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When a robotic system, such as a robotic arm (or a manipula-
tor), moves in a slow motion, then no appreciable dynamic
load will be observed between its links. Hence, under such a
condition, only static equilibrium conditions will be sufficient
to model and control the robot. For instance, consider a hu-
man arm representing a robotic manipulator. In order to hold
the arm in equilibrium in an outward-extended position, a
certain amount of effort must be spent at each joint so the
weight of the arm is balanced. In a mechanical arm, this
static equilibrium situation is replicated by applying a certain
amount of torque at each joint by an actuator.

If a robotic arm undergoes rapid movements, then interac-
tions between links due to mass content of the links and pay-
load may not be neglected since such movements cause addi-
tional loads on the system known as inertial effects. This may
be experienced in a human arm when the arm is moved very
quickly from one position to another. One can feel the extra
load during this rapid movement and the difficulty to in-
stantly stop it. This additional load, experienced in quick
movements, which is nonexistent when the arm moves slowly,
is the inertial effect one needs to consider in order to model
the robot accurately.

An accurate model ensures accurate calculation and simu-
lation of robot motions on the computer before the actual mo-
tion takes place. Also, a good model helps the engineer in the
design stage by providing an opportunity to test performance
of the robot before the design is finalized. Robot models are
also useful in developing control algorithms. After the control
strategy is planned, simulation on the computer again pro-
vides valuable insight on the effectiveness of a certain control
strategy even before it is tested on the actual robot. Hence,
one can conclude that a good robot model is an extremely use-
ful tool for the engineer who is responsible for designing a
robot or developing software to control it.

Before reviewing robot dynamics below, the notation used
for geometric description in robotics, and kinematic relations
are briefly introduced. The kinematic formulation, originally
developed for three-dimensional mechanisms, has become
standardized to the form presented by Denavit and
Hartenberg in Ref. 1. Dynamic modeling techniques include
the Newton—Euler method, the Lagrange method, and La-
grange’s form of the Generalized Principle of d’Alembert. In
general, the Newton—Euler method provides better computa-
tional efficiency, but the Lagrangian dynamics provide more
physical insight in the development, and in implementation
the method has become comparable to the Newton—Euler
method. Some of the work in this area may be found in Refs.
2—6. The method presented here is the Lagrangian form of
Generalized Principle of d’Alembert, based on the notation
presented in Ref. 7, and extended later to flexible systems in
Ref. 8.

ROBOT KINEMATICS

Kinematics is a branch of dynamics that studies motion with-
out any consideration of mass or force. For our purposes, this
means a study of position, velocity, and acceleration of the
robot. More precisely, in robotics, this study represents a
mapping between the so-called joint space and the end-
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effector space. This is justified, because in practical applica-
tions, the robot’s end-effector motion is almost always speci-
fied, but the robot is powered through its joints. Hence, a
mapping, or a relationship, is needed between the joint and
end-effector spaces. This is necessary at the position, velocity,
and acceleration levels.

A serial manipulator or a robotic arm is treated as an
open-chain linkage, most often composed of one degree of free-
dom (DOF) revolute and prismatic joints. A revolute joint
allows a rotational motion between the two links that it con-
nects. This is similar to the elbow joint in a human arm. A
prismatic joint, on the other hand, allows only a sliding mo-
tion between the links that it connects.

There are two main issues to be considered in kinematics:
forward and inverse kinematics. In the forward kinematics
case, given the robot dimensions and the joint displacements,
velocities, and accelerations, we obtain the end-effector trans-
lational and rotational displacement, velocity, and accelera-
tion. In the inverse kinematics case, we obtain the joint dis-
placements, velocities, and accelerations when given the
end-effector kinematic conditions.

Geometric Parameters

A serial manipulator is generally considered as a set of links
in an open kinematic chain connected through one-DOF
joints. The standard kinematic notation for a general manipu-
lator uses the Denavit—Hartenberg (D—H) parameters, and a
set of reference frames as shown in Fig. 1. A fixed Cartesian
coordinate frame is placed at the base joint with the z-axis
pointing along the same direction as the joint 1 axis. Each
joint has a local coordinate frame attached to it. The fixed
absolute frame is normally chosen to coincide with the frame
of the first joint’s local frame, only separated by an offset. The
orientation of each link is defined by the values of the unit
direction cosine vectors, S; € # 3 and a; € %, which respec-
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Figure 1. General kinematic representation of robotic manipulators
with revolute and prismatic joints.
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Table 1. Summary of Kinematic Parameters

Parameter Definition

Joint Axis, S; Direction cosine vector of joint j, coincident
with z;

Link Axis, aj Direction cosine vector of link jk, coinci-

dent with x;

Distance from z; to z, measured along x;

Fixed distance from x; to x; measured along
z; for revolute joint

Fixed angle between x; and x; measured
about z; for prismatic joint

Fixed angle between z; and z; measured
about x;

Variable angle between x; and x; measured
about z; for revolute joint

Variable distance from x; and x; measured
along z; for prismatic joint

Link Length, a;
Joint Offset, S;;

Joint Offset, 6;
Link Twist Angle, o,
Joint Angle, 6;

Joint Displacement, s;

tively define the local z- and x-axes. The vector S; defines the
joint axis, either the axis of rotation for revolute joints, or the
axis of displacement for prismatic joints. The vector a; de-
fines the direction of the mutual perpendicular line for neigh-
boring links j and &.

Each joint has an associated constant offset S;; for revolute,
or 6; for prismatic joint, with respect to the joint axis S;. Each
joint also has a joint variable s; for prismatic, 6, for revolute,
or z; for the general case, along/about the joint vector S;. In
the notation, double subscripts represent constants, and sin-
gle subscripts represent joint variables.

Although the n links in an n-DOF robotic arm will be num-
bered from 1 towards n later on, we will now consider that
links are numbered as 12, 23, . . ., jk,. . ., n(n + 1) as was
done earlier in developing the geometric parameters for ro-
botic systems.

Each link j& thus defined possesses a pair of constant pa-
rameters: (1) a;, which is the magnitude of the perpendicular
distance between the joint axes measured along the common
perpendicular vector a;; and (2) a;, the twist angle between
the joint axes measured in a right-hand sense about the vec-
tor a;. Table 1 summarizes the representation. A simple pro-
cedure to follow in assigning the link frames to the joints as
suggested in Ref. (9) is given as follows:

1. Identify the joint axes 1 through n for a robot with n
joints (here such a robot is also assumed to be n-DOF).

2. Consider two neighboring (adjacent) joints denoted by j
and k, and identify their joint axes, S; and S,.

3. Identify the common perpendicular, a;, between them.
At the point of intersection of S; and ay;, assign the link
frame origin, O;.

4. Assign the z;-axis pointing along the jth joint axis, S;.

5. Assign the x;-axis pointing along the common perpendic-
ular, a.

6. Assign the y;axis in a right-hand rule sense such that
X Xy =z

7. Repeat steps 2 through 6 for all intermediate links.

For simplicity, assign the fixed frame 0 to match frame 1
when the first joint variable is zero. The last frame can be
chosen arbitrarily but it should be selected to zero out some
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Figure 2. Kinematic parameters and frames on a 4-DOF industrial
robot.

parameters for simplicity. This selection of reference frames
is illustrated in Fig. 2 on a 4-DOF industrial robot which uses
four revolute joints in its design.

Transformation Matrices

Rotational transformation matrices are needed to relate the
local coordinate frame of joint % to the local coordinate frame
J. Such transformations from the end-effector to the absolute
coordinate frame are needed to formulate the kinematics
problem, i.e., to determine the mapping between joint dis-
placements and end-effector location. Transforming one frame
to another involves four individual transformations; two rota-
tions, and two translations. From the D-H parameters pre-
sented in the previous section, we see that adjacent frames
are related by an x-axis rotation of “a,” an x-axis translation
of “a,” a z-axis rotation of “0,” and a z-axis translation of “S.”
Thus, frame & may be transformed to frame j (frame %k ex-
pressed in frame j) by

1T = R.(2;)Dx(a ;)R (0,)D:(Sy,) € 244

cos 0, —sing, 0 aj
ir— sing), cosa;, cosfcosa; —sinay —sina,S,,
% . . :
sinf), sine;, cosf, sine;,  cosaj, cosa ;. Sy,
0 0 0 1

where R.(o;) represents a rotation about the x-axis of «y,
D.(oy;) stands for a linear displacement along the x-axis of
a;, and the same applies to the transformations with respect
to the z-axis. With the assignment of the robot D-H parame-
ters, the transformations can be computed. This transforma-
tion can be viewed as

j Rl
IT=|
0 0 0 1

where [R] € #%? represents the rotational part, i.e., de-
scribes frame k relative to frame j, and rj, € % ® is the expres-
sion for the origin of frame k, O,, location in frame j. The
individual transformations are compounded by multiplying
them by the transformation matrix of an adjacent coordinate
frame. Thus,

WT =TT

gives the transformation from frame i to frame %k (frame % as
seen from i), and

0T =T, 13T -2 'T

gives the transformation between the last link and the abso-
lute coordinate frame (frame n as seen from the fixed refer-
ence frame 0). Each individual transformation is a function of
a single joint variable while the transformation, °,7, is a func-
tion of all joint variables that describes the end-effector loca-
tion, position, and orientation through the joint variables.
Using these transformation matrices, various vector quan-
tities may be represented in different reference frames. For
instance, consider a joint vector S;, which is expressed in the
J'th reference frame as Si. Also consider that the same vector
is expressed in the fixed frame as S}, or simply S;. If the local
representation S/ is known, then S; is calculated from

-0 i
S; = 'RS]

On the other hand, if a position vector in frame j pointing to
a point of interest is expressed as r}, then the position vector
to the same point from the fixed frame 0 is given by using the
4 X 4 transformation matrix as

r;= r? = ?Trj:
The physical interpretation of these mappings defined by the

rotation matrix %R € % **, and transformation matrix °T €
R ¥4 is illustrated in Fig. 3.

Robot Position, Velocity and Acceleration Expressions

In order to establish the kinematic relationship, let r,, € #?
represent the position vector from joint p to joint g; r,, € A3
describe the position vector from joint p to the center of mass
of link or payload ¢; and S, € # ® be the joint vector for joint
p as described above. Then, the absolute position, transla-
tional velocity, and acceleration of the center of mass of link

Figure 3. Effect of mappings via transformation and rotation ma-
trices.



g in a global fixed frame are given, respectively, by
Tocq =Tp1 + 112+ +Tpg +Tgeq
f'ocq :i'01+f'12+"'+qu+chq

Focqg =To1 +F1g 4+ +Fpg + Faeq

(1)

The translational velocity and acceleration expressions in the
above equations are represented in terms of the position-de-
pendent, translational g- and A-functions as

i‘ocq = (TGq)é

. L . (2)
Focq = (pGg)% + 27 (;Hy )2
which are expanded as follows
Focg = Y _(rGop2s
k=1 3)

n n n
Focq = Z(TGq)kék + ZZ(THq)kj'ékéj
k=1 h=1=1

where 2 € 2" and 2 € A " represent the joint velocities and
accelerations, respectively. For instance, for an n-link robot
with n revolute joints, Z becomes

2=102, 24...2,07
. S (4)
=16, 6,...0,
In Eq. (2), /G, = 1G,(2) € R*" and H, = H(z) € R
represent the position-dependent, translational g- and A-func-
tions for link g, and in reference to Eq. (3), (:G,), and (¢H,);
are defined by

2
0T ocq

0z),0z;

9Tocq e RS

(+Gq)y = e#® and (pHy);; =

Similarly, the rotational velocity, w,, and acceleration, @,, of
link g are given in terms of position-dependent, rotational g-
and A-functions as

wg = (gGq)Z

) L . 6))
wq = (rGg)E + 27 (zHy)z

where ;G, € Z %" and zH, € # *"*" have the same structure
as their translational counterparts. Translational and rota-
tional g-functions, (G, (G and h-functions, (zH ),
(rH,)y;, are listed in Tables 2 and 3.

Table 2. Rotational g- and h-Functions zG; and H;

Joint &¢ Joint ¢ (rG); (rH) Conditions
R R S; S, X S; k<i=j
R R S; 0 i=j,k
R R 0 0 Jj<iallk
P R S; 0 i=jalk
P R 0 0 Jj<i,allk
R P 0 0 alli, j, k
P P 0 0 alli, j, k

“ R: Revolute, P: Prismatic joint.
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Table 3. Translational g- and A-Functions rG; and rH;
Joint k& Joint i (rGy); (rH})y, Conditions
R R S; X 1y S X (S; X riy) k=i=j
R R S; X 1y Si X (S X ryep) i=sk=j
R R S; X 1y 0 i=j<k
R R 0 0 Jj<i,allk
P R S; X 1y 0 k<i=j
P R S; X riy S; X S, i<k=j
P R S; X 1y 0 i=j<k
P R 0 0 Jj<i,allk
R P S; S, X S, k<i=j
R P S; 0 i=j,k
R P 0 0 Jj<i,allk
P P S; 0 i=j,alk
P P 0 0 Jj<i,allk

ROBOT DYNAMIC EQUATIONS

In this section, the dynamic equations for an n-DOF serial
robot described above are derived by employing the Lagran-
gian formulation. For this purpose, the total kinetic and po-
tential energy expressions for the robot with n degrees of free-
dom are given as

KE =Y (KE), 6)

n
J=1

where the total kinetic energy of the robot is the total sum of
kinetic energy of each of its links. If the kinetic energy of link
J is denoted by (KE), it is expressed as follows

1
KE); =5 (2" (:G)"M;(;G)2 .
+27 G (5G))2)

and

PE = (PE), (8)
where M; is the mass of link j, [; € # 3 is the inertia tensor
of body j about its center of mass, and (PE), is the gravita-

tional potential energy. The Lagrange equations, on the other
hand, are defined by

d (0KE 0KE 0OPE

— | — ) - — =T
dt \ 9z, 0z, 9z, '
where 7; is the effective actuator torque applied at joint i. If
the kinetic energy expression in Eq. (6) is substituted into Eq.
(9), the first two terms of the Lagrange equation which in-
volve only the arm kinetic energy yield the following expres-
sion

9z,

13

d (JKE oKE - . .
a ( 9z ) - L. = Z{(TGJ)lTMJ(TGjZ +2£Hj2)
i j=1
r o Ty (10)
+ (RGj)i [Ij(Rsz +zRsz)
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where X indicates the vector cross product. The term vy; in Eq.
(10) is introduced to identify the joint type and is defined as

1 iftheith joint is revolute

Vi = . s e . .
' 0 if theith joint is prismatic

(11)
If the ith joint is prismatic, then y; = 0 implies that only the
first term on the right-hand side of Eq. (10) will be nonzero.
Using Table 3 (the g-function (;G;); = S; for prismatic joints
when i = j; 0 otherwise), and Eq. (2), which defines the abso-
lute linear acceleration of the center of mass of a link (#,; =
(+Gz + 7(rH))2), Eq. (10) reduces to

d (IKE
dt \ oz,

which projects the inertial forces acting on link j, ¢ = j =
n + m), on prismatic joint i. A similar argument can be given
if the ith joint is revolute. In this case, the translational
g-function (G;); in the first term of Eq. (10) is given by S; X
ri; for i = j; and it is O otherwise (Table 3). Noting that @ X
b-c = a-b X c¢ holds for three arbitrary vectors a, b, and c,
and also using Eq. (2), the first term in Eq. (10) can be ex-
pressed as

n
E S; x Tiej*
J=i

BKE &

_ZS

J OCJ

ZS Fies

M7, ;)]

J OCJ

which projects the moment of translational inertia forces (act-
ing on links i through n) on S;. Finally, the second term on
the right-hand side of Eq. (10) accounts for the rotational in-
ertia effects. Since Table 2 defines (3G;); = S; for i = j, and
Eq. (5) describes the absolute angular velocity and accelera-
tion expressions in terms of g- and A-functions, this term is
expressed as 2, S, [[»; + w; X Lw] which is the projection
of the rotational inertia of link j, (i = j < n), on revolute joint
i. Hence, for a revolute joint i, Eq. (10) reduces to

d (9KE
dt \ "oz,

The contribution of potential energy due to gravitational ef-
fects is described by

aKE n
= ZS [Fiej X M 7o) + Lo, +0; x o]

oPE “

- Z(TG )i M;g (12)

L

In Eq. (12), g represents the gravitational acceleration vector
which is expressed as g = [g, g, g.I” in the global reference
frame. The substitution of Egs. (10) and (12) into Eq. (9)
yields the robot dynamic equations

M@©)6+F@©,0)=T() (13)
in which # = @ = £ € #" is the joint acceleration vector,
M(0) € ™" is the generalized inertia matrix whose element
M;; is given by

M;; = Z{(TGq)iTMq(TGq)j + RGO I, (Gy),)  (14)
g=1

F(6, ) € #" contains the centrifugal and Coriolis acceleration
effects as well as the gravitational loads, and its element F;
is defined as

F, =) {(;G){ My(c1H,2)
g=1
+ RGTI GEH, 2) + (3Gq2) x (L Ge#)ly;

+ (TGq)iTng}

(15)

and T(¢) is the vector of input actuator torques/forces de-
scribed as

Tt)=I[t; t9... 1,17 € R" (16)
for an n-DOF robot.

In terms of the input vector, T(¢), Eq. (13) represents a set
of n algebraic equations. If joint positions, velocities, and ac-
celerations are specified, then 7(¢) may be calculated directly
from Eq. (13). In terms of the joint position vector, 6, however,
the same set of equations represents a set of n second-order,
nonlinear, coupled, ordinary differential equations for which
closed-form solutions for even the most simple robots do not
exist.

It is important to note that for this model, the generalized
inertia matrix M(6) is positive definite over the entire work-
space provided that the mass content of robot links or payload
is nonzero. This result may be concluded from the robot’s ki-
netic energy expression.

KE = %QT[M(G)]Q >0 forall §+£0

since it is always a positive quantity as long as at least one
of the links has nonzero joint velocity. Positive definiteness of
the M matrix implies its nonsingularity over the robot’s entire
workspace. Hence, we conclude by premultiplying Eq. (13) by
the inverse of M that

6 =IMO] YT ) -F®,0) (17)
which is the form necessary for simulation purposes. This for-
mat is especially suitable to test various controllers numeri-
cally on the computer by evaluating system response. Utiliz-
ing known initial joint positions, velocities, and the actuator
inputs described by the controller under evaluation, the above
set of equations is numerically integrated to obtain the re-
sulting robot motion.
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