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@BADC2EGFIHKJ(LNMPORQTSULVJTWXF OYH
∗

F Z\[GS^]3HKS_[*ORH`WbaTScZdS^W
R

2
OfegJ6hIhRQKJ6FiL-ZjOfeDLkSTJ6hRH6lGmnETSfLNZ`EXM

(a, b) ∗ (c, d) = (c + ad, bd).

o JfprqRFsHT[+WbaKS+F [GSfH_WXF WtM�u\F W^avL-S_Z>QTS_w^W�WxO
∗
A

o EUprygS^WzSULtm�FsHTScujaTS^W^aTSUL�J6hihBSfh SfmcSfH>WxZ\OGe
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��A��6S^W
x

JBHT[
y

ETS�SUh SGm�SfH>WxZjOfe9Jn��LkOYlGQ
G � JBHT[�h S^W

n
ETS�J�QTO6Z^F WbF {KS�FIH>WzS_�GSUL�A

� L-OG{KScW^aKJTW�F e
(xy)n = 1

WbaTSGH
(yx)n = 1
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��A��6S^W
G

ETScW^aTS���LkOYl6Q
{1, a, b, ab, ba, aba}

ujaTSULkS
a2 = b2 = 1

J6HK[
aba = bab

A
qRFsHT[*J6hihGW^aTS`Z>lGEK��LkOYlGQ_Z�Ofe

G
A
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� A o Jfp��YWdJ_WzSv�6J(��LVJBHT�GSG�sZjW^aTS_OBLkSfm�e O6L�J`]3HGF WzS���LkOYlGQ
G

A
o EUp��¡lGQGQKOGZdS`W^aKJTW

G
aKJKZ�J�QKL¢Fsm�SvHGl6mnETSUL

p
OGe�SUh SGm�SfH>WxZ�JBHT[

g ∈ G
A

� L-OG{KS�Wba(J_W�SUF W^aTSUL
g

F Z�W^aTSPF [GSfH_WXF WtMPOBL

G = { 1, g, g2, . . . , gp−1 } .
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G = { [1]10, [3]10, [7]10, [9]10 } .

� L-OG{KScW^aKJTW
G

F Z�F ZdOYmcOBL Q6afF w�WxO+W^aTS���LkOYl6Q
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��A � L-OG{KScW^aKJTWDWbaKS`ZdS^W OfeDm`JTWXL F wTS>Z

W =

{(

0 a + b a − b
0 2a 2c

)

: a, b, c ∈ R

}

F Z�J`{KS_w>WxOBL&Z>lGE_Z>QKJ(w_SPOfe
M2×3(R)

A
� J6h wflfh�JTWxS`W^aTS�[�Fsm�SfHTZ^F OYHPOfe

W
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� A � L-OG{KS.W^aKJTW¡W^aTS.e O hih OKu�FsHT�PQTO h M6HTOYmnF J6h ZDFIH
P4

J(LkSjhIFIHTSTJUL¢h M�[GSGQTSfHT[GSGH>WgJBHT[�� F {KS J�hIFIHTSTJUL L-Sfh JTWXF OYH
EKS^Wtu9S_SfH�WbaTSGm��

x + 2x2 − x4, 1 − x + x4, 1 + x + x2, x − x2.
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��A � OYH_Z^F [GSUL W^aTS�e¢OYhih OKu\FIHK� ZdS^W\OfeDQTOYh M6HTORm�F�JGh ZcFIH
P2

�

S = {1 + x, 1 + x2, x − x2, 1 + x + x2} .

� L-OG{KScW^aKJTW Z>QKJBH
(S) = P2
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P2
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��A |~} Qfh�JGFsHDwTJ(LkS^e�lfhih MDujafF wfaDOGe WbaKS�e O hIh OKu\FIHT�\e�lGHTw^WbF ORH_Z�[GS^]3HKS\aTOYmcOYm�OBLtQGafF Z>m�Z
Ofe�{KS_w^WzOBL~Z>Q(JKwTS>Z	�
o Jfp

f : R → R
[GS^]3HTS_[%E�M

f(a) = 0 �
o EUp

f : R
2 → R

[GS^]3HTS_[%E�M
f

(

a
b

)

= a + b + 1 �

o w(p
f : M2×2(R) → M2×2(R)

[GS^]3HTS_[�E�M
f

(

a b
c d

)

=

(

a b
c d

) (

9 4
6 8
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@T¥�A � OYH_Z^F [GSUL W^aTSPhiFsHTSTJ(LDm`J6Q
f : R

3 → R
3

[6S^]3HTS_[ EXM

f





x
y
z



 =





x − y + z
2x − 3z
2y − 5z



 .
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A
o Jfp |~} Qfh�JGFsH`ujaKJTW�F Zcm�SKJ6H_W�E�M�Z�JbM6FIHT�+W^aKJTW
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o EUp�
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H

F Z�J0HTOBLtmcJ6h3Z>lGET� L-ORlGQ%W^aTSULkSrF ZvJ u9SUhih ��[GS^]3HTST[ EfFIH(J(LNM�OYQTSfLkJTWbF ORH�OYH�W^aTS�ZdS^WPOfe
wTOGZdS^WxZ

G/H � u\aKSULkS
Ha ∗ Hb = Hab

� L-OG{KS�Wba(J_W WbaTS`ZdS>W�Ofe�wTOGZdS^WxZ�e¢OBLtm�ZjJ���LkOYl6Q�u\F W^avL-S_Z>QTS_w^W�WxO�WbafF ZjOYQTSULVJTWbF OYH~A
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o w(p��6S^W
G

ETS`W^aTS`��LkOYlGQ
{1, b, b2, b3, a, ab, ba, b2a}

u\aKSULkS
a2 = b4 = 1

JBHT[
b3a = ab

A

F A � ORH_ZxWXLtlTw>W W^aTS+h S>eVW�JBHT[�L F �Ya>W\wTOGZdS^WxZ�Ofe W^aTS`Z>lGET� L-ORlGQ
H = {1, b2}

FsH
G

A
� SfHTwTS�Z>aTOKu W^aKJTW

H
F Z`HTOBL m`J6h A
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FIF A � ORQ�MnJBHT[�w_ORmnQfh S^WxS�WbaTS�e O hih OKu�FsHT�%mPlfh WbFIQGhiF wKJ_WbF ORH�e O6L

G/H

∗ H1 Ha Hb Hab
H1
Ha
Hb
Hab
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G/H
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@_��A o Jfp � OYH_Z^F [GSUL&W^aTS���LkOYlGQTZ

G = {1, a, a2, a3, b, ab, a2b, ba}
u\aKSULkS

a4 = b2 = 1, a3b = ba,

G′ = {1, c, c2, c3, d, cd, c2d, dc}
ujaTSULkS

c4 = 1, c2 = d2, c3d = dc.

� OYH_ZxWbLtlTw^WjJ�HTORH � WXL F {GF J6h?aTOYmcOYm�OBLtQGafF Z>m
θ

e�LkOYm
G

WzO
G′
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θ
A
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o EUp F A � ORH_Z^F [GSfL
W^aTS+hIFIHTSTJUL.m`JBQ�Ofe {(S_w^WzO6L&Z>QKJ(w_S>Z
f : R

2 → R
2

[GS^]3HTS_[*OYHcWbaKS`ZxWzJBHT[6JUL-[
EKJKZ^F Z`EXM

f

(

1
0

)

=

(

1
−1

)

, f

(

0
1

)

=

(

−1
1

)

.
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f

u\F W^a�LkS>Z>QTS_w>W�WzO�W^aTS ZxWzJBHT[6JUL-[+EKJKZ^F ZTA

qRFIHT[0W^aTS%wGaKJ(LVJ(w^WxSfL¢F ZxWXF w QKO h MBHTOYmnF J6h&JBHT[0WtugO"hiFsHTSTJ(L h M FIHT[6SfQTSfHT[6SfH>W�SUF �GSfH>{(S_w^WzO6L-Z
v1, v2

Ofe
f
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 F {KS�W^aTS wfa(J6HK�GS�OGenEKJKZ^F Z�mcJTWbL F }
P

e�LkOYm
{v1, v2}

WzO0WbaKS�ZxWzJBHT[6JUL-[;EKJKZ^F Z � JBHT[
u\L¢F WxS�[6OTujH`W^aTSvmcJTWbL F }

P−1AP
A

FIF A`qRFIHT[*J6hIhGWbaKS�SUF �GSGH>{(J6hIlTS_Z�Ofe�W^aTSPhiFsHTSTJ(LDm`JBQ
f : R

2 → R
2

[GS^]3HTS_[%E�M

f

(

x
y

)

=

(

y
0

)

.

|B} QGh J6FIH�ujaTS>WbaTSfL OBL.HTOfW
f

F Zj[�F�J(�GOYHKJ6hiF Z�JBEfh S6A
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@_��A � OYH_Z^F [GSUL W^aTS�e�lGHKw^WXF OYH
f : M2×2(R) −→ P3

[6S^]3HTS_[ EXM

f

(

a b
c d

)

= (b − d) + (a + b − 2d)x − 3cx2 + (a − d)x3.

o Jfp � L-OG{KS�Wba(J_W
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F Z�J aTOYmcOYm�OBLtQGafF Z>m�Ofe {KS_w^WzOBL Z>QKJ(w_S>ZTA
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o EUp � L F WzS�[GOKujH�WbaKS�ZxWdJBHT[6J(Lk[ E(JTZdS_Z\e¢OBL
M2×2(R)

JBHT[
P3

A
qRFsHT[+WbaKSvmcJTWXL F } LkSfQKLkS>ZdSfH>WdJTWXF OYH�Ofe
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o w(prqRFsHT[ J�EKJKZ^F Z\e¢OBL<W^aTS+HGlfhIh Z>QKJ(w_S+Ofe
f � JBHT[�S } WxSGHT[vW^afF Z�WzO J�EKJKZ^F Z

B1

e¢OBL
M2×2(R)
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o [~p � J6h wflfh�JTWxS`W^aTS`SUh Sfm�SfH_W�ZjOfe�WbaTS`ZdS>W

{f(A) : A ∈ B1, f(A) 6= 0}.

|~} WzSfHT[+W^afF Z\ZdS^WDWzO J�E(JTZ^F Z
B2

e OBL
P3

A
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o S(p � L F WzS�[GOKujH�WbaKSPm`JTWXL F } LkSfQKL-S_ZdSfH>WdJ_WbF ORH�Ofe
f

u\F W^avLkS>Z>QTS_w>W WzO+WbaKSvEKJKZdS>Z
B1

JBHT[
B2
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