t=0 is a regular singular point.

n

Substituting the series y = Zan /*" into the differential equation 7*y”" + 1y’ +(t—9)y =0, we

n=0

obtain (1> — 9)a,t* + Z[((/l +n)*=9a, +a, ]7**" =0. Therefore, the indicial equation is
n=l1

F(A)=0 where F(A)=2>-9. The roots of the indicial equation are A, =—3 and A, = 3.
_ "% TA n=12
" F(A+n) (A+n)’-9 7777
For A =3, the recurrence relation is a, =—a, , /[(n+3)*=9],n=1,2,.....
y(t) = a,[t’ — A/ Dt +A/112) —---].
tp(t)=t+2 and £°q(f)=—t. Both limits exist as t — 0. Thus, =0 is a regular singular point.

n

Substituting the series y = Zan r
n=0

[AA=1)+24)a, " + 2{[(& +n+D)A+n)+2(A+n+1D]a
n=0
Therefore, the indicial equation is F(1) =0 where F(1)= A’ + 4. The roots of the indicial
equation are 4, =—land 4,=0.
—-A+n-1
n+l = ()‘ Z )an N 2071, 2’
A+n+2)A+n+1)

into the differential equation, we obtain

+(A+n-1a 3" =0.

n+l

—(n-1a,

—" - n=0,12,...,..
n+2)(n+1)

For A, =0, the recurrence relation is a, =
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t
20 (d). y(n= ao[l + E}
21 (a). For this problem, tp(f)= 3 and #’q(t)=2t+1. Thus, =0 is a regular singular point.
21 (b). Substituting the series y = Zan 7*" into the differential equation 1’y”" + 3ty + (2t +1)y =0,
n=0
we obtain (A’ + 24 + Dayt* + O [(A +n)* +2(A +n) +1)a, +2a, ,1¢*"" = 0. Therefore, the
n=1
indicial equation is F(1) =0 where F(1)=A*+2A +1. The roots of the indicial equation are
A=A,=-1.
-2 -2
21(c). @, =——nl_— Dol n=1,2,...
F(A+n) ((A+n)+1)
For A =-1, the recurrence relation is a, =—2a,_, /n*,n=12,....
21 (d). y()=a [t —2+1t—-].
22 (a). Both limits exist as t — 0. Thus, #=0 is a regular singular point.
22 (b). Substituting the series y = Zan 7*" into the differential equation, we obtain
n=0
[AA=D=A=3layt + D {[(A+n)*=2(A+n)-3)la, + (A +n—1Da, }t**" =0. Therefore, the
n=l1
indicial equation is F(4) =0 where F(A1)=A*—24— 3. The roots of the indicial equation are
A =-land A4,=3.
-A+n-1 -A+n-1
22 (¢). a, = A+n=Da,, (’12 na. g
F(A+n) A+n)" =2(A+n)-3
—(n+2
For A, =3, the recurrence relation is a, = M, n=12,...,.
nn+4)
3t P
22(d). y(h=ay| ' ——+—+|
(d). () o|: s 13 }
23 (a). For this problem, tp(f)=t—2 and t’q(f)= t. Thus, =0 is a regular singular point.
23 (b). Substituting the series y = Zan /*" into the differential equation ry”’ +(t—2)y’ +y=0, we
n=0
obtain (X’ = 30)a,* ™ + D (A +n+ DA +n-2)a, +a, 17" =0. Therefore, the indicial
n=0
equation is F(1) =0 where F(1)=A*—31. The roots of the indicial equation are
A, =0and A,=3.
-A+n+1 -A+n+1 -
23 (C)' anH = (l . )a” = (l . )a” = a” = 071, 27 oo
F(A+n) A+n+DA+n-2) A+n-2)
For A =3, the recurrence relation is a, =—a, ,/(n+1),n=0,1,.....
23 (d). y()=a,[t’ —t* +(1/2)t —---].
2
24 (a). tp(t)=— s’ —2ast—0 and £’g(t)=2+t—2ast—0.Thus, =0 is a regular singular

point.
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24 (b). 1’y =2sinty’ + 2+ 1)y = [2,(1 —~Da,t* +(A+DAg " + (A +2)(A +Da,t* ™ +-- ~]
3
—2[r— % + ...}[Moz“ +A+Dart + A +2)ar +- ]+ 2+ 0]att +aft + a7 + .. ]=0.
For 7': A(A—1a, - 2Aa, +2a,= (A’ =31 +2)a,= (A—1)(A-2)a, =
For /*": M(A+1)a, —2(A+1)a, +2a, +a0 [(A+1)(A—-2)+2]a, +a, _o.

For /"1 (A+2)(A+1)a,—2(A+2)a, +— M +2a,+a, =0.

Therefore, the indicial equation is F(A) = (/l 1)(A—=2)=0. The roots of the indicial equation
are A, =land A,=2.

£
24 (c). y(O=a)lt’ —————-- ]
25 (a). For this problem, tp(f) = 4 and t’q(t) = te'. Thus, =0 is a regular singular point.

25 (b). Given the series y = Zant’“” ,we have 1y’ = A(A—Da,/* ™ + (A +DAat* +
n=0
~4y" = da,l' " + (A +Dat* +---, and
=[1+t+(1/2)f +- ][aot + aW 1= a,t* +(a, + 1)t

Therefore, substituting the series into the differential equation 7y’ — 4 y’ +e'y =0, we obtain
AA=5)ayt* ™" +[(A+1)(A—4)+a,]t* +---=0. Therefore, the indicial equation is > —51=0.
The roots of the indicial equation are A, =0 and A,=5.

25 (c). y(t)=a,[t’ —(1/6)t°—(5/84)t" —--]

l+1

2

26 (a). tp(t) = —,L ——last—0 and ’q(¢) = — 0 ast—0.Thus, £=0 is a regular singular

Sin ¢ sin ¢
point.
26 (b). (sint)y”’ —y +y=
3 5
[r— % + % . }[/m “Day " + (A + DAa ™ + A+ DA+ Dyt + (A + A+ 2)ar " +-]
At + A+ Dat* + (/l +2)a, "+ |+ at +artt + a4 =0
For /"1 AMA—1Da,—Aa,= (A —21)a, = M(A—2)a, =0

For *: (A +1a, — (l +1)a1 +a,=(4 +1)(/1 Da,+a,=0.

1
For /":(A+2)(A+1)a, +(A+2)a, - gl(l —Da, +a,=A+2)a, +a - gﬂ,(/l -Da,=0
Therefore, the indicial equation is F(A) = A(A—2)=0. The roots of the indicial equation are

A, =0and A,=2.
£ #
26 t f——+—+
(©. y(@)=al Y -]
27 (a). For this problem, tp(f)=t/(2—2¢") and t°q(t)=1" /(1—e'). Thus, t=0 is a regular singular
point.

27 (b). Given the series y = Zan *", we have

n=0
(-e")y” =-AA—-Da,/' '[-0.5A4(A—Da, — (A +DAa]t* +---,
0.5y = O.S[Za()t’l_1 +(A+ l)alt’l 4]
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Therefore, substituting the series into the differential equation (1—e")y”” +(1/2)y"+y=0, we
obtain —A(A—1.5)a,t* " +[~(A +1)(A—0.5)a, +0.5(-A* + A +2)a,]t* +---=0. Therefore, the
indicial equation is A*—1.54 =0. The roots of the indicial equation are A, =0 and A,=1.5.

27 (¢). (0= ap[r" +(1/2)r"* = (17/96)t" +--]

Section 10.5

1 (a).

1 (b).

1 (c).
1 (d).

1 (e).

2 (b).

2 (c).

2 (d).

2 (e).
3 (a).

3 (b).

3 (c).
3 (d).

3 (e).

When put in standard form, the differential equation is y”’ —(2£)"'(1+#)y’ +1¢'y=0.
Therefore, =0 is a regular singular point.

n+i

Substituting the series y = Eant
n=0

QN - 3/1)(101‘H + Z[(l +n+1)Q2MA+n)-1a
n=0

Therefore, the exponents at the singularity are A, =0 and 1,=1.5.

The recurrence relationis a,,, =[(A +n—-2)a,]/[(A+n+1)Q2A+2n-1)], n=0,1,....

For A, =0, y = a,[1+2¢—¢’] is a polynomial solution.

For A,=3/2, y=a,[t’* = (1/10)£"* = (1/280)t"* —---].

Note that #p(¢) and #°q(¢) are analytic everywhere. Thus, see equations (18)-(21), the second

series found in part (d) converges for 0 < z.
Substituting the series into the differential equation, we obtain

into the differential equation, we obtain

—(A+n-2)a,]t"" =0.

n+l

n+l

[2AA=1) +5A]a, " +[24A + D) + 54 + D]ar* + D [2(A+n+ DA +n+5/2)a,,, +3a, 11"
n=l1
=0. Therefore, F(1)=2A(A+3/2)= A, = —%, A, =0.
The recurrence relation is a,,, = —34,., ,n=12,...and (A+1)2A+5)a, =0
2+n+D(A+n+5/2)

3
For )’1 :—5, y= ao[t_3/2_(3/2)t1/2 +(9/40)l5/2 +.“]'

For A,=0, y=a,[1-(3/14) +(9/616)t* —---].

The series converges for 0 < 7.

When put in standard form, the differential equation is y”’ —(3¢)"'y’ + (3°) '(1+ 1)y =0.
Therefore, =0 is a regular singular point.

n+i

Substituting the series y = Eant
n=0

B =4+ Dayt" + D ABA+m)A+n-1)=A-n+1la, +a, }t"" =0.

n=1
Therefore, the exponents at the singularity are A, =1/3 and 4, =1.
The recurrence relationis a, =—a, ,/[3(A+n)A+n—-1)—-A-n+1], n=1,2,....
For A, =1/3, y=a,[t"” - " +(1/8)t"" +--].
For A, =1, y=a,[t—(1/5) +(1/80)t +---].
Note that #p(¢) and #°q(¢) are analytic everywhere. Thus, see equations (18)-(21), the series
found in part (d) converge for 0 < 7.

into the differential equation, we obtain
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4 (b). Substituting the series into the differential equation, we obtain

[6AA—1)+ A +1]ayt* + D AI6(A +n)A +n—1)+(A+n)+1la, —a,  }¢"* =0. Therefore,
n=l1

F(/l):6),2—5/1+1:>11:%, /12:%

G =12,

6A+n)A+n-D+A+m+1 "
4 (d). For A, =%, y=a,[t"” +1/5" +1/110)t"° +---].

4 (c). The recurrence relation is a, =

1
For 4,=3.y= ap[1"? + U/ +(1/182)17 +--1].

4 (e). The series converges for 0 < t.
5(a). When put in standard form, the differential equation is y” —5¢™'y’ +1>(9+ )y =0.
Therefore, =0 is a regular singular point.

5 (b). Substituting the series y = Zan "** into the differential equation, we obtain
n=0

(X =64 +9a,t* +[(A+DA—5A+1)+9]a +

N AA+m)A+n-1)=5A+n)+9]a, +a, }"" =0
n=2
Therefore, the exponents at the singularity are A, = A, = 3.
5(c). The recurrence relationis a, =—a, ,/(A+n— 3, n=2,3,....
5(d). For A, =3, y=aqa[t' =1/ +(1/64)t" +--].
5 (e). Note that tp(f) and t°g(?) are analytic everywhere. Thus, see equations (18)-(21), the series
found in part (d) converges for 0 < 7.
6 (b). Substituting the series into the differential equation, we obtain

[4AA -1 +8A+1]a,* + D {[4(A+n)* +4(A +n) +1la, - 2a, , } "™ = 0. Therefore,
n=l1

1
FA =42 +41+1= A, =12=—5.
2
6 (c). The recurrence relation is a, = #2, n=12,...
QA +n)+1)

1
6 (d). For A, = — )= a [t + 1/ 2 +1/8)F +--1].

6 (e). The series converges for 0 < ¢.
7 (a). When put in standard form, the differential equation is y”’ —2¢"'y’ + (2 +¢)y = 0. Therefore,
t=0 is a regular singular point.

7 (b). Substituting the series y = Zan "** into the differential equation, we obtain
n=0

(X =34 +2)a)* + Y A[(A+n)=3A+n)+2la, +a, }1"" =0,
n=l1
Therefore, the exponents at the singularity are A, =1 and A4, =2.
7 (¢). The recurrence relationis a, =—a, ,/[A+n—-DA+n-2)], n=1,2,....

7(d). For A, =2, y=aqa,[t’—1/2)F +(1/12)t* +---].
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7 (e).

8 (b).

8 (¢).

8 (d).
8 (e).
9 (a).

9 (b).

9 (c).
9 (d).
9 (e).

10 (b).

10 (c).

10 (d).
10 (e).
11 (a).

11 (b).

11 (c).
11 (d).
11 (e).

Note that p() and #’q(t) are analytic everywhere. Thus, see equations (18)-(21), the series
found in part (d) converges for 0 < 7.
Substituting the series into the differential equation, we obtain

[AA-1) +4A]a,* +[AA +1) +4A+ D] + D {[[A +n+ DA +n+4da,, —2a, } " =0
n=l1

Therefore, F(A)=A"+3A= A, =-3, 1,=0.

The recurrence relation is a,,, = Gin +21;l(";+ nid) n=12,..and A+ DA +4)q, =0

For A,=0, y=a,[1+(1/5¢ +(1/70)t* +---].
The series converges for 0 < 7.
When put in standard form, the differential equation is y’* +¢ 'y’ — (1 + )y = 0. Therefore,

t=0 is a regular singular point.
Substituting the series y = Zan "
n=0

(X =Dayt* +[(A+1)> =1]a + i{[(a +n) —1la, —a, 31" =0.

into the differential equation, we obtain

Therefore, the exponents at the singularity are A, =—1 and 4, =1.

The recurrence relation is a, =a, , /[(A+ n)’—-1], n=2,3,....

For A, =1, y=a,[t+(1/8)f +(1/192)t* +---].

Note that #p(¢) and #°q(¢) are analytic everywhere. Thus, see equations (18)-(21), the series
found in part (d) converges for 0 < 7.

Substituting the series into the differential equation, we obtain

[AA -1 +5A +4]at" +[AA+1)+5A+1)+4]a "

+Y {lA+m)A+n+4)+4la, —a, ,} "™ =0. Therefore, F(A)= A +4A+4 = 4 =1, =-2.

n=2

Gy #= 23 and 4D+ 5)a, =0
n

For A==2, y=ay[t”+(1/4)+(1/64)t +---].

The series converges for 0 < 7.

When put in standard form, the differential equation is y”’ +¢ 'y’ — (16 + 1)y = 0. Therefore,
t=0 is a regular singular point.

The recurrence relation is a, =

n+i

Substituting the series y = Eant into the differential equation, we obtain

n=0

(A =16)a,t* + i{[(ﬂ +n)’=16la, —a, }t"" =0.

n=1

Therefore, the exponents at the singularity are A, =—4 and 1, =4.

The recurrence relation is a, =a, , /[(A+n)*=16], n=1,2,....

For A, =4, y=a,[t' +(1/9)£ +(1/180)¢° +---].

Note that #p(¢) and #°q(¢) are analytic everywhere. Thus, see equations (18)-(21), the series
found in part (d) converges for 0 < 7.
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12 (b).

12 (©).

12 (d)

12 (o).
13 (a).

13 (b).

14 (a).

14 (b).

15 (a).

16 (a).

16 (b).

Substituting the series into the differential equation, we obtain
[82° =24 ~1]ayt* + Y {[BA+ 1)’ =2(A + n)~la, +a,_,} " = 0. Therefore,
n=l1

FO)=822— 24— 1= A =~ 2, =%
4 2

el =12

GA+m+D2Ar+nm)—1" "

The recurrence relation is a, =

1
. For A, === a, [t =1 /2)e" +(1/40)¢7" +--1].

1
For 4,=2.y= a [ = (1/14)6 +(1/616)£" +--]..

The series converges for 0 < 7.

When put in standard form, the differential equation is

y/ ="' +1)7'A+ 1)y +1' (£ +1)"'y =0. Therefore, =0 is a regular singular point and all
other points are ordinary points.
Substituting the series y = Zan "
n=0

i(mn—l)(mn—z)aHtM + i(mnﬂ)(mn—l)a

n=1 n=-1

into the differential equation, we obtain

n+i
n+l t

Y A+n-Da, "™ =0
n=0
Therefore, indicial equation is A* —24 =0. The exponents at the singularity are A, =0 and
A, =2.

in 3¢
tp(t) = S —3ast— 0 and t’q(f)=cost — 1 ast—0.Thus, =0 is a regular singular
point.
2..m (3t)3 ’ ﬁ —
'y +(3t— 3l —l—...jy +(1—2!+... y=0.

Therefore, indicial equation (A +1)>’=0= A, =1, =-1.
When put in standard form, the differential equation is y”’ —(* —4) 7y  + (£’ = 4) 7y =0.
Therefore, t=2 and ¢=-2 are irregular singular points. All other points are ordinary points.

1
tp(t) = - —last—0 and ’g(f)=— T
(-0 (-1

singular point.
Neither (1—1)p(¢) nor (¢-1)*g(¢) are analytical at t=1,so0 ¢t=1is an irregular singular point.

——last—0.Thus, =0 is aregular

1 1 1 1 1
1-0)=l——t——F+..= ¢ 1——t——t2+...) "+t —y=0.
(I-1) 3175 ( 3179 Yi+ty' =y

Therefore, indicial equation A’ ~1=0= 4, =-1, A,=1.
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17 (a).

17 (b).

17 (¢).
18 (a).

18 (b).

18 (¢).

18 (d).

19 (a).

19 (b).

19 (c).

20.

We need to substitute the series y = 2 a,(t— 1)"** into the differential equation. Before doing
n=0

so, let us make the change of variable 7=7—1. We now substitute the series y = Z anl'”“1 into
n=0

the transformed equation, —7(7 +2)y”" —2(t + 1)y’ + (et + 1)y = 0, obtaining

2Xa,7 ™ + Y {[~(A+n)’ = (A +n) +a(e+D]a, - 24 +n+1)’a, 7" =0,
n=0
Thus, the exponents at the singularity are 4, =4, =0.

For A =0, the recurrence relation is a,,, =[-n’—n+a(a+1]a, /[2(n+1)*].
Thus, y(#) = ao[l + e +D (t—-D+ oot 1)[_126+ oo+ D] (t—1)° +}

When a=1, y()=a,t.
(1= ===D(t+D)=—-D((t=1)+2), t=(t—1)+1.Let T=1—1. We now substitute the
series into the transformed equation, —7(7 +2)y”’ — (t +1)y’ + &’y = 0, obtaining

—[22(A-1) + A]a,T* +2{ RA+n+DA+n)+(A+n+1D]a

n=0

+[-A+n)* +a’la ™",

n+l

1
Thus, F(A)=2A"— A =0 and the exponents at the singularity are A, =0 and A, = 5
o [-n* +a]a,
For A, =0, the recurrence relationis a,,, = ————.
(n+1)2n+1)
2002 —1
and (1) = ao[l ra (-1 + D -y +}

|-m+1/27 + o’ ]a,
T (n+3/2)2n+2)

(a” - —4)(t_1)§+..} t—1>0.

1
For A, = 5 the recurrence relation is a

and y(1) = ao[(t—l)'z %

t—1)° +
(z=1) 30

| ~(n+A)*+a’ | 1
TSt A+D@n+2A+1D)| 2

By the Ratio Test, lim| 2+

n—oo

an

= convergence for l|‘L'| <lor|t-1<2 ~.R=2.

1 1
When o = 5 one solution (with A = —) reduces to y(f)=aq,(t—1)*.

n+i

Substituting the series y = Eant
n=0

Ya ™ + Y {A+n+1)a,, ~A+n-aa, "™ =0.
n=0

into the differential equation, we obtain

The recurrence relation is a,,, = (n—®)a, /(n+1)*. For =5, the solution is

y(t) = a,[1-5t+ 56— (5/3)F +(5/24)¢* — (1/120)£°].

y(#) is neither an even nor an odd function. Theorem 10.2 does not apply.

The indicial equation is AL —1)+ oA+ B=A+(@—-1)A+=0.Since A, =1, A, =2, then
A+@-DA+B=A-1D)A-2)=AV-31+2=a=-2, B=2.
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21.

22.

23.

24 (a).
24 (b).

24 (c).

The indicial equation is A* + (ot—1)A + 8 =0.In order to have A, =1+2i and A, =1-2i, we
need (A—2A)A-21,)=A" -4, +A)A+ A A, =2’ =21 +5. Therefore, «=—1and f=5.
The indicial equation is A(A —1)+aAd +2=0 has A =2 as a root. Therefore,
2()+20+2=0= o =-2. Therefore,

£y =2ty + 2+ By = I AA+m)A+n-1)=2A+n)+2}a, "™ + B a, " =0

n=0 n=l1

= [AA-1) =21 +2]a,t* + i{[(z +n)’ =3(A+n)+2la, +Pa,_ 3" =0.

n=1
For A =2, the recurrence relation becomes [(n +2)°=3(n+2)+ 2]an +pBa, =0, n=12,...
Therefore, [n” +4n+4-3n-6+2|a, + fa, = (n’ +n)a, + Pa, , =0= f=—4.
The indicial equation is A° = 0 and the corresponding recurrence relation is
(n+1)’a,,, +ona, + Pa,  =0.Therefore, x=—1and f=3.
p(?) 1s odd and ¢(7) is even, so we expect even and odd solutions.
The indicial equation is AL—1)+A-0*=00or FA)=A" -0 = A, =-v, 1,=0.
For the Bessel equation, A(A—1)+A—-0v*=0o0r F1)= A" -v".
The indicial equation and exponents at the singularity are the same for both equations.

(A =V )a,t* +[(A+1)° =0 g + i{[(/l +n)=v%la,—a, 31" =0

n=2
a
=q =—"2 — n=23,..
" (A+n) -0’
b _a — : : [13 2"
For Bessel’s equation, a, = ——22—— n=2,3,... The minus sign creates a “term-to-term
q " A+ n) -0 g

change of sign in the series solution. This sign alteration is not present in the series solutions of
the modified Bessel equation.
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Chapter 11 Introduction

1.

10.

11 (b).
12 (b).
13 (b).
14 (b).
15 (b).

18.
19.
20.

21.

Differentiation gives us u, =4, u_=-20x, u, =—2¢. Substitution yields
u—u,=4+2=0,and thus ox=-2.

u,=—oe “sin2x, u, =2e " cos2x, u, =—4e " sin2x.

u—u, =—coe "sin2x+4e*sin2x=0.0=4.

Differentiation gives us u, = —20e " cosowx, u, =—oe " sinax, u, =—o’e " cosox.
Substitution yields u, —u,, = (—Za + 052)6_2‘”’ cosox =0, and thus ar=0,2.

u, = oacos(x+ o), u, =—0c’sin(x + ) u, =cos(x+ou), u, =—sin(x+ o).

u,—4u, =—(a’ +4)sin(x + o) =0.a=+2.

Differentiation gives us u, = —2asin(x + o), u, =20’ cos(x + o), u, =—2sin(x + o),

u,, =—2cos(x + o). Substitution yields u, — u,, +2u=(~20" +2 +4)cos(x + o) = 0, and thus

X
o=143.
. 2 . 2 .
u,=e sinqy, u,=—a’e sinoy. u, +u, =(1—a )e" sinay =0. a=%1.

Differentiation gives us u,, = ¢ sinz, u, = a’¢"sinz, u, =—e""* sinz. Substitution yields

y 2
U, +u, +u, (1 +o’ - 1)6”““" sinz=0, and thus or=0.

U +u, —u,=(-1-4—0)e” sinxcos2y=0. x=-5.

Differentiation gives us u, =—a’sincxcos2t, u, =—4sinoxcos2t. Substitution yields
u, —u, —40mu= (—a2 -4 - 4a)sinax0052t, and thus x=-2 or x=0.

u,+u,—2u—4=e"cosy—e cosy—2a—2e cosy—4=+0.There is no possible choice for

u(x,0) = ¢,sinx + ¢, sin2x = 3sin2x —sin x. Therefore, ¢, = -1, ¢, = 3.

u(x,0)=c, +c,co8x +cyc082x =2—cos2x. ¢, =2, ¢,=0, c;=—1

u(x,0)=c,sinx =-2sinx, u (x,0)=2c, sinx = 6sinx. Therefore, ¢, = 3, ¢, =2

u(x,0)= ¢, sinx +c,sin2x =sinx — 4sin2x. ¢, =1, ¢, =—4.

u(x,0)=c, + (c2 + c3)x =1+2x, u,(x,0)=—c, +c; =0. Solving these simultaneous equations

yields ¢, =c,=c;=1.
4u, — u, = 4(-2n’ sinmrcos2ms — 21) = -8 = f(x,1).
u, +u,= 4y’ +2sinhxsiny +12x%y —2sinhxsiny =12x°y + 4y’ = f(x,y).

) _5¢ . . ) — . . - . .
e sinxsin2y + 4e — de” sinxsin2y — (—Se > smxsm2y)

u, tu,—u=e
=5 = f(x,y,t).

u,+u, = -2y’ —6x’y = f(x,y) .
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Section 11.1

2. u(x,to): x*(2-x), ux(x, ):2)c(2—)c)—x2

ON

—3x% +4x, uxx(x,to) =—6x+4.0n

O0<x<2, ku, >0o0n (O,

W N

), u,=0at x=

W N

2
, u, <0on §<x<2.
2
2 (a). u,(x,6)<0on 3<%<2
2
2 (b). u,(x,to)zo at §=x

2
2(c). u(x,t,)>00n0<x< 3

3 (c). Noting that k=3 and u — 5u, we obtain u(x,f) = 5¢~ ' sinux .

4 (b). K:2.c1+c2cosnx:3—cosnx:>u=3—e‘2“2’cosnx.

6 (). (i) u(x)=cx+c,, u(0)=c,=0, u(l)=cl+c,=cl=0=c,=0=u(x)=0.
(i) u(x)=cx+c,, u,=c, W0)=v'({)=0=c,=0=u(x)=c,.

6 (b). The conjectured forms of the limiting distributions agree with the forms of the equilibrium
solutions.

7(a). If u=e"w,then we have u, = 8w +e”w,. Since u,_ =e”w__, we have
S’ w +e”w, =xw_ +ae*w which leadsusto w, =xw_ + (- S)w=xw_ if §=«.

7(c). a=4,s0 u(x,t)= et e ™ cos2me = ¢ TV cos 2 |
T/ X/l

8. XT"'=X"T = = =0=X"-0X=0, T"-0kT =0.
kI X

9@. ul(x,))=xu_ (x,1),0<x<l 0<t<oo; u(0,1)=0, u(Lt)=0, t>0; u(x,0)= f(x), 0<x</.
t

9(). X"—0X=0,0<x</, X(0)=0, X’(/)=0; T’—=0okT =0, t>0.
" X"+X
10. u=u_+u; u=XTr. XT'=X"T+X'T. ?:Tzoﬂ

X"+X —0X=0and T’'-0T =0.
11. u, = u_ +x’u; u= XT . Substitution and differentiation yields X7’ = X"T + x*XT . Division by

T X"+x°X
XT gives us T Tx = 0 . Thus the appropriate separation equations are

X”+(x*~0)X=0and T"—oT =0.
77 X"(1+x°)

12, u=(1+72) 1+ x)u,; u=XT. XT"=(1+7)(1+x7)X"T. A =0
(14+x°)X”-0X=0and " - o(1+ )T =0.

13. u, =c’u,; u= XT . Substitution and differentiation yields X7” = ¢*X”T . Division by ¢’XT
gives us c];; = );, = 0. Thus the appropriate separation equations are X” —oX =0
and T” —oc’T =0.

4. wu,—u,=u_; u=XT.XT"-XT"=X"T. T”; r_ );’ =0.

X"-0X=0and T”"-T'-0T =0.
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15.

16.
17.

18.
19.

20.
21 (a).
21 (b).

22.

u,=u_+xu ; u= XT.Substitution and differentiation yields X7 = X”T + xX'T . Division
TI/ Xl/ + X/
by XT gives us T Tx = 0. Thus the appropriate separation equations are

X" +xX'—0X=0 and T” —oT =0.

u, +u,=0; u=XY.X"Y +XY”=0. _?, = ); =0.X”-0X=0and Y” +0Y =0.

u,, =0; u= XY . Substitution and differentiation yields X "Y +e*e’XY” =0. Division
by e*XY and subtraction gives us e)f;( =— ey;/” = 0. Thus the appropriate separation
equations are X” —o0e*X =0 and ¢'Y” + oY =0.

u,+e u,=0; u=XY. X”Y +e”XY” =0. The variables cannot be separated.

x+y

u, +e

Jd( d ,
u=r" a—(r a—u), u= RT . Substitution and differentiation yields RT” =r"'(rR’) T . Division
r r
_ a3} . . .
by RT gives us ? =— T = 0. Thus the appropriate separation equations are
r

r'(rR) —oR=0 and T’ — oT =0.

r(rR'), _ -9

u=RO. (rR) 0+LRO" = 0.
r R 0

T’-0oT =0.

=o.(R) ~ZR=0and ¢ +06=0.
r

X” Yl/

We manipulate the given equation to read =0-

= 1. The resulting separation

equations are then X” —nX =0and Y” + (n — G)Y =0.

X” Y” Z”
uxx+uyy+ua=0; u=XYZ. X"YZ+XY"Z+XYZ"=0. — X7 = ~Z =0.272"-0Z=0.
X” Y” ., "

Y=y o= X”-nX=0and Y”+ (0 +n)Y=0.

Section 11.2

From (13), u(x,t) = Zane_(n%)ut sin(%). For =0, we have
n=l1

) -
flx)= sin(Tm): Zan sin(%). Thus a,=1, n=2; a,=0, n#2,and so

3 s —(°T 2[ . 3
flx)= 3sin(7mj= Zan sin(%). a,=3; a,=0, n#3,and so u=3e (%) sm(Tnxj.
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3. From (13), u(x,t)= 2 ) sm( / ) For t=0, we have

n=1

f(x):sin(ﬂ) ZSln( j Za sm( j Thus a,=1, a,=-2; a, =0, n>2,and so

l
u:e_(n”) tsin[m) 2e ) s1n(2m)
4 /
4. f(x)=sinx +4sin2x= Y a sin(nx). ¢, =1, a,=4; a,=0, n>2,and s

n=1

u=e 'sinx+4e* sin2x.

2
5. First, we note that 4 sin(%) cos(%) = 2sin(7nx) . From (13),

u(x,t)= 2 ()’ sm( ; ) For t=0, we have f(x)= 2sm( j Za sm( ) Thus

n=1 n=1

_(2n/y . (2
a,=2; a,=0, n#2,and so u=2e (%) sm(Tnxj.

6. f(x)=2sin3mxcosmx = sindmx +sin2nx = ¥ a, sin(nnx). a, = a, =1; a, =0, n#2,4,and so
n=l1

—-(2m) —(4m)

2 . 2 .
u=e "sin2mx + e "sindmx.

7 From (13), u(x,)= Zane—(”%)“’ sin(%)- For t=0, we have

n=1

2 - 1 1
f Zn sm mtx Z s1n nTcx Thus a =1, aZ:E’ a3:§; a,=0, n>3,and so
n=l1 n=1
1 1 2
u=e"™" sin(mx )+5e‘( " sin(21x) +§e‘(3“) “sin3mx.
. 3 3. 1. . ) 3 1
8. f(x)=sin’ nx:Zsmnx—Zsme: Zan sin(nmx). q, = G=T A =0, n#1,3,and
n=l1
3 —(m)*1 .- 1 -(3m)%r
SO u=—e sintx — —e sin 37x .
4 4

rmé)zt

9. From (14), u(x,t)= Zane_( COS(%) .For t=0, we have
n=0

f(x):3+2cos(E =2ancos(%).Thus a,=3, ¢,=2; a,=0, n>1,and so

u=3+ 2e_(%)zt cos(%) .

) -
10. f(x)= 4—cos(%) +2005(7m) =Y a, cos(%]. a,=4, a,=-1, a,=2; a,=0, n>2.

=0

u=4- e_(%)ZZ Cos(%) + 2e_(2%)2t cos(27nx).
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11.

12.

13.

14.

15.

16.

17 (a).

17 (b).

18 (a).
18 (b).
18 (c).

From (14), u(x,t)= Zane_(n%) tcos(%) .For t=0, we have

n=0
flx)= cos(%) +2cos(mx) = Zan COS(%). Thus a,=0, @, =1, a,=2; a,=0, n>2,and
n=0
sou=e 2! cos(%) +2¢ ™" cos(mx).
f(x)=3cosx = a,cosnx. a=3 a,=0, n#1. u=3e"cosx.
n=0

) 1 1
First, we note that cos7x + cos” Tx = 5 + cosTx + Ecosan. From (14),

u(x,t)= Zane_(n%) "cos(nmx) . For =0, we have

n=0
1 1 - 1 1
f(x)= > + cos(mx) +Ecos(2nx) = a,cos(nmx). Thus a, = 3 4= 1, a,= 354, = 0, n>2,
n=0
1 2 1 2
and so u= >t e " cos(mx) + Ee_(“) "cos(2mx).
. 3 1 N nmx 3 1
f(x)=2-sin*nx = 5+Ecos2nx: ;ancos(TJ. a4 =7, 4= a, =0, n#0,4.
1 2
u==+—e*" cos2mx.
2 2
N, T
From (14), u(x,t)= Zane cos| — |. For t=0, we have
n=0 é
1 < - 1
f(x):5+ cos(%]: Zancos(%). Thus a, = @ =a4=a =1, a,=0, n>3,and
n=1 n=0

From the given conditions, we have u(x,t)= IOOe_(%) ; sin(%). Imposing the condition
(%)% . . 4 10
u(1,1) =70 =100e 2% and solving for K gives us K = —21n7 ~(.14455.
1"
Differentiation gives us u, = 100e_(%)_m -gcos(%) , and substitution yields

u (2,1) = —70(%) ~-109.95.

u(x,t) =10+ 100¢ 74 ® cos(%) . u(1,])=60=10+ 100¢ 74 ¥ Cos(gj. K= %an =~0.5618.
T

u(0,1)=80.71.

(0,0 =10+100¢ ™ = 40. 1= 3.4739
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2
1
19 (d). Solving the equation given in part (¢) for o,, we have o, = —((n - 5) %J . Thus the general

1 1
solutionof X" -0, X=01is X=A, COS((H - Ej%xj +B, sin((n - EJ%XJ Since

1 1
X(0)=A,=0and X’(¢)= (n - EJ%B" cos((n - Ej%) =0 for all B,, we have

X (x)= sin((n _ %)%x) |

2
1 —|n—=|=| &
19 (e). TJ""{(”‘E)%) T,=0leadsusto T, =e (( 2J(J , n=1,2,3.... Therefore,

U =XT = e((%j”) msin((n—ljn—x), n=123....
2)

n—n

Section 11.3

1 (a).

X% 1

1 1 2
First, we note that sinz(%) = 5 ECOS(TTDC). From Equation (7), we have

2 ¢ I I 2
4= J.: f(x) Sin(%)dx =7 J.: sin(ntg)dx ~7 J.O/ sin(%}cos{%)dx

¥ (R NS N

nm 2070
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/

o) of )

(n+)n/l | (n=2)m)t

, n#E2

=—1-(-1)")+=— 0 . Noting that
cos| —
)

, n=2
amje |

0
(-1)"? =1=(-1)""=1=0 for all even n, we find that a, =0, n even and
1 1
a,=—-— + =— 28 , nodd.
nt ((n+2)t (n-2)n n(n - 4)7r

8. & e sin((2m - 1)mx /()
1) ulxi)= n; (2m-1)((2m 1)’ - 4)

2 (a).
£ (x)
1
0.8
0.6
0.4
0.2
0.2 0.4 0.6 0.8 = x/1
2 364 . nmx icos(ﬂ)’ nOdd
a”:ZJ.V Sln7dx =< nm 4 .
! 0, neven
2. (et 0 cos((2m — 1) m/4) sin((2m — 1)x /1)
T =i (2m—-1)
3 (a).
f (x)
7.5
5
2.5
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14 2

sino/
a2

+1/2 -1/2
First, we note that xcos(%) sin(@j = ﬁ(sin(WJ + sin(wn. Next, let us

‘ l
note that _[0 xsinoxdx = ——cosol + (use integration by parts for this integral). Then,

o
from Equation (7), we have

0 =21 { L cos((n+y2)m)+ sin((n +2))* 1 F cos((n - l)n) I (G 2)n)£2}

"T2] (n+12)n (n+12n  (n-12 2 (n-12)'n’
20 nsin((n—l/2)7t) _2 n(-1)""

Simplifying this expression for a,, we have a, =

(-4 (R -4)
2 oo _1 n+l (nm 2,(7
3 (b). u(x,t):_fzn(_)ze () sin(@)
n S (n? - 1/4) ‘
4 (a).
f(x)
0.25
0.2
0.15
0.1
0.05
0.2 0.4 0.6 0.8 7 xX/1L
8/?
2 ¢t . [ nTmx ——, nodd
a":zJ.O x(é—x)sm(T)dx = (mt)3 .
0, neven
802 & e IO gin(2m —1)mx /¢
40). ulx)=—5), ( . /)
m=1 (2m—l)
5 (a).
£(x)
10
8
6
4
2
2 4 6 8 To X*10+x1

4 l
a,= zjoéxsin(%jdx. Integration by parts and some simplification gives us

2/ (nnj 47 . (mrj
a,=———cCos| — |+ —=sm| — |.
ni 2 (m‘r,) 2
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5 (b). M(X,t) = i;|:_n—ifCOS(%) + (:7-5)2 Sll’l(n;):|€("”")z’q sm(%)

6 (a).
£ (%)
2
1.5
1
0.5
0.2 0.4 0.6 0.8 T x/1
. -~ 1, n=2
g :—j 2sjn( ]sm(nnx)dx = 0, nevenand n>?2
Lo ¢ l 8 +1 1
—(=n" ———, n=2m-1
T (2m— 1) -4
2mc) 8. (1) e VI i (2m — 1)mx /¢)
6 (b). x,f)=e ~(2n/t)' sm( j——
®). ulx.1) i’ (2m-1)—4
7 (a).
f(x)
1
0.8
0.6
0.4
0.2
5 7 < s ™0 Xx10x%1
0, n=2
2 % 2% [ nmx 2 (nm M
aOZ_J dx:l’ a,=— COS| dx =—sin| — |= 2(_1) _ .

7 (b). u(x,;):%J,%i(— )'"H (- 1)/) S((zmzl)m)



310 « Chapter 11 Second Order Partial Differential Equations and Fourier Series

8 (a).

0.2 0.2 0.6 0.8 T x/

2(2¢0 Y4 10 2( ¢t nix ¢ nmx 4 . (2nm
a,=—|—+3-|=—, anz—Jcos—dx+2 cos| — |dx |[=——sin| —|.
/\ 3 3 3 g\ Jo 12 24 / nm 3

8 (b). ”(X»f)zé—i > ME(M‘Y” COS(@j

3 mig n l
9 (a).
£ (%)
3
2.5
2
1.5
1
0.5
x*x10x1
2 4 6 8 0
2 ¢t 2 % 6 2
a, = —Jé?m,’x =2,a,=— 3J Acos(@)dx =— sin(ﬂ)—sin(ﬂJ . Noting that
£ Jo A 4 nm 3 3
. (2nm . nw ) nm . [ nm ntl . [ AT
sin| —— |=sin| nt— — |=sinnmcos| — |- cosnmsin| — |=(=1)"" sin| — |, we have
3 3 3 3 3
0, n=2m-1
n - |-——sin , n=2m
mT 3

6. sin( j o 5
9(b). ulx)= _E2—36( ”‘%)”cos( n;nx)
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v . y, n=2

a = EJ'O/Z cos(27nx) cos(ﬂ)dx = . 1)(3",2’(12:(in1;1nd n>?2
n{(2m-1)*-4)° "
25 G- (7 o ln-ti)

2m—1 4

=2m-1

_|_

10.(5). u(ivr) = e RS ( j
11 ().

m

2 4 6 8 1o X1

ool ol
e e e A S e

For n # 1, this expression simplifies to

] ] )t

a = =

" (n—Dm (n+1)m (*-)n  (n*-ln’

For n=1, the

expression simplifies to a, =0 (a quick examination of the integrals should reveal this).

m+1
11 (b). u(x,0)= —+ Z ) (2”2“’“)
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12 (a).
£ (x)
1
0.8
0.6
0.4
0.2
0.2 0.2 0.6 0.8 T /1
2(27[)6) 11 (4nx)
cos’| —— |==+—=cos
2 2
0, n=0
%,n=4
nmx
__J ( 4= cos( Dcos(—)dxz 0, nevenand n#0,4
Z! 4 (-1)"((2m-1)* -8)
> , n=2m-—1
(2m-1)(2m-1)*-16)

— e
4 ¢ ) mis@m-1)(2m-1)-16) ¢
13. ¢(x,1) = au, + a,u, , since it is a combination of two solutions of the heat equation, is itself a
solution for all values of g and a,. However, ¢(0,¢) = aT, + a,T, = (al + aZ)T0 and
o(0,t)= aT +a,T, = (a1 + az)Tl. Therefore, ¢ satisfies the two boundary conditions only if
a+a,=1.
14.  v(x)=25x, u=v+wwherew, =kw_, w(0,t)=w(4,t)=0, >0,
w(x,0) = u(x,0) — v(x) = 80sintx cos tx = 40sin27x .

12 ). u(x,g:§+le—<4%fmcos(4_nxj+ 25 ((mob o) (e mco{(zm_nnxj

=Y a, sin(%) = 40sin27mx = a, = 40. w(x,7) = 40¢ > sin27x,
n=l1

u(x,t) = 25x + 40e > ' sin27x .

oo

15.  Since T, =T, =50, v(x)=50. w(x,f) = Zane*(’"‘)zt sin(nmx) , and

n=1

=25 2 -
w(x,0)=—25sin’ x = 75 + Escos(an) =Y a,sinnmx.
n=1
1 1 n
a,= 2_[ (—— + —COSZTUC) sinnmxdx , which simplifies to a, 100 [ ( )4)] n#2, a,=0.

ef((mel)n)zt

Therefore, u(x,2) =50+ w(x,) =50 + 200 z sin((2m - I)Ttx) .

S @m-1)(2m-1)"-4)
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16, v(x)=200-50x. w(x,O):40sinﬂ:x:Zan sin(%):ﬂzzz40, a =0, n#2.
n=l

u(x,1) =200 —50x + 40e™ "V sinmx .

w(x,0) = 50x +0=50x.

(

(

17. V()C) =50x. w(_x,t) = Zane_ n% [sin(%j =50x—50x=0. Thus all a,= 0, and so
n=l1

(

18. v(

x) =20+ (T -20)x. w(x,0)=50sinTx = Y. a, sin(nnx) = a, =50, @, =0, n#1.

n=l
1 1 2
u(x,t) =20+ (T1 — 20)x +50e™ ) sinmx . M(E’tj =10+ ETl +50e™",

1n5
Am’

1 1 1 :
M(E,oj:135:60+571 = T =150, u(§,2j=95=20+65+50€_4m{ = k=

Section 114

1 (a).
£ (x)
2
1.5
1
0.5
2 4 6 g~
O neven
The graph is essentially odd, so f(x) 1+2b sinnmx. b, —J. 2sinnnxdx = _’ nodd:
nm
43 sm 2m 17tx)
Theref —
erefore, f(x nmz; o —1
1(b). At x=0andx=1, f(x)=1 and the series converges to %
2 (a).
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2 (b).
3 (a).

3 (b).
4 (a).

4 (b).
5 (a).

(_ 1)n+l

4n* -1’

o 1 4
flx)= S0 Zan cos2nmx. a, = 4JOAcosnx0052nnxdx =

n=1

2 4 (=)
= — 4+ —

fx) T m<4n’ -1

The Fourier series converges to f(x) for all x.

coS2nTx .

£ (x)
1
0.5
5] 5] 7 0 J2.5] 15 *
-0.
1
. . S Lo 2(-1)""
The graph is essentially odd, so f(x)= an sinnmx. b, = 2J0xsm nnxdx = _—
n=1 n
2 oo _1 n+l
Therefore, f(x)= —Z( ) sin(nmx).
T N
At x=-landx=1, f(x)=-1 and the series converges to 0.
£ (x)
-2 1 2 ¥
1 < 1 1 1 <~sin2
=5+ nzszn sin2nmy. b, =2 xsin2nmudy = e f0)= - EZ; S n"m .

At x=0and x=1, f(x)=0 and the series converges to %

£(x)
1
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g - 1 0, neven
The graph is even, so f(x)= ?O + Zan cosnmx. a, = 2J0 (1- x)cos nmxdx = nodd-
n=l (nn)z’
I 1 4 & cos((2m—1)mx)
=2| (1-x)dx =1. Therefore, =—+—
a, Jo( x)dx erefore, f(x) 5 RZZ} (2m—1)
5(b). The Fourier series converges to f(x) for all x.
6 (a).
£(x)
1
0.8
0.6
0.4
0.2
10 -5 5 0 =
g - | 0, n=2m-1
f(x)==2+(a,cosnx +b,sinnx). a, :—J sinxcos(nx)dx=4____ 2 n=2m-
2 n=l1 o n(4m2_1)a
1
1 ¢n — = 1 2
bn:—'[ sinxsin(nx)dx=4""" L flx ):—+—smx——ZCOS m
oo 0, n#1

6 (b). The Fourier series converges to f(x) for all x.

7 (a).

£(x)
1.5

1
0.5

2 4 6 *
The graph is even, so f(x):%JrZan COSNTX .
n=l1
y 0, n=2m !

=27 = a(-)"" =4.—=

a, 2-[0 2cos nmxdx ( ) n=2m—1" a,=4- > 2. Therefore,

2m-1)n

m+1

4.
: EmZ

1
7 (b). At x——E and x =

cos 2m - I)Tl:x) .

~1)
1
5 f(x)=2 and the series converges to 1.
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8 (a).

0.2
-2 -1 1 2 ©
- 2(1-¢™
:?‘) Z} a, cos2nmx + b, sin2nmnx). a, =2J‘;e’*’ cos(2nmx)dx = 41ng+)1.
v 4nm(l-e) - cos2n7tx+2n1tsm2nnx)
bﬂ:zjoe sm(2nﬂ:x)dx=m- f)=1-e"+2(1-e¢ )Z W41 '

1
8(b). At x=0andx=1, f(x)=1 and the series converges to E(e_ +1).

9 (a).
£ (x)

n

The graph is neither even nor odd, so f(x)= % + Z(an cos2nmx + b, sin2nﬂ:x) .

n=1

o
(o]

(@]
(&)

N

1 X -1 1 X 4n
=2| cos| — [cos(2nmx)dx = —F———. b =2| cos| — |sin(2nmx)dx = —F——.
a,=2], (2) (2rmx ) (4n2—1/4) =2, (2) (2 ) n(4n” —1/4)
1 — 2 4 2
Therefore, £(x Z cos(2nmx) + 4nsin(2nmx)
TC 4n*-1/4

1
9(). At x=0andx=1, f(x) =1 and the series converges to 5
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10 (a).
£ (%)
\3
1
-3 -2 -1 1 2 3 4 5 =%

flx)=2+ ibn sinnmx. b, = J_II(Z — x)sinnmxdx = 21" Cf(x)=2+ %i 1) sin(nmx).

n=1 nT nm,o, n
10 (b). At x=—1and x=1, f(x)=3 and the series converges to 2.
11 (a).
£ (x)
— — 1 — —
0.8
0.6
0.4
0.2
"4 -2 2 a =
11 (b). x=12
12 (a).
£(x)
1
0.5
“a 2 2 g *
-0.5
-1

12(b). x=12
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13 (a).
£ (x)
1
0.5
2z 2 P z =
-0.5
13(b). x=1,2
14 (a).
£ (x)
0.8
0.6
0.4
0.2
) -2 2 z *
14 (b). x=0,1,2
15 ().
f(x)
2
1
“a 12 2 z =

15 (b). The graph converges everywhere on the interval.
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16 (a).

-2

16 (b). The graph converges everywhere on the interval.

o
/]

17(M). x=0 and x=7m

18 (a).
£ (
1
\ \ \0'5
-Y.5 - -2.

-0\5

x)

-1
18(b). The graph converges everywhere on the interval.
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19 ().
f(x)
2
1
— 2 g =
-1
-2
19 (b). x=1
20 (a).
f(x)
2
1.5
1
o\5
4 _2 2 g =
20 (b). x=1

21. f(x) iseven, f(x)= % + Zan COS(%) , b, =0 for all n.
n=1

2. )=+ sin(%j

2 ¢
23.  Since f(x)- 3sin(7nx) is even, b, = 3, all other b, =0. Since j f(x)dx=0, a,=0.

=552 S o) *'
24, f(x)=—2+ cos(%)
§ ~2eos((2m— )

m=l1 (21/’1_1)21c2

26. i sin4mx

25.

el 2(n2 + 1)

N 2sin[(2m_31)m)
27 % (2m—1)2752
g i4(—1)m cos2mmx

‘ 4m’r’ +1

3
I
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= 2sin((4n—1
29.  Letting n= l(m +1), we construct Y, sin((4 5 Jm) :
2 ~ (2n-17+1

Section 11.5

For exercises 1-10:

u(x,0)=Y [an cos( m;ct) +b, sin( m;“ﬂsin( ngx ),
n=l1

u(x,1)= 2 ~a, e sin( nnctj +b, e cos( nnct) sin(@]
14 Y4 J4 V4 Y4

n=1

1 4
1 (a). From examination, a, =0 for all n, Ebﬂf =2 = b =—, all other b, =0. Therefore,
T

u(x,0) = %sin[%tj sin(%).

1 (b). Partial differentiation gives us u, = 2cos %t sin % .

2(). a,=1,b,=0. u(x,t)= cosntsin(%).

2(b). u=-m sinmsin(%).

3 (a). From examination, a, =1, all othera, =0, 3nh,=-2= b = ;—z, all other b, = 0. Therefore,

2
u(x,t) = [cos(Bm) - 3—sin(3m)}sin X .
T
3 (b). Partial differentiation gives us u, = [-3msin(3n) — 2cos(3nt)|sinmx .
1 1
4(a). a;=2, by=—. u(x,t) =2cos3mtsin3mx + Esinntsinnx )
T

4 (b). u, =—67sin3nssin3mx + coOSTSINTX .
5 (a). From examination, @, =1, a, =-1, all other a, =0, all b, =0. Therefore,
u(x,t) = cos(2mt) sin tx — cos(47t)sin(27x) .
5(b). Partial differentiation gives us u, = —27msin(27t)sinmx + 4wsin(47)sin(27x) .
1 1 1 1
6(). a=-1,b= 7 b, = s u(x,t) = —cos2tsinx + Zsin4tsin2x + gsin6tsin 3x.
6 (b). u, =2sin2¢sinx +costsin2x +cos6¢sin3x .

7 (a). First, we note that u(x,0)=2sin* x =1—cos2x = Ean sinnx .

-] 5

T n(n2—4

2 ¢n
a, =—J (1— cos2x)sinnxdx = , n#2,
o )
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a,= %J‘On[sinbc - %sin 4x}dx = 0. From examination, all b, =0. Therefore,
() -16 i cos((2m—1)t)sin((2m — 1)x)
ulx,t) = .
moiS @em-1)((2m-1?)-4)

16
7 (b). Partial differentiation gives us u,(x,t)=—

sin((2m — 1)¢)sin((2m — 1)) ‘

Mx

T (2m-1)" -4
0, neven
8(@). a,=0,b = 4.2 n(l— lcost)sinnxalx = 32 nodd:
n i 2 2 Tmz(nz_4)’
32 <& sin((2m — 1)) sin((2m —1)x)
u(x.1)= _Z 2 2 :
mad @m-17(2m-1)-4)
32 & cos((2m —1)t)sin((2m — 1)x)
8(b). u="Y . :
mad @m-1)(@m-1)-4)
9 (a). From examination, g, =1, all othera, =0.
i1 1 ) —§-2—, n odd
nmb, :ZJO E—ECOSZTEX sinnmxdx =4 T n(n —4) . Therefore,
0, neven

= sin((2m — 1)t ) sin((2m — 1
u(x,t) = cosmtsin Tx — % s1n(( m=1n )sm(( ” )nx) .
T =i

(2m—1)’|(2m-1)° - 4]

m=

- 2m—1)mt)sin((2m —1
9 (b). Partial differentiation gives us u,(x,t) = —Tsinmzsin7x — §z COS(( m=1)n )sm(( 2m )Tcx) .
miS @m-1)|@m-1) - 4]

0, neven 1

8 b= ——
——2)’”0dd' T o

10 (a). a, = ZJ;(%—%COSZMJ sin nmxdx = (
nn(n”—4

=L in2msin2me -2 cos((2m — 1)) sin((2m — 1)x)
u(x.1) = T 2TsIn2y T % (2m— 1)((2m ~1)° - 4)

< sin((2m —1)mt)sin((2m — 1
10 (b). Mt=—COS27ttsin2nx+§zsm(( m )7‘)51121(( m—1)mx)
nm:1 (2]’}’[—1) —4
1 1 -1

1 1 1
11 (a). X—5(§+T]), I_Z(_é"'n)zal_aa az_E, bl—Za bz_z'

12 (a). u(x,r)= 5((x —21)°e " 4 (x + 2t)2e*(“2’)2) ,
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12 (b).
u(x,1)

-1

-2

1 px+er

13 ). ulx)= o[ 82 dA= [ et
C Yx—ct
13 (b).

L-W<x<l)
14 (a). L =<7 /2 2,
(@). Let p%(x) { 0, otherwise
u(x,t)z%Cosz(n(x—ct))p%(x—ct)+%Cosz(n(x+ct))p%(x+ct).
14 (b).

u(x,1)
0.5

Section 11.6

5 (a). v(x,y) =, + a,x + o,y + o, xy . Examination gives us
o, =0, o, +o,=1, a; =1, o, + a; + o, = 1. Solving these simultaneous equations gives us
o,=0, o,=1, o;=1, o, =—1.Thus v(x,y)=x+y—xy.

5(b). Since U, +U, =0 and U =0 on boundary, U(x,y) =0.
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5 (¢). u(x,y):v(x,y)=x+y—xy.
6(a). v(x,y)=oy+o,x+o,y+o,xy. =2, 2+20,=0, 2+20, =4, 2-2+2+4a, =2.
=2, 0,=-1, =1, o, =0. v(x,y)=2—x+y.
6(®). U,+U,=0and U =0 onboundary = U(x,y) =0.
6 (c). u(x,y)zv(x,y)=2—x+y.
7 (a). v(x,y) =, + a,x + o,y + o, xy . Examination gives us
o,=0, a,=0, &, =0, 0+20, =8 = &, = 4. Thus v(x,y) = 4xy.
7 (b). Since U, +U, =0 and U =0 on boundary, U(x,y)=0.
7 (¢). u(x,y) = v(x,y) =4xy.
8 (a). Since all of the corner values are 0, v(x,y) =0.
8 (b). u(x,y) = Uz(x,y) = an sin(nmx)sinhnmy .

n=1

U(x,y)=

u(x,1)= b, sinhnmsinnmx = 4sin2nx = b, = — sin(27mx)sinh2my .

sinh2m sinh2m

n=1

8 (¢). u(x,y)z U+0=

9 (a). Since all of the corner values are 0, v(x,y) =0.

4
in(27x ) sinh 27y .
o sin(27x)sinh2my

9(b). u(x,y)=U,(x,y)= Y. c,sinh(nm(l1- x))sinnmy. u(0,y)= Y c,sinhnnsinnmy =2sinmy .

n=1 n=1

Therefore, ¢, sinht =2, all other ¢, =0, and so U(x,y)= sinh(rt(1— x))sinmy .

sinh T

2
9(). ulx,y)=U+0= sinh(m(1— x))sinTy.
©. ulx.y) ——sinh(n(1 - x))sinmy
10 (@). v(x,y)=o+ox+oy+a,xy. oy =1, 1420, =1, 1+a, =1, 1+0+0+20, =1.

=1, 0,=0, 0;=0, o, =0. v(x,y)=1.

10 (b). U Zd sm( )sinh(%(l— y)jzcosZTl:x—l.
i . o 0, n=2m
. n . n
d, s1nh(7j:jo (cos2nx—1)sm[7)dx: o 1)((211 e ), n=2m—1-
64 sin((2m 1), x)sinh((2m —1)75 (1- y))
n mlsmh(zm T5)2m—1)((2m-1)*~16)

64 & sm( 2m—1 7sz)smh( 2m—1 %(1—)’))

10(©). ulxy)=U+l=1+ o m=l sinh((2m -1) %)(21% - 1)((2m ~1)° - 16) '

U(x,y)=

11 (a). Since all of the corner values are 1, v(x,y) =1.
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11(b). U, +U, =0, so U=U,+U,. U(x,y) = Ea smh( )(”;Ey)

. . (3 . . .
2 a, smh(%n) s1n(%) = sinmy. Therefore, a,sinh3n =1, all othera, =0.

> 2 2
X y) = an sinh(%) sin (mty ] Zb ( nn) i ( n;cy ) = —28111(%). Therefore,
n=l1

21 sinh 7tx sin 7T 2 sin(3j smh(;)
b, sinh(—j =-2, all other b, =0, and so U(x,y)= Y .

sinh3m (215)
sinh
3
sinh 7tx sin 7T 25in(n3xj Sinh(?]
11 (¢). u(x,y)=U+v=1+ - . .
sinh 3w (21:)
sinh 3

12 (a). Since all of the corner values are 0, v(x,y) =0.
12(). U=U,+U,+U,+U,
_ sinh2mxsin2my N sin 37mx sinh 31y . sinh(27(1- x))sin2my N sin 37x sinh 37(1 - y)

sinh2m sinh 31 sinh2m sinh 3w
12.©). ulxy)= sinh%m sin2zy | sin 3@ sinh3my | sinh(2n(.1 — x))sin2my | sin3mx s'inh 3n(l-y) .
sinh2m sinh 3w sinh2m sinh 3w
oo 4 2
4.  u(r0)= % + > r"[a,cosn@+b,sinnb]. a, = s b,=0. u(r,0)= 4(%) cos20.
n=l

15. u(r,0) = L, 2 r”[an cosn@+b, sian] . Examination gives us D _ 2, 3'b =—1, all other
2

n=1

a,b,=0,and so u(r,0)=2- (gjsine.

- 1 1
16. 2 a cosn9+bnsinn9]. a, =4, aZ:_E’ a4=—5, b =0.

n
n=
2 4

u(r,0)=2- L cos20—"—cos48.
2 2

17.  Let f(6)=22+ 2"[a,cosn@+b,sinnb). a, =

2

b4 1, n=0
j cosn0do = .
2"mw o 0, n>1

n=1

0, n=2m

1 T
b = J sinn6d6 = 1 . Therefore
n n ,n=2m-1 ’
2 T 0 (2m _ 1)n22m—2 n m

o33l e
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a - | 0, n=2m-1
18, u(r,8)==2+Y r"[a,cosn®+b,sinnb)|. a, :—J sinfcosnOdO = —4 n=2m-
2 oA T 2n(4m* 1)’
Y, n= 1 2 & cos?
:—J sin@sinn6d6 = / n=1 u(r,9)=—+£Sin9——ZLzsme-
0, n#1 T 2 nim 4mm—1
| 0, n=2m-1
19.  Since f(6) iseven, b, =0 forall n. a, = —J lsinB|cos n6dO = 4 = 2 (note:
T n(4m®-1)’
T T 2 4 — 2
j |sin9|cosn9a’9=2j sinfcosn6df ). Therefore, u(r.0)=—=+—) r’" cossz'
- 0 T T,o 4m” -1
5 0, n=2m
=0.b = ? 9si =1 2(=-n""
20. a,=0.b, _n29s1nn0d0 (-1) n=2m—1"

n(2m—1)2""

u(r.0)=2 i (ﬁ)zml (1) sin((2m —1)6)

T a2 2m-1)°
1 1
23. a, +AyInl=—-2x, a,+ A,In3=—-3-27. Solving these simultaneous equations yields
1" T
4 21
a,=2, A, = 3 (all othera, b, = 0). Therefore, u(r,0) =1+ | n3r ,1<r<3.
n

24. %+%ln1+2(an+An]cosn9+[bn+Bn]sinn9):O.
6; 1;0 ln2+2([a 2"+ A2 ]cosn0+[b 2"+B,2" ]smn@) 1+ cos6.
D, ﬁlnzzl, G+ A=0,2a+ 1A =1 b =B =0, =0, A =2In2, a =2, A =—
2 2 2 3
u(r,

0)= Inr — 4 2(r—ljcost9

In2 3 r

1 1
25. a, +A,Inl=—-2-27w, a,+ A,In2=—"-1-271. Solving these simultaneous equations yields
I I

-2 1
=4, Ay=——.2a,+—= > A =1, a + A =0.Solving these simultaneous equations yields

In2°
2 2
a, = 3’ A= ~3 4b, + ZBZ =0, b, + B, =1. Solving these simultaneous equations yields
1 16
b, = T B, = 5 (all othera, b, = 0). Therefore,

2

1 2 - 1
u(r,0)=2- £+§(r— r1)0059+(—r L

15 15r2jsin29.
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2In2
In3

1 2
2. a,+AMn2=_2m a,+An6=0= A, == =2+
T In
1 1 1296 1
4a,+—A,=-1, 36a,+ —A,=0=>A,=- = .
CRIEE ht3gh=0=A=""r 4=
In2 Inr 1(2_1296)CO829:In6—lnr 1(2 1296

u(rf)=1+—-— > + r’—— )cos20.
In3 1n3 320 In3 320

r r

Section 11.7

1. f(x,y)=4 sm( )sm( ) Z ZCW s1n( jsin(%) . Examination shows us that
a

= 4, 0 otherwise. Thus M(X’)’J)_ ‘Ie—[(%) o } si ( ]Sl ( b )
) S ( y)'
b

2. f(x,y) =38 sin(ﬂ) sin(%) - sin(znxj (370;) 2 ZCW sm(
a a
¢, =8, c,; =—1.
u(x,y.1) = 86{(%)2+(%)2}m sin(m)sm(ny) [(my) ) } sm( nxjsin(Sﬂj
o a b a b )
3. First, we note that
f(x.y)= 2Sin2(%)sin(%} = (1— cos(27mD i ( J Y e sm( ) 'n( nrbcy)

2 ta 2
C=—1, (1 - cos(—m)) sin( mm)dx, ¢,,, =0 otherwise. Working through this integral yields
a a a

0, m=2k
-16

m(2k-1)|(2k-1)° - 4

RGRARA ((2kal) ]Sm@y)
(

] , m=2k—1- Therefore,

2l

(2] 55l
Y

e =8 M Sin[maj 0 _ (b (mtyj

EF= (2k-1[(2k-1)" - 4]
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1 1
2(—6) > > ,m=2k—-1,n=20-1
=s\m) (2k-1)2k-1)° - 4|10 -1)* - 4] :
0, otherwise

J(MH%”H’“ ( (2k-1) nx/) ( (20-1) n)/)
n k=1 ¢=I (2k - 1)[(2k - 1) ](ZE l)[( )

5(). u(x,y,0)= f(x.y)=co+ 2 Co cos( ] + ZCOn cos( ] i i c, cos(@] cos(%

m=0

on J J f xy cos( b )dydx
Com :EJ.O J.O f x,y cos( mnx )cos(%)dydx, m,n=12,3...
6. f( ) 2+cos( j+3cos( j ( ) =2,¢,=1 ¢,=3.
u(x,y,t)= 2 4e cos( j / COS(E)COS(%}).
a

1 2
7. First, note that f (x, y) cos( ]cos (Tcyj = —COS(E] 1+ cos(ﬂ) . Examination shows
a b 2 a b
1

1
us that ¢, = 5 Cpp, =

5’ ¢,.» =0 otherwise. Therefore,

u(x,y,t)zle_(%)zmcos(m)+ —e (ARG cos(ﬂjcos(zﬂ].
2 a 2 a

b
3 1 2 3 1
8. flx,y)= 2+sin2(%j: ———cos(ﬂj. Cop = Cop =— 7

2 2 a 2 2
3 1 —(2m, 2;(7 2
u(x,y,t) = 5 - Ee 7] COS(TTDC) .
9. By substituting into the equations from (5b) and evaluating the integrals, we have

0, m=2k 0, n=2I

’ cmo _ (_1)k+1

S m=2k-1, " SV , n=21-1,
(2k-1)r (2I-1)r

4 (_ 1)k+l

1
4
Com = {(21{ ~1)(2I-1)x’

0, otherwise

sm=2k=landn=21-1 q e
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e e R

dey=y- 3 L)) _
o C_Dk+gg{(2k'“a] (2’”7§Y}”COS((2k-—1)nx)COS((217;)nyj
k3 kzz (2k-1)(21-1) :
10. Let u, be the final answer to exercise 9.
T ke
u(x,y,t)zl—u9:2+gkz=} -

3 k+,e—[((”‘ A b (@k=Dme) ((@1-Dmy
_izii( : (2k—1)( g ) ( : j

T %= 1=

—

11 (b). First, we rewrite u as follows: u(x,y,t)= ZCOnMOn (x,y,1) + ZZcmnumn (x,y,). Therefore,

n=1

—_

n=l m=

b a b 2 papb .
AL AR 1 IR o) T

4 ca b mmnx
C’”"ZEJ-O JO f(x,y)cos( » jsm( ) jdydx mn=123..

11 (c). Because of the negative exponential -dependence, we expect the limit to go to zero for all
areas of the rectangle.

12, ¢y =1 u(x,y,0)= RIARGA COS(TZC)SIH( 3:y)

2 2
13.  First, we note that f(x) can be rewritten as f(x)= (1 + cos( MD sin( Zy) . Examination
a

gives us ¢, = c22 1, ¢,,, =0 otherwise. Therefore,

(x v, t) =e ( bn sin (_y) [(2%)2+(2%)2]m cos(zﬂ) sin(zﬂ).
b a b

0, n=2k

2k—1)m
14. ¢, = 4cos(( 3) ) , ¢, =0.
, n=2k-1

(k-1

TS 2k—1

u(x,y,t) =
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15. Substituting into the equations provided by (11b) and working through the integrals, we find

0, n=21
20-1
=1, cos(”3)“j |
— 2 n=2]-1
3n (20-1)

. Therefore,

—16 sin(anjcos(MJ, m=2k, n=21—1

Com = 2k(21—1)7t2 3 3
0 otherwise

(2k-Dr) (=% w . ((2k-1)m [ f@1o0m/ P
e cos(?’)e( sm(by] ¢ oo )]
) = 3 2 2k—1 B ) Jatoyany

T %=t 1=

. (2k1tj (21-1)n (2knx) . ((21-1)my
-S11| COS COS| S1n| .
3 3 a b
SN . (mmx ) . ( nmy (T L [Ty
17. A —— |sin| —= |=sin| — |sin| = |,
2

18. i iAmn sin( mmjsin(%) =0,

m=1 n=1 a
N (mnj (lfmjz (mnx) ) (rmy] (nx) (211: )
ZZC — | +|{—| B,, sin sin| = —sin sin|
i a b a b a
1
Amn O’ B12__ ) )
T 2n
cll—| +|
BEE

19. u(x.y.f) = ;2 A, cos[\/ 7“)2 + (%Tct} +B, sin[\/ (m?“jz + (%)thJ sin( m;‘x)sin(?)

u(x,y,0)= sm( )sm(— = 2 EAmn sin(%) sin(%) , and examination gives us
=0

m=1 n=1

A, otherwise.
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0 oo 2
u,(x,y,0)=-2 sin(ﬂj sin Ej = Z z ( j (ﬂj B,, sin( mmjsin(@] ,and
b) b a b
T ? 1
examination gives us ( ) + (; B,, =-2, B,, =0 otherwise. Therefore,
a

wor={ T B (e AT BT )

(’%):[l }i:(%)-
oo o 2

2k—1, n=1
],m

20.  f(xy)= 2sin2(ﬂjsin
a

n(2k— 1)[(2k —1)* -4
0, otherwise

6o \/(mglhjz{zyct sin((zk;l)mjsin(?)

) == 2 n(2k - D[(2k—1)’ - 4]

21 (a). Making the substitution

517 o 25 { ) o ) =04 1o 22 e s

’ 21 1
T, :zs (t=1), T, +K(EJT__5UJ[(T 1), T, +K(£]T 0, n#0,2. Imposing the

initial condition u(x,0)=0 givesus T, =0 forall n#0,2.

U
’ —£ <t<
For T,: T, :{ 2’ O<r= T, and antidifferentiation gives us T, =

0, t>7
o)’ U, 0
For T,: T, +K( )Tzz U UsisT .Therefore,
¢ 0, t>7
2 2
_US( K) l_e—K(ZTC[)t:|’ <i<t
2K\ 2T
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21 (b).

22 (a).

22 (b).

24.

25.

2 14
u(x,t)=T,+T, cos(Tnxj. Therefore, M(E’t) =T,-T,.

/ A% 2V
For 0< 1< 7: M(E,t)zU“t+Us(—j [l—e (%) }75”

- e"5'79’] . Setting this

— 1
2 2x\2n 15.79[

equal to zero and solving for 7 yields 7=0.936674 hours.

) o 2
S’ (ﬂjo(_) (ﬂ] U, (E)
n=l1 é n=1 g f ‘ g

2 2 2
’ , f —e(m 2 g
T +K(£)T1:US,T,1 +K(ﬂj Tn=0-Tl=(—j U\ </e>,U0:(_ U\
T K

l !
2 2 5
1 = (ﬁ) U, +| U, — (ﬁ) g, eiK(%) ' T =0. u(x,0)=T, sin(ﬂj = (£ Y, sin(ﬂj.
n) K n) K l n) K l

2
Assume u=U, sin(ﬂ). 0-x —(EJ U, sin(ﬂj =U, sin(ﬂ). K(
l l l ‘ 1

Tct Tct
T, =c COS(ch+C2 sin(TCJ. T, = Acoswr + Bsinar .

2 2 2
Y]P” + (%) I, = A[—a)2 + (%j ]cosa)t + B[—co2 + (%j )sinwt =coswt

t t ’
=> A= ~, B=0.T, =clcos(n—c)+czsin(n—cj+Acoswt. T (0)=
_wz+(ncj ! !
l

%czzo,

Tict
cosrt — COS()
. [ X 14 2t —cos(2mt

T(0)=c,+A=0.T, = 5 ! , ul(x,t)= Tlsm(—j, u(—,tj =T = co8 ZCOS( ) .

(ncj ) / 2 dnt° -4

— | —@
14

The complementary solution is 7, =, cos(7tt) + ¢, sin(7) . The particular solution is
I, = | Acosmt + Bsinit]. Differentiation gives us
Y]P, =[Acosmt + Bsinmt] + f{-mAsin it + B cosnt] and

” . . .
I, = [-mAsinTt + nBcosTt] + [-TAsin Tt + B cos Tt | + t[—nzA cosTit — ' Bsin nt] .

” 1
T =~ +7°T, =-2mAsinmt+2nBcosmt=cosnt=> A=0, B= o Thus
P P T

ro. . r . . ..
I, = 2—s1n nt, and so T} = ¢, cos Tt + ¢, sinTt + 2—s1n nt. Imposing the conditions
T T

’ t
T(0)=0=c, and T, (0)=0= rc, gives us T, :2—sinnt, and so
T

u(x,t)=T, sin(%) = %sinmsin(%).
T
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=3

26 (b). u(0,y)= ZX sm( ] u(a,y) = ZXn(a)sin(%j, X (0)= X, (a)=0.

n=1

X,(x)=ce " +ce “ +X,,

o)’ " om 2
X, :M+B:o_(§j (Axw):xﬂz(x):clez/bme24_(23)x,
' T

b 2
g mgy (B a
2/b+cze2/b=(—j a=c¢ =—c —% X,=0, n+2.

2’ 2 eZn% _e_Zn% .

Va7 (0 fom),

u(x,y) 215% _215%

¢, +c,=0, ce

—e

27. Zsm nmx)Y, . Making this substitution, we have

2—(mt) sin(nmx)Y, + Zsin(nnx)Yn”z e’ sinx. From this equation, we can obtain two initial
n=1 n=l1

value problems: ¥, —n’Y, =¢”, ¥,(0)=Y,(1)=0 and ¥,” — %Y, = 0 Y (0)=Y,(1)=0, n>2.
For the first, I[IVP, the complementary solution is Y =ce” +c,e”™, and the particular solution
e’

n—1

— ny Ty
Y=ce” tce™ —

, -1
isY, =A¢’ = A(l-n’)=1= A=—;
P TC _

. C . .. . » e .
Imposing the initial conditions gives us ¢, +¢, = P e"c,+ec, = PERE and solving
T

, , , 1 e’ —e 1 (—e"+e
these simultaneous equations yields ¢, = — = . Thus
T —1le " —e n—1{e"—e"

Yol e"—e™"
only unique solution is trivial, and so ¥, =0, n =2. Finally, we have

sizntx((e—e‘”)e’W (e e )e - —ey}.

T —1 e"—e"

1 (e—e_ )e”y—(e—e )e i _ )
Y = — ¢’ |. For the second IVP, we can quickly see that the

u(x,y)=Y,sinmx =



Chapter 12
First Order Partial Differential Equations and the Method of
Characteristics

Section 12.1

1 (a). Differentiation gives us u, = 3(x + o)’ and u, = 3a(x + cr)’. Therefore,
Ax+ar)(1+a)=0=a=-1.

1 (b).
t

1©). o)=02r+0-0)’ =87
2(a). u,=cos(x+or)and u, = cxcos(x + o). cos(x +at)(-2+ ) =0= x=2.
2 (b).

0.5 1 1.5 2

2 (c). (t)=sin(tr+27)=sin37.
3 (a). Differentiation gives us u, = 3(2x +1)*-2 and u, = 3(2x + 1)’ . Therefore,
32x+1)’2+a)=0=a=-2.
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3 (b).

10

1 2 3 4 5
3(c). o()=(2r+21)’ =647
4(a). u =0andu, =2¢".0+20e” =0=a=0.

4 (b).
t

4(c). ()= =e*.
5 (a). Differentiation gives us u, = 3(xe°”)ze“’ and u, = 3(xe”")2 -xoe™ . Therefore,
3x(xe”) e (1+a)=0= a=—1.

50).

4

2.5 3 3.5 4
5(). oft)= (Teif )3
2 1

2
6(@. u=landy,=——.1-ot—=0=>a=——.
t t 2
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6 (b).

0.5 1 1.5 2 2.5 3
6(c). w(t)=t-2Inl=1.
7. Differentiation gives us u = 2xt® and u, = 3x%t*. Therefore,
3

a(2xt3) + xt2(3x2t2) = xt’ (2a + 3x2t) =0= a(x,f)= —Exzt.

u,=e' andu =—xe™". xe' + b(—xe_') =0= b(x,t)=-1.
9. Differentiation gives us u, = f ’(x3 - t)- 3x*and u, = f ’(x3 — t)(~1). Therefore,

£/(x* = 1)(3x* = b) = 0= b(x.r) = 3x".

10 (a).
N T N N N X N NN Y]
W oW oW W O™ OW OW W W W W OwW W w
W oW W OW W OW W W W W W W W W
W OW oW W OW O OW W W W W W W W W
1.5 w w % % % % % W w %W % % w %]
W OWM W OW W OW W oW W OW W oW W W
W OWM W OW W OW W W W W W oW W W
RSN VR N N R N R N Y .
- W oW oW oW W OW OW W W W W W W W
- W oW W OW O OW W OW W W W W W W W
N O OW W OW W OW oW W OW W oW W W
0.5Iw w w % % % % ¥ % w % % % %W W]
W oW W OW W OW W W W W W W W w
M OW W oW W OW W W W W W W W W
O h N h N h h N h N -~ h N h N h N h h N h N h h 8
-2 -1 0 1 2
10 (b). We predict that u(0,1)>0.
11 (a).
2
1.5
1
0.5
0 n :
-2 -1 0 1 2

11 (b). We predict that u(0,1)=0.
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12 (a).

AS S S 8NN S8 S8 SSS8S88 88
A N N N N 008 8 8 82
AS S S S NSNS SSSSSSSS
AS S S S NN S S SSS8S8S8 SN
AS S S S NSNS SSSSNSN N8
AS S S SN 88888888 88

hS SN LNRAS

AS S S S N8N8 S8 S8S8S888 88

AN S NS N8 N NS S S8 88 80

AS S S S SN SSSSSSSS SN

AN S 8 8 8 8 8 8 8 35558 82

AS S SN N8 S8 8 S S8S8S8N8S88

AN NS N8 8 8 8 8 S50 8 8 8 83

AS S S NSNS S8 8 8 88

N Ln — L0 o

— o

12 (b). We predict that u(0,1)<0.

13 (a).

SRR NNY
AR RN NN
A2 2322220302000
S vvvvEEEEEELY
A A A A A LA A DA A DA RN
N

AR LA AALALALALALAAAMAALA

Adsssssssansaasq
BALALLAIIAIIIIIIs
PILIPIPIPIIIIIIA
PIPFPPIPIIFIIIIIIA
PIPPPIPIPIPIIP I
FVFPFFFFFPFFFFIP
FFFFVFFFFFFFFFIN

N L0 — L0 o
— o

13 (b). We predict that u(0,1)=0.

14 (a).

L,,,frrﬁrvvfrv4
LILILIL 31 N N O O O O R
ERRRRM MMM AN LY
LILIL 3 3 S N O N N ¢
[N N S S|
L3 N N N O O N |
L33 N N N O O O N |
ARR RN

L N N S S
LILIL 31 S N N O N RN |
LILIL Y S N N N O R R RN |
LELIL S 3 N N O N |
[N N S e
L33 N N N O O N N |
LI 3 N O O O O N |

N n — L0 o
— o

14 (b). We predict that u(0,1) <0 .

Section 12.2

1 (a).

15

12.5

10

7.5

2.5
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1
(). ¢b-ya=11-201=0=1=".

1 (c). Hypothesis v fails.
2 (a).

t

1

0.2 0.4 0.6 0.8 1 =

2(b). ¢’b—ya=-sint(l)—cost(1)=0= T=tan"'(~1).
2 (c). Hypothesis v fails.

3 (a). .

5

4

2 4 6 8 10 *

1
3(). ¢b-ya=1-1- 5 2 =0 =The transversality condition does not hold for any value of 7 on

the interval.
3 (c). Hypothesis v fails.
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4 (a).

4 (b). ¢’b—w'a=2—-1=1%0 = the transversality condition holds for all 7.
4 (c). The hypotheses are satisfied.

5 (a).
t
8
6
4
2
T2 -1 1 2 3 g =
-2
-4
1
5 (b). ¢’b—w’a:1-1—2-2r:0:>1':z.
5 (c). Hypothesis v fails.
6 (a).
t
2
1.5
0.5
2 -1 1 2 =

6 (b). ¢’b—y'a=1-0=1+#0=the transversality condition holds for all 7.
6 (c). The hypotheses are satisfied.



Chapter 12 First Order Partial Differential Equations and the Method of Characteristics * 341

7 (a).

7(b). ¢’b—w'a=—-sint(-cost)—cost(sint) =0 => The transversality condition does not hold for
any value of 7 on the interval.
7 (c). Hypothesis v fails.

8 (a).
t
1

0.8

0.5 1 1.5 2
1
8(b). ¢b-—ya=e" —§=O:>T:1n2.

8 (c). Hypothesis v fails.
9 (c). The solution is not unique. However, the hypotheses of Th. 12.1 are not satisfied, so the fact
that the conclusions do not hold does not present any inconsistency.

Section 12.3

1. x=1, t=0, u(1,0)=sin7. Therefore,
o
ds
) t
)= +—|.
u(x.d) sm(x 2)

t t
x(0,7) =1, 3—2—2, t(O,‘L‘)=0:>t=—2s:>s=—é:>z':x+5.Finally,
s

2. x=0, t=7, u(0,7)=¢e""
3 (-
a——2 x(0,7)=0; ﬁ:& t(O,T)ZT:>t=T+3s:>s=£=>‘L'=t——x. u(x,t)ze( 2,
s s 2 2
3. x=1, t=1, u(r,]) = 7*. Therefore,
g—x—x x(0,7)= g——l 0,7)=1=t=5+1, x=1' = s=t—1= 7= xe " . Finally,
s

u(x,t)= x’e ",
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4.

9 (a).

9 (b).
9 (c).

10 (a).

10 (b).
10 (c).

11 (a).

11 (b).
11 (c).

x=1,t=1, u(1,1)=17".

%) t - -t 2
2oy x(0,7)=1; a—:—2, t(O,r):T:>t:—2s+f:>s:x—t:>1':x—x—l: xer
ds \ ds 3 3 3
u(x,t)=(2x+t) .
27
xX=71, t=21, u(T,ZT) = 7%, Therefore,
a—le; g:—l, =St=—s5+2T, X=5+T=s= (2x_t):>‘t'=x—+t-FinaHy,
s ds ) 3 3
(x+1)
Jg)=——".
u(x,t) 5 a
x=1, t=—1, u(t,~1)=cosnr. == x, x(0,7) U {0,0)=—1= t=—¢' = T=—".

s os t
u(x,t) = cos(?). As t gets larger for fixed x, u undergoes increasingly rapid oscillations. The

solution exists for #<0.
x=1, t=0, u(T,O) = 7. Therefore,

E;—x:l—x, x(0,7)=1; %zl, H0,1)=0=t=s, x=1+(t—1)e”* = t=1+¢'(x—1). Finally,
s S
u(x,t)=1+e'(x-1).
x=71, t=1, u(‘L’,l):z'.

1 1
a—le, x(O,T)zT; ﬁ:tz’ t(O,T)=1:>s:l——:>T=x—s=x—l+—. u(x,t):x—1+1.The
s s t t t

solution exists for >0, all x.
x=1, t=0, u(1,0)= et Therefore,

o t
a—le, x(0,7)=1; g—zl, H0,1)=0=t=s, x=T+s= 7=x—1t.Then we have
N N
g_u =1, u(t.0)=¢" =u=s+e" .Finally, u(x,))=t+e "
N
The solution exists on the entire half plane.
The solution has a maximum at x=1; u(1,1)=2.
> 0 t
x=1, t=0, u(r,0)=e¢" . a—x:I, x(0,7)=1; g—:l, H0,1)=0=t=s, X=T+s=>T=x—1.
N N
a 5 2 3 5 2 3 )
a—l: =s(t+s), u(0,1)=e" =u= SET + 3 +e . u(x,t)= %(x— 1)+ % e

The solution exists on the entire half plane.
No finite maximum or minimum exists.

x=1, t=0, u(t,0)= et Therefore,

9 ot t
_x:L x(0,7)=7, ——=2, 1(0,7)=0=r=2s, x=7+s5= T=x——. Then we have
gs ds 5

a—z =—U, u|x:() = e_T2 = U= e_TZ_S. Finally, M(X,t) _ e—(x—%) _%'

The solution exists on the entire half plane.

1 1 _
The solution has a maximum at x = 5; u(EJJ =e % .
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12 (a).

12 (b).
12 ().

13 (a).

13 (b).
13 (©).

14 (a).

14 (b).
14 (c).

15 (a).

15 (b).

15 (©).
16 (a).

x=1, t=0, u(T,O) =
0x ot t

—=1 x(0,0)=7; —=2, #0,7)=0=t=25, x=T+s=>T=x——.
os as 2

g“ = 2su, u(t.0)=e" Su=e"" . uxg)=e A
S

The solution exists on the entire half plane.

1 1
The solution has a maximum at x = 5; u(a,l) = e%.
x=1, t=0, u(1,0)= et Therefore,
ox ot t
—=1, x(O,T)zT; —=2, t(O,T)=0:> t=2s, x=7T+ 5= 7= x——. Then we have
gs ds 2
u

a—=u+4s:> u=-4(s+1)+Ce"; —44C=¢" =C=e¢" +4.Finally,
s

u(x,t)= 4(2+lj ( (x%)2+4)e%.

The solution exists on the entire half plane.

The solution has a maximum at x = %; u(%,lj =2.24.

x=1, t=0, u(T,O) =

2 2
a—x=t, x(0,7)=T1; g=—l, 10,7)=0= t=—s, x=-Syror=x+l,
os s 2

ds 2

The solution exists on the entire half plane.
No finite maximum or minimum exists.

x=1, t=0, u(1,0)= et Therefore,
ox ot dt -1

—=1, x(0,7)=7; —=(2r-1)°, {0,7)=0= x=7+35,
oy , x(0,7)=T1; > (2t-1)°, H0,7)=0=>x=T+s @D

1

2 3 3 et
a—u:—s—+‘t', uL_:O:e_T2 :>u:—%+fs+e_72. u(x,t) = t——t[x+ 2)+e ( +/)

2=ds:>—2=s+C.

2t—1

1
Substitution gives us E Then we have

_/ 1 t ou g2 2
= —=1, u|:0=e Su=s+e ,T=x—35.
-1 2 2 2t—l 2t—1 1-2¢ O0s s

Finally, u(x,t)= E e - 2’)

. . 1
The solution exists on—co < x < oo, 0 <1< 5

The solution does not exist at #=1.

x=71, t=0, u(t0)=e"

a_x:v, x(0,7)=1; _Z:L H0,7)=0=r=s, x=T+vs=T=x—r.
35 ds

== —cu, u|s—() =e" Du=e" O u(x,t) = e e,
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16 (b). If v=5 mi/hr, the peak value reaches 20 miles downstream at =4 hours. At =4 and x=20 mi,
u(20,4)=¢*=0.05=c=0.59%hr".

d dt
17 (b). —xzv, x(O,‘L’)zO, —=1, t(O,T)zT:>x=vs, t=s+T7.
ds ds
d 167°(1-7)°, 0<7<1
—M=0:>u=a)(z')= wli-7), 0<7 . Therefore,
ds 0, 7>1
2 2 .
16(:—5) (1—(r—f)j L0<r-<]
u(x,t) = d v v
0, —2>1
v
d
17 (). —u=0, u=w(7)=0= u(x,t)=0, -2<0.
ds v
17 (d).
Y
1
0.8
0.6
0.4
0.2
T 2 3 a 5 X
d » d 2 1
18 (a). s=t, T=x—t, —uz—cuz, u_,=e’ .—?z—cds:>—u_1=—cs+C, C=—¢ ,u= 3
Os ” u cs+e'
1
u(x,t) = -
ct+ "™

18 (b). As in (16 b), the peak value reaches 20 miles downstream at =4 hours. At =4 and x=20 mi,

1(20,4)= —— =005 = ¢ = % =4.75hr".

4c +




Chapter 13
Linear Two-Point Boundary Value Problems

Section 13.1

Note: Part (a) of Exercises 1-7 are identical.

1 (a).
1 (b).

2 (b).

3 (b).

4 (b).

5 (b).

6 (b).

7 (b).

t t
y(t)=¢, 005(5) +c, sin(zj +4

Applying the boundary conditions, we have y(0)=c, +4 =0, y(n)=c, +4 =2. Solving these
simultaneous equations yields ¢, =—4 and ¢, =-2. Thus there is a unique solution:

V() =—4 COSGJ - 2sin(é) L4

y'(0)= % =0, y'(n)= —% =0. ¢, =c,=0.Thus there is a unique solution: y(t)=4.

t t
Differentiation gives us y’ = —%sin(aj + %COS(E) Applying the boundary conditions, we
have y’(0)= %2 =-2, y(n)=c, +4=0. Solving these simultaneous equations yields

¢, arbitrary and ¢, = —4 . Thus there are infinitely many solutions:

y()=c, cos(é) 4 sin(é) +4.

y(0)=c,+4=0, y'(n)= —% = 1. There is no solution.

’

t t
Differentiation gives us y’ = —ﬁsin(—j + &cos(aj. Applying the boundary conditions, we

2 2) 2
have y(0)+2y’(0)=c,+4+c,=0, y(n)+2y’(n)=c, +4—c,=0. Solving these
simultaneous equations yields ¢, =0 and ¢, =—4. Thus there is a unique solution:

V()= —4 sin(ﬁ) 14

2
y(0)+2y’(0)=c,+4+c,=0, y(r)-2y'(n)=c, +4— (2)_7C1 =0. There are infinitely many
solutions: y =¢, cosé - (c1 + 4)sin£ +4.

t t
Differentiation gives us y’ = —%sin(aj + %COS(E) Applying the boundary conditions, we

have y(0)+2y’(0)=c,+4+c,=4, y(n)-2y'(n)=c, + 4 +¢, =0. These simultaneous
equations cannot be solved, and so there are no solutions.

y'—4y=0, y(0)=0, y2)=1. y=—4, a=0, B=1.

Differentiation gives us y’=2, y”=0.Thus y=0, =2, B=1.
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10.
11.

14 (a).
14 (b).
14 (c).
14 (d).

15 (a).
15 (b).

15 (©).
15 (e).

16 (a).
16 (b).
16 (c).
16 (e).

17 (a).
17 (b).

17 (¢).
17 (d).

18 (a).
18 (b).

18 (¢).
18 (e).

. T T T
Yy +y=e' —sint+7/(eZ +s1nt):2e’, y(0)=1, y(E): 241 y=1, a=1, ﬁ:1+e4.
The general solution is y = ¢, cost+c, sint + 1. Differentiation gives us y’=—c, sint+c, cost.
From the boundary conditions,

y(0)+ay’(0)=5=c, +1+ac,, y(gj + y’(g) = B =c, +1—c,. From the graph, we can see

that y(0)=1, y(%)z&andso c,+1=1=¢,=0, ¢, +1=3= ¢, =2.Finally,

0+q-2=4=a=2and0+2=F-1= B=3.

77 =217 +2z=0, z(1)+’(1)=0, z(2)-z’(2)=0

z=ct+c,t’, 7 =c +2c,t. [c1 + cz] + [c1 + 2c2] =0, [2c1 + 402] - [cl + 4c2] =0.
¢,=c¢,=0, z=0.

The given problem has a unique solution.

2 3¢ 9
y=ct+c,t’, Y =c +2c,t. [1 O}L'}:L} y=3t+1.
2

77 =2tz +22=0, 2z(1)- /(1) =0, z(2)-Z’(2)=0

z=ct+c,t’, 7 =c, +2c,t. Applying the boundary conditions gives us

2[c1 + cz] - [cl + 2c2] =0, [2cl + 4c2] - [c1 + 4c2] =0. Solving these simultaneous equations
gives us z=c,t’, c, arbitrary.

By the Fredholm Alternative Theorem, the given problem does not have a unique solution.
y=ct+c,t’, ¥ =c,+2c,t. Applying the boundary conditions gives us

2y(1)=y'(1)=c¢, =1, y(2)— y’(2) = ¢, =1. Solving these simultaneous equations gives us
y=t+ c2t2, c, arbitrary.

77 =217 +2z=0, 3z(1)-27'(1)=0, 5z(2) - 62’(2) =0

z=ct+e,t’, 7 =c +2c,t. 3[c1 + cz] - 2[c1 + 262] =0, 5[2cl + 4c2] - 6[01 + 4c2] =0.¢,=c,.
By the Fredholm Alternative Theorem, the given problem does not have a unique solution.
y=ct+e,t’, Y =c +2c,t. 3y(1)-2y'(1)=c,—c,=2, 5y(2)—6y’(2) = 4c, — 4c, = 3. There
is no solution.

77 =217’ +22=0, z(1)-27'(1) =0, 2z(2)-z’(2)=0

z=ct+c,t’, 7 =c, +2c,t. Applying the boundary conditions gives us

[c1 + cz] - 2[cl + 2c2] =0, 2[2c1 + 4c2] - [c1 + 4c2] =0. Solving these simultaneous equations
givesus z=0, ¢,=¢,=0.

By the Fredholm Alternative Theorem, the given problem has a unique solution.

-1 3¢ -5
=ct+c,t*, v =c, +2c,t. Applying the boundary conditions gives us = .
y=q oty 1 2 pplymg Yy 3 4l 7
2

Solving this equation gives us y = %t+ gﬁ.

77 =2tz +22=0, z(1)- (1) =0, z(2)-27’(2) =0

z=ct+e,t’, 7 =c +2c,t. [c1 + cz] - [c1 + 2c2] =0, [201 + 4c2] - 2[c1 + 462] =0.c¢,=0, ¢
arbitrary.

By the Fredholm Alternative Theorem, the given problem does not have a unique solution.
y=ct+c,t’, Y =c+2c,t. y1)=y'(1)=—c,=1, y(2)-2y'(2)=—dc,=4. y=ct-1, ¢
arbitrary.
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19 (a).
19 (b).

19 (¢).
19 (e).

20 (a).
20 (b).
21 (a).

21 (c).

21 (e).

22 (a).
22 (b).

23 (a).
23 (b).

24 (a).
24 (c).

24 (e).

25 (a).
25 (c).

25 (e).

26 (a).

7" =217 +2z=0, 4z(1)-3z’(1)=0, 3z(2)-47'(2)=0

z=ct+c,t’, 7 =c, +2c,t. Applying the boundary conditions gives us

4[c1 + cz] - 3[c1 + 2c2] =0, 3[2c1 + 4c2] - 4[c1 + 4c2] = 0. Solving these simultaneous equations
gives us z= c2(2t + tz), c, arbitrary.

By the Fredholm Alternative Theorem, the given problem does not have a unique solution.
y=ct+c,t’, ¥ =c,+2c,t. Applying the boundary conditions gives us

4y(1)=3y’(1)=c, - 2c, =1, 3y(2)—4y’(2) =2c, — 4c, = 3. These simultaneous equations
cannot be solved, and thus there is no solution.

Both Theorems guarantee a unique solution.

1
c,+c,+4=17, Ec1+2c2+4:7:>y:2e"’+e’+4.

Since aya, >0, Theorem 13.2 is not applicable. Likewise, the form of the boundary conditions
makes Theorem 13.3 not applicable.
7" -2=0, z(0)+Z’(0)=0, z(In2) + ’(In2) =0. Thus z=c,e”" +c,e’, 7 =—ce" +c,e'. From

1 1
the boundary conditions, we have ¢, +¢, — ¢, +¢, =0 and Ecl +2c, - Ecl +2c, =0. Solving

these simultaneous equations yields ¢, =0, ¢, arbitrary. Therefore, there is no unique solution
to the given problem.
y=ce ' +c,e' +4, y=—ce " +c,e'. From the boundary conditions, we have

1 1
¢,+c,+4—c +c,=5and —c, +2¢c,+4——c, +2c,=8. There is no solution to these
2 2

simultaneous equations, and so the problem has no solution.
Theorem 13.2 guarantees a unique solution.

1 1
¢, +c,+4+¢,—c,=0, §c1+2c2+4—5c1+2c2:12:>y:—2e_t+2e’+4.

Theorem 13.2 guarantees a unique solution.
g q
y=ce +c,e' +4, y=—ce ' +c,e' . From the boundary conditions, we have ¢, +¢, +4 =11

1
and ——c, +2c¢, = 4. Solving these simultaneous equations yields ¢, =4, ¢, =3, and so
2

y(t)=4de" +3e' +4.

Since ¢(t) > 0, neither theorem can guarantee a unique solution.

7" +2=0, z(0)+7/(0) =0, z(n) +z’(x)=0. z=c,cost+c,sint, 7/ =—c,sint+c,cost.
¢,+c,=0.—-c,—c,=0. ¢, =—c,, c, arbitrary. There is no unique solution to the given
problem.

y=c,cost+c,sint+2, y'=—c¢,sint+c,cost. ¢, +2+c,=7,—¢,+2—c,=-3.

y= (5 —cz)cost+czsint+2.

Since ¢(t) > 0, neither theorem can guarantee a unique solution.

7" +2=0, z(0)+7/(0) =0, z(n) + z’(x)=0. Thus z=c,cost+c,sint, z’ =—c,sint+c,cost.
From the boundary conditions, we have ¢, +¢, =0 and —c, —c, =0. Solving these
simultaneous equations yields ¢, =—c,, ¢, arbitrary. Therefore, there is no unique solution to
the given problem.

y=c,cost+c,sint+2, y' =—c,sint+c,cost. From the boundary conditions, we have

¢, +2+c,=7,—c,+2—c,=3.There is no solution to these simultaneous equations, and so
the problem has no solution.

Since ¢(t) > 0, neither theorem can guarantee a unique solution.
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26 (c).
26 (e).

27 (a).
27 (¢).

27 (d).

7" +2=0, z(0)=0, z(n)=0. z=c,cost+c,sint, ' =—¢,;sint+c,cost. ¢,=0. —¢, =0.

¢, =0, ¢, arbitrary. There is no unique solution to the given problem.

y=c,cost+c,sint+2. ¢, +2=7, —c, +2=3.There is no solution to the given problem.
Since ¢(t) > 0, neither theorem can guarantee a unique solution.

7" +2=0, z(0)=0, z(n)+z’(n)=0. Thus z=c,cost+c,sint, 7’ =—c,sint+c,cost. From
the boundary conditions, we have ¢, =0 and —c,—c¢, =0.Thus ¢, =¢, =0, and so the problem
has a unique solution.

y=c,cost+c,sint+2, y'=—c sint+c,cost. From the boundary conditions, we have

¢, +2=8, —c,+2—c,=5. Therefore, y(f)=6cost—9sint+2.

28 (a) and (c). same as (26)

28 (e).
29 (a).

31 (b).

32 (b).

33 (b).

34 (b).

y=c,cost+c,sint+2.¢,+2=8, —c,+2=-4. y=6cost+c,sint+2

y,(#) is a nonzero solution if g(¢)#0 and/or o # 0. Since ¢, and ¢, are not both zero, o # 0
ensures nontrivial initial conditions. y,(#) is a nontrivial solution since a, and a, are not both
Zero.

Choose ¢, =1, ¢,=0.Then ay,—ac,=1. Then we have

2y, =ty +y,=2, y(1)=3, y, (1)=0.Thus y, = ¢, +c,tInt+2, and with the boundary
conditions we have ¢, +2=3, ¢, +¢,[Int+1]=0. Therefore, ¢, =1, ¢, =—1, and so
y,(1)=t—tlnt+2.Then, £y, —ty, +y,=0, y,(1)=0, y,"(1)=—=1.Thus y, = ¢,t + c,tInt,
and with the boundary conditions we have ¢, =0, ¢, + ¢, =—1. Therefore, ¢, =0, ¢, =-1, and
so y,(t)=—tInt.

—In2

1+1In2

y. =y, +sy,=t—thnt+2—stlnt, y, (2)=1-In2 -1+ s(-In2—-1)=0 = s= . Finally,
tlnt-1In2
1+In2

Choose ¢, =1, ¢, =0. y,” +4y, =3sint, y,(0)=3, y,(0)=0. y, =¢,cos2t+c,sin2¢ +sint,

y(t)=t—tlnt+2+

1
c,=3,2c,+1=0. y,(t)=3cos2t— Esin2t+ sint. y, =c,cos2t+c,sin2t. ¢, =1, 2¢, =-1.
1
y,(1) = cos2t- Esin2t.ys =y, +5y,.
T

(i3 §)en(G)0=532)

29 J; 2\2 J(

1 1
y= 300521‘—Esin2t+sint+( cosZt—EsiHZt).

Choose ¢, =1, ¢,=0. Then we have y,” — %y, =1, 3,(0)=0, y, (0)=0;

” ’ 1_ 1
y, —t'y,=0, y,(0)=0, y, (0)=—1.Thus y,(1)+sy,(1)=1= s= )E‘I()).finally,
Y2

1-vy,(1

r(t)=y,+sy2=yl+¢()yz-
)’2(1)

g=0, =0, B=1.y, +1y —y =0, y,(0)=0, y/(0)=0= y, =0;
)’2” +ty2,_y220’ yz(O):O’ )’2,(0):_1-

3o 592 = 5920 31 = sy (1) =1 52— = y (1) = 220
)’2(1)

(1)
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Section 13.2

1(b). y'=—f(x)=>y' = —r f(A)dA + ¢, . Using the second boundary condition, we have

—J f(A)dAr = y(x J J f(o)dodA + x'[ f(A)dA . Integration by parts and some
simplification give us y(x) = I xf (A)dA + JO M(A)dA = '[0 (x,A) f(A)dA with
Gled) = A, 0<A<«x

A= x, x<A<1’

1 (c). Ll X6AdA + J: 6A%dA = 3x—x°
20). Y == f(A)dA+c,. c;=y(0)=0= y(x j j f(o)dodA +c,.
Y1) +y()=0=¢, = J;ij (o dad/1+j0f ).
()= [ @-2)f(A)dr+ [ -2 f(A)dr= [ G(x.A) f(A)dA. G(x.2) :{

2 (o). jl(z—,l J62dA + [ (2- x)62dA =4 x°

2—x,0<A<x
2-A, x<AL1

3(). y'= —'[ FfFQ)dA +c, = y(x J J f(o)dodA + c,x + c, . Using the boundary conditions, we

have c2—2c1:0and—jj f(0)dodA +¢, +¢,=0. Thus clz—H f(o)dodA, ¢, =2¢, and

x+2

so y(x J J‘ f(o)dodA + J. J. f(o)dodA . Integration by parts and some

51mphflcat10n give us

)= “;2)(1— W+ [Er2) “2 Y1-2) £ (R = [ 6(x.2) f(R)aA with
(+2)0-2)
_ 3 T
A= eadi-n)
=B ens
3 (). 13xj(l+2)6ﬂd/l+x+2_[x( ~)6AdA = ~ (x+2)
4(). ' ==| fFA)dA+e. y =—j0j0f dad/1+clx+c2.

0 -y(O)=c,—¢,=0= ¢, =c,= [ [ f(0)dodr~ | f(A)da

y(0) = [ (A1) FQ)dA- [ (x+ DA ()dA= [, Glx.2)f(A)dA.
Gled) = —x(A+1), 0<A<x
(x, )_{—l(x+l), X< <1

4©. ~(x+1)] A62dA~x[ (A+1)62dA=-2-2x~x°

1 1 1 1
6 (c). y,=cos2t+sint, y, = ECOS2Z‘— Zsin2t, V, = Ecos2t+ Zsin2t
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1 11 3 1
7). y= §y0 +2y, -y, = ﬁcos2t—zsin2t+§sint

1 7 1
7 (i1). =2y +—y =——co0s2t— —sin2t—2sint
(). y Yot on==7 g
1
7 (). y=-4y, -2y, = —3c0s2t+asin2t

2

t t 9
8 (b). =18t —1+—, yy=—=9¢", y, ==¢
(b) Yo 3 Y 2 ) >

-1

. 1 _ t
(). y=3y, =y, =45t =34 p

. 1 3 , 1 7 1
9. y=yo=n+3, =T oo

10.  u=e”, (ez’y’) +e¥y=e"sint

11. ‘u:e_%, (e_%y’), :%6_3%

_t? _t? ’ _t? t2 _?
12. u=e A,(e Ay’j +2e Ayzze %
13, p=12(7y) +7y=17%
14, u=r,(fy) —sin2e(y)=3
15.  y”+tanty’ +2secty = t*sect = [ = sect, (sec Zy’), +2sec’ ty = t*sec’ t

16, u=t () + e’y =217

17.  First, we rewrite the equation as follows: y” —y”—2y =0. Then we have
A=2)A+1)=0= y(t)=ce”" +c,e”.

18. X =-31+2=(1-2)(A-1)=0= y(t)=ce' +ce”.

19.  AA-1)+22-2=(A+2)(A-1)=0= y(t)=c,t+c,t 7, t>0.

20. A, +A-6=(A-2)A+3)=0= y(t)=c,t, +c,t ", t>0.

Section 13.3

1(b). p
1(c). ¢

1@). y(n=|G
2(00). p(1)=1, f(1)=—¢"
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2(c). ¢(t)=c,cost+c,sint, p(0)=c, =0= ¢(t) =sint, y(t) = cost,
sintcoss, 0<t<s

W= W (5)=1-(W(5)0'(5) - oI (5) =1. Gil1s) = {, seren)

2(d). y(r)= J/G(t (s)d. =—costJ. e smsds—smtj e’ cos sds
3(b). p(r)=1 f(1)=-¢
3(c). ot ):clcost+czsmt ¢(0)+¢’(0)=c, +c,=0= ¢ =cost—sint,
v(t)=c,cost+c,sint, y’(1)=—c, sinl+c,cosl=0=> y = costcosl +sintsinl = cos(t—1),
W, = p(s)W(s) =1 ( (8)¢"(s) = o(s)y’ (s )) —cosl—sinl. From (8), then,
(cost—sllr-li_t)cols(s l), 0<i<s
Glt,5) = cosl +sin
—(coss—sms)cos(t—l), e i<l

cosl + sinl

wr cos(s—1)e’ds

-1
th(coss— sins)e’ds + ,
cosl +sinl s

cosl +sinl 7o

3. ()= Gles) f(s)ds=

40). p(r)=1 f(1)=-
4(c). ¢(t)=cosh2t, y(r)=sinh2(r—1), W, = p(s)W (s)=1-(w(s)¢’(s) — ¢(s)y’(s)) = —2cosh2.
_ cosh2zsinh2(s—1)

~cosh2 ,0<t<s
— COS
G(13)=1 " oshassinh2(1—1)

- , s<t<l

2cosh?2
o _sinh2(r—1) ¢ ., cosh2r s

4d). y(0)=] 6(rs) f(s)ds—mjocosh%e ds+2msh2j sinh2(s - 1)e'ds
50). p()=1, f()=e"

p
5(c). ¢=sinhz, y=sinh(r—1), W, = p(s)W (s) =1 (w(5)¢’(s) — ¢(s)y’(5)) = —sinh1. From (8), then,
—sinhtsinh(s—1)

=~ ,0<r<s
_ sin
Gles)=1 _ sinhssinh(z—1) '
- , s<t<1
sinh1
o sinh(¢z—1) ¢ ., sinht ,

5. y(1)= 0G mjosmh( s)s’ds + smhl'[ sinh(s—1)s°ds
6 (b). p( ):e4’, f( )=—e sint
6 (c). ¢(t)=e ' sint, 1//( ) 2 sin(r-2),

W, = s)W (s)= ’(s) - (])(s)l//’(s)) =—e""sin2.

e sinzsin(s—2)

,0<t<s
sin2
e sinssin(r—2) << 2'
sin2 ’
2
6 (d). t)=_[ G(t a’s— Ssllrrll(; )I e sin’ sds + 51:2 tjt e sin(s—2)sin sds

¥
7). p(t)=e”, ():—te
o(t

7 (c). )=c¢, +c2e"2’ O(-1)=c,+ce’=0=¢=1-e¢
v(t)=c,+ce”, w(1)=-2c, =0y =1,

—2(z+1)
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W, = p(s)W(s)=e* (l;/(s)q)’(s) - (I)(s)l//'(s)) = 62’(26_2(”1) - 0) . From (8), then,

le2(1 - 672(t+l)), —1<t<s
_J2
G(t,s) =

7). y(r)= Jl G(t,s)f(s)ds = —lezjjl(l - e_Z(”l))(sSezs)ds— %ez(l - e_2(t+l))J.: s’e®ds

8(b). p()=r", f(1)=-1
8(c). o¢(t)=r -

8(d). y(t)=| G(t.5)f(s)ds= (tT_AL)J‘:(sz - l)ds + (t _ l) f(sz — 4)ds

9). p()=e™, f(t)=—te™
9@c). ¢(t)=ce +ce”, p(0)=c,+c,=0=p=¢"—e",
v(t)=ce' "+, w(l)=c +c,=0=y=e"" -7,
W, = p(s)W(s) = e_3’(w(s)(])’(s) - q)(s)l//’(s)) =—¢' +¢7. From (8), then,
. (e _ee 1)(6;2_6 _ ), 0<t<s
Glt,s)= 2s . -1 21-2
e =) e
e —e
! et_l - ezt_z d s 2s =3s e, — ezt ! s=1 252 =3s
9(@). y(r)= 0G(t,s)f(s)a’s—ﬁjo(e —e )(se )ds+e"—e‘2 J‘t (e e )(se )ds
10 (b). p(t)=e, f(t)=—te™
_ t_l 2t — t—l_l 2(1-1)
10 (c). ¢(t)=e 2e , y()=e 2e , -
W= p(sW () =™ (v ()" ()~ Gl (s)) =~
e — 1/ 2\ s-1 _ 1/ j2(s-1)
5 == hpe)
G(t,s) = €.\
’ o) s 1/ 2\, 1/ 261
e
e —e
10 (d). ()= [ G(1,5) f(s)ds

. p)=1 o
12. p(t) =1, q(
13. p(t) =1, q(
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14.  p()=1, g(t)=-4, a,=1, =0, b, =1, =0

kcostcos(l—s), 0<t<s ) . 1
16 (a). G(t,5)= . kcosssin(l1—s) + ksinscos(1—s)=—1, k=———
kcosscos(1—1t), s<t<l1

sinl’
16 (b). y=1, a,=0, a,=1, b,=0, b =1.
Section 13.4
. 0 1| 0
1. After differentiating and forming the matrices and vectors, we have y’ = v+ .

-1 2 cos2t

0 O 1 1 2

3 3 = [8 _%]y + [%(t?Jr 1)] [(1) 8}?(0) + [(1) _01}5(2) = [8}

3. After differentiating and forming the matrices and vectors, we have

. 2 -1 0 0} -1
From the boundary conditions, we form y(0) + y(1)= .

0
[ t_l}y + [ } From the boundary conditions, we form

o G

[0 1 0 0
4. =0 0 1+ 0
_—1 -3 3 +

1 0 -1 00 0 2
2 1 0 [0)+]0 0 0 [F2)=|-1
sint| [0 0 0

5. After differentiating and forming the matrices and vectors, we have

0 1 0 0

y=| 0 0 1+ 0 . From the boundary conditions, we form
=217 270 3t sint

111 0 0 0 I

0 0 0y(-2)+|-1 2 —1p(-1)=|4].

0 00 0 1 3 2

. plo_| ! 0 Pl 00 |l of1 1] [0 0] e €| |1 1 ™
. = s = N = + = .
00 0 1 0 0l=1 1|70 1]e | |- | ¢

determinant of D is nonzero, and so there is a unique solution for every g(¢) and &.

o [ -1 [0 0 1 —11 1] [0 0fe €| [2 O
7. P = , P = , D= + NE . The
0 0 1 -1 0 0]-1 1] |1 —1]-e €] [2¢ 0

determinant of D is zero, and so there is not a unique solution for every g(¢) and c.
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10 (b).

12 (b). f

13.

o [ -1 [0 0 1 —1]1 1] [0 0] e €&| [2 O
P = , P = , D= + NE s |- The
0 0 11 0 0]-1 1] |1 1]-e | |0 2¢

determinant of D is nonzero, and so there is a unique solution for every g(¢) and &.

g |1 o] . [0 o0 1 of1 1] [0 0]e €| [1 1 '
plol = . P = , D= + NE 5 |- The determinant
0 0 1 0 0 0)-1 1 I Of—e e e e

of D is nonzero, and so there is a unique solution for every g(¢) and c.

301 [1] 1 ]2e-1 S()= iz ! (2¢* —1)e™" — 3¢
= =c=— . = =—F .

0 22 T[-1] T Te’| 3 [T T 6 (28 —1)e + 3¢

| O N S N 1 [=¢

o sle= =c=—5——=| _, | Then we have

e —e 0 —e —e |—e

B B 1 e—t e3t e3 1 e—t+3 e3t—1
J’(t) =VYe=——%| _, sl 21 |T T3, 1| —e+3 31 |
e +e |e —e e +e e —e

1 0 Of1 O O 0 0 Ofle? O O] |1 O O
y()=Wc; D={0 1 00 1 1[|+|0 0 0|0 e € |=|0 1 1 |(seeexercises
y

0 0 0[]0 -1 1] |0 O 1|0 —e €| |0 — ¢

1 0 0 [1 1

. - - -1 -1
6-9). Dc=a=|0|=c¢=D"'a=|0 36 3 0=|— . Therefore,
e’+e e +e e’ —e
1 0 _° 1|1 1
L e +e e +el e’ —e ]
SR B N
- e’ —e
—'t: 0 t 3t —
y(1) e, L€ +e e’ +e
0 —e | 1 €3l+€f
Le'+el | e +e |
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1 ox 10 0 0 I
18 (a). ¥ = Pl = , Pl = , = :
® [1 x+ﬁ_l} [o 0} T 1% o

(2l oL -
1 B 1 (+p8" 1-T (1-T)¢+p8"
[1+(1-T)B(¢—x)

) e I (=03t |
=c=| (=D :{ }: r+(-D)(r-x [

(= 1+(1-T)pr
18 (b). dal- (0) = (1+(I—F)ﬂﬁ)(l—[%)—(F+§1_r)ﬁg)(_ﬁg) _ 1 0
a (1+(@1-T)Be) (1+(1-T)B)
19 (b). j(RCl_Rl)z :_Rl—l =—Px + C.Imposing R(/)=0,we have I=—B/+C=C=1+p.

Therefore, ! :,B(ﬁ—x)+1:>R=M.From(ll),

R-1 1+ (¢~ x)
+_ 1+B(£_x) inc  y— _ ﬁ(f—x) inc £_
! _{ Bl +1 }I ! _{ B +1 }I =k

Section 13.5

4(@). p=1,4=0,r=1

4 (). u=c cos/Ax + c, sinv/Ax, i’ = —«/ch siny/Ax + \/ICZ cosv/Ax . From the boundary
conditions, we have 1’(0)=+/Ac, =0 and u(1)=¢,cosv'A +¢,sin\/A =0. From
\/Icz =0, A=0and/or ¢,=0.If A =0, then ¢, =0. We thus conclude that zero is not an
eigenvalue since ¥ =0 in that case. If A #0, ¢, =0 and c, cosv/A =0. Thus

2
\/Tn:wzﬂpn :(n—l) T, u, :cos((n—ljnxj.
2 2 2

5(). p=1,¢4g=0,r=1
5(). u=c cos/Ax + c, sinv/Ax, i = —«/ch sinv/Ax + \/ICZ cosv/Ax . From the boundary

conditions, we have u(0)=¢, =0=> u=c,sin\/Ax. From

w'(1)=c,"AcosvA =0, A=0and/or cosv'/A =0.If A =0, then u=0. We thus conclude that

zero is not an eigenvalue. cosVA =0=

1 1Y, _ 1
\//Tnz n-—jg=A=|\n—=|n", u =sin | n—— |mx |.
2 2 2
6(). p=1qg=-1,r=1
6 (b). u=c,cosVA+1x+c,sinVA+1x, ' =—JA+1¢,sinVA +1x + A +1c,cos/2A + 1x . From the
boundary conditions, we have #/(0)=c,NA+1=0=> ¢, =0 and/or vA+1=0. Therefore,
u=c,cos\vA+1x. ' (1)=—c,JA+1sinVA+1=0= JA +1=nn.Thus

A, ==1+(nn)’, u, = cos(nmx).
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7 (a).
7 (b).

8 (a).
8 (b).

9 (a).
9 (b).

10 (a).

10 (b).

11 (a).

11 (b).

12 (a).

12 (b).

p=1qg=1r=1
u=c,cos\VA—1x+c,sinNA—1x, u =—+A—1¢,;sin\A - 1x ++A—1c,cosvA—1x . From the
boundary conditions, we have u(0)=c, =0 = u=c,sinVA—1x. From

[ — 2
u(2)=czsin( 2’_1'2)20’ 24/A, —1=nn.Thus l,,zl"‘(%j ) U, —sln(n;txj.

p=149g=0, r=1

u=c, cos/Ax + c, sinv/Ax, i = —«/ch siny/Ax + \/ICZ cosv/Ax . From the boundary
conditions, we have u(0)=¢, =0=> u=c,sin\/Ax. From

u(l)+u'(1) = cz[sin«/z + «/Ecos«/z] =0, A, =—tan\/A,, u, =sin,f4,x (or u would be
zero). From root-finding software, we obtain A, =4.11586, A, =24.1393, A, =63.6591.
p=1,qg=—4,r=2

u=c,cosv2A+4x+c,siny2A + 4x . From the boundary conditions, we have
u(0)=c,=0= u=c,sinv2A +4x.From u(3)=c,sin(v24+4-3)=0, 324, +4 = nn.

p=e ’q__z 2r’ r:€2x
2+ 4-4(A1+2
P+2r+(A+2)=0=>r= 5 ( )=—1il\/l—1
=Su=ce" cos( A— 1x) +c,e sm( 1x) From the boundary conditions, we have

u(0)=c¢, =0, u(l)=c,e”'sinNA-1=0= JA —1=nt =1 =1+(nn)’, u, = sinnmx.
p=e,q=—e,r=e"
+ 1-4(A+1) I3
:_Eil ),+Z

2
Su= cle_x/2 cos(1 A+ %x) + cze_% Sin(1 A+ %x) From the boundary conditions, we have
u0)=c,=0=u= cze_% sin(1 A+ %x),
et L 3 I (143
u' =c,e 2[—zsm(mx + A+Acos A+Ax .

Also,

u(l)+2u’(1)=c2e_%sin l+% +2cze_%{—%sin(\/l+%)+\/l+%cos(1ll+%ﬂ:0
2
hoe3/—[n-L O R pem | I
Therefore, /ln+A—(n zjnznln— 4+(n 2)1t u,=e 2s1n((n 5 e )

p=e ", q=0,r=e"

1£N1-4A4
—r+A=0=r= =—+ A
I‘ r r= > 1 A_
= u= C€ COS( )+C2€/ZSII]( A)

r2+r+(),+1)=O:>r=_
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From the boundary conditions, we have

u(0)=c¢, =0, u(2):czesin(ZM)=O =11 _—:>/1 +(%)2,

u, = e% sin(?).

13 (a). p=e’, g=0, r=¢"

13 (b). r2+r+/l=0:r—_1+ 1= 44 l_lﬁl A

2

=u= cle_%(x_l) cos( A- % (x— 1)) +c,e ;i s1n(1 A — % (x— 1)) . From the boundary

conditions, we have

u(l)=c,=0, u(2)=c,e” sm(m) A =nn= A =—+(nn)’,

u, = ¢ /20D sin(nm(x —1)).
1
14 (a). p=x, g=0, r=—
x
14 (b). First, let u=x".Now, r(r—=1)+r+A=r>+A=0= r=+i/A . Thus
u=c, COS(\/% In x) +c, sin(«/z In x) . From the boundary conditions, we have

u(l)=¢, =0, u(4)=c,sin(vAInd4)=0= 2, Ind=nn= 2, (’“‘) unzsm(”"lnx)

In4

15 (a). From Problem 14, p=1x, ¢=0, r=

8| =

15 (b). u=c, COS(\/% In x) +c, sin(«/z In x) . From the boundary conditions, we have

w'(1)=c,nA =0, u'(3)=—c,gsin(«/zln3) 0= /A, In3=nw= A, (”nj

In3
(mclnx)
U =cos )
" In3

18.  p=1,g=-1,r=1=0=(A+1)sin’O+cos’@=1+Asin’0. R" =—ARsinOcosH.
u(0) = R(0)sin6(0) =0, u(1)= R(1)sin6(1) =0, sinH(0) =sin6(1)=0.
19. p=1,¢g=2,r=3=6=(31-2)sin’H+cos’ 0.
R =(1-3A+2)RsinOcos@=—-3(A—1)RsinOcosh.
u'(0)= ﬂR(O)cos 6(0)=0, u(1) = R(1)sin6(1) =0, cosH(0) =0, sinH(1) =
p0
20.  p=e, q=0, r=¢” =0 = sin’ O+ cos’0. R = (e** — Ae”*)RsinfcosH.
u(0) = u(2) = 0. Therefore, sin@(0) =0, sinH(2)=0

x2

21. p= e‘x2, g=—e" ,r= e =60 = e"‘z(l +1)sin2 0+e* cos’h.
R = (e = (A +1)e™ )Rsinfcosd. u(0)=R(0)sin6(0) =0, u'(1)=

1 —
ER(I) cosf(1)=0.

Therefore, sin@(0) =0, cosB(1)=0



